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In this paper, the stability of equilibrium state manifold for relativistic Birkhoffian systems is studied. The

equilibrium state equations, the disturbance equations and their first approximation are presented. The criteria of

stability for the equilibrium state manifold are obtained. The relationship between the stability of the equilibrium-state

manifold of relativistic Birkhoffian systems and that of classical Birkhoffian systems is discussed. An example is given

to illustrate the results.
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1. Introduction

The
important problem both in theory and applica-

stability of mechanical systems is an
tion, and the stability of the equilibrium position
of nonholonomic systems has attracted many re-
The first contri-

bution on the problem was made by Whittaker.]
3]

searchers for nearly a century.

Kara-
5]

Bottema,/?! Aiserman and Gantmacher,!
pelyan and Rumyantsev,¥ Neimark and Fufaev,
Rumyantsev,[*67 and Mikhailov and Partonl®] also
made great progress and obtained a series of impor-
tant results. These results, however, are confined to
linear, homogenous and steady systems with nonholo-
nomic constraints. Mei and co-workers® 14 stud-
ied the stability of the equilibrium-state manifold of
Birkhoffian systems as well as that of nonlinear non-
holonomic systems systematically, and made great
achievement. Lately, Luo et all'® studied the stability
of the equilibrium-state manifold of nonholonomic sys-
tems in a non-inertial reference frame, and obtained

some important results.

These previous works were confined to classical
mechanical systems. It is very significant to extend

the equilibrium stability of mechanical systems to that

of relativistic Birkhoffian systems considering the rel-
ativistic aspect due to high-speed motion.®!

In this paper, the equilibrium-state equations, the
disturbance equations and their first approximation of
autonomous, semi-autonomous and non-autonomous
relativistic Birkhoffian systems are obtained. The sta-
bility of the equilibrium-state manifold of the systems

is studied.
2.Equations of motion and equi-
librium equation of relativistic

Birkhoffian system

2.1. Equations of motion of relativistic
Birkhoffian system

Consider a mechanical system in a high-speed mo-
tion which is composed of N particles. The velocity
of the ith particle at instant ¢t is #;(¢ = 1,---, N), and

the relativistic mass of the ith particle is
m; = mOi/\/]' - (7."1‘)2/02,

where c is the velocity of light.

(i:]-a"'aN)) (1)

When the configuration of the system is specified

with the generalized coordinates gs(s = 1,---,2n), the

http://www.iop.org/journals/cp
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equations of motion of a relativistic Birkhoffian system

is then expressed in a general form as/18:19]
oRe OR: aB*  OR.,
v o Vo — 0
<aau 8a">a <3a“+ ot ) ’

(p,v=1,---,2n), (2)

in which
B* = B*(t,a) = B*(m(t,a),t,a),

R® = R(t,a) = RS(mi(t,a),t,a),

(/’l’al/:17"'72”;7":17"'7N)7 (3)

are called the relativistic Birkhoffian and the relativis-
tic Birkhoff functions respectively. Partially differen-
tiating B®, R}, yields

dB* 9B*0m; A OB°
dat ~ Om; Hat + dat’
dR: ORSOm; OR!
dat ~ Om; dat = dat’
dR, OR%Om; OR
ot om, 9t | ot

(4)

The dynamical systems or the physical systems
represented by Eqgs.(2) are called the relativistic
Birkhoffian system.

Relativistic Birkhoff Eqs. (2) can be written in

an equivalent form

o .o (9B° OB
(@s,)a _<8a“ + 5 ) =0,(p,v=1,---,2n), (5)
where
_ oR: OR:,
w. — 174 _
m (3(1” 8a”>
_OR} Om;  OR; OR; om; OR;, (6)
" 9m; da*  da*  Om; dav da¥

is called the relativistic Birkhoff tensor. Relativistic
Birkhoff Egs.

functions E; and B* do not depend explicitly on time,

(2) are called autonomous when the

in which case Egs. (2) can be expressed in the simpli-

fied form

dB*(a)
dat

(@2, (a))a” — =0, (g,v=1,---,2n). (7)

pv

Relativistic Birkhoff Egs.
autonomous if only functions R;, do not depend ex-

(2) are called semi-

plicitly on time, in which case they have the more

general form

_ 9B*(t,a)

Ey =0, (y,v=1,---,2n). (8)

Relativistic Birkhoff Egs.(2) are called non-auto-
nomous when both R? and B® are dependent explic-
itly on time, in which case they are of the form of

Eqgs.(2), which we rewrite as

Y ., (0B*(t,a) OR:(t,a)
w.uz/(t7 a’)a - < dak at > = 07
(p,v=1,---,2n). (9)

Egs. (7)—(9) are called regular if

det(3%,) # 0, (10)

They are said to be covariant when they are of type

(7), (8), or (9), in which case the corresponding tensor

wp, is called the covariant relativistic Birkhoff tensor;

and they are said to be contravariant when Egs. (7),

8) and (9) are written in the equivalent form

d#_&.HV(a)aB (a) 207 (/’Lvlj:lv"'72n); (11)
da”
o _FW(a)M =0, (mr=1,---,2n); (12)
da¥
o~ OB*(t,a) OR%(t,a)
©wo_ ~euv v =
a* - (t,a)( Dav + 5 0,
(p,v=1,---,2n), (13)

where the tensor

~oLV ~eo |—1lypv 8‘§. 8§;(
W :(waﬂ‘ )H = <‘8a5 " 9ab

—1\ pv
)

(aaﬂauvyzla"'v2n)v (14)

det(@**¥) #£ 0,
is called the contravariant relativistic Birkhoff tensor.

2.2. Equilibrium equations of relativistic
Birkhoffian system

Suppose the equilibrium positions of relativistic

Birkhoffian system is

174

a” = aj = constant, a; =0, (v=1,---,2n). (15)

Substituting Egs.(15) into Egs.(11) leads to the

equilibrium equations of the autonomous relativistic
Birkhoffian system

dB*\ _ (0B° omi  9B"\ _
oat 0_ om,; dat dat 0_ ’

B* = B*(m;(a),a), (u=1,---

,2n). (16)
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Substituting Egs.(15) into Egs.(12) leads to the equi-
librium equations of the semi-autonomous relativistic

Birkhoffian system
dB*\ _ (0B*om, LOBYY
dat ) o ~ \ Om; da* = Oat 0 o

B* = B*(m,(t,a),t,a),

(p=1,---,2n). (17)

and substituting Eqs.(15) into Egs.(13) yields the
equilibrium equations of the non-autonomous rela-

tivistic Birkhoffian system

dB* N OR:,
da* ot ),

0B* 9m; 0B° OR® om; OR!,
Om,; Oa*  Oat Om,; Ot ot ), ’
(u:]-a"'72n)7 (18)

In Eqgs.(16), (17) and (18), ( )o denotes the results ob-
tained from Egs.(15). The systems have equilibrium
positions when Eqgs.(16), (17) and (18
These equilibrium positions form manifolds if the equi-

) have solutions.

librium equations depend on each other.

3.Disturbance equations and
first approximate equations of
a relativistic Birkhoffian sys-

tem

3.1. Disturbance equations and first approxi-
mate equations for a non-autonomous relativis-
tic Birkhoffian system

Suppose that a” = af(v = 1,---,2n) are isolated

equilibrium positions. Let

aV:ag+§V7 (V:]-a"'azn)' (19)
Substituting Eqs.(19) into Egs.(13) yields
: dB* OR:
no_ (e v —
o= (), () ] =0
(pyv=1,---,2n), (20)

where the subscript 1 denotes the result obtained by
replacing a” with af + &”. Expanding ( )1, etc into

Taylor series near equilibrium positions, we obtain

ow®  Om; 8w
~e _ . Hv z p
(@ = (@i )o + < om; 9ar * dar > &

2n);

(/‘Layapzla"'v

<8§' _ (dB*om; 9B

Bal‘)l _<3mi Oa* + 3a”>0
0 (9B*0m; O0B*\ _,
8—<8mi da? + Ba”> &

(/'Lvl/vp:]-v"'72n);

O\ _(0F; om;  OR;
ot ), \om; ot = ot ),
0 (0F; om;  OR\
* ot <8mi 8a” Oav > &
(HaVaP: 1,,271),

Ow” Om,; L Ow*Hv ¢+
om; OaPf da? J,

@ = o

2n), (21)

where the second and higher-order terms have been
omitted. Substituting Egs.(21) into Egs.(20) and us-
ing Eqgs.(18) lead to

(/.L,V,pzl,"',

: 0 [(0B*0m; OB
B (,,enV et
& = (@™o [8(1” <8mi dar 8aP>

3R' om; OR?
8t 8m1 daP daP

) ]sp — B,(¢%,1), (22)

where Eu denotes for the second and higher-order
terms of £* and ¢. From Egs.(22), one obtains the
first approximate equations of the disturbance equa-

tions for non-autonomous relativistic Birkhoffian sys-

tem as
€4 — (@M )o(22,)06” = 0, (23)
in which
Ge 0 (0B*0m. 0B*
w T gak \ Omy; Oa? da?
d (OR; dm; OR, 04
+& Om,; Oav + dav )’ (24)

3.2. Disturbance equations and first approx-
imate equations of an autonomous relativistic

Birkhoffian system
Substituting Egs.(19) into Egs.(11) leads to

. OB®* Om; 0B*®
wo_ (euv —
¢ (@*) <3mi da” + oa” >1 0,

(ny,v=1,---,2n).

(25)

Expanding ( )i, etc near the equilibrium positions,
and then substituting these results and Eqgs.(16)
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into Egs.(25), the disturbance equations of the au-

tonomous relativistic Birkhoffian system are obtained

as
£ — (@ )o(2,)0€” = By(mi(€"). ),
(,u,u,p:l,n-,Qn), (26)
where
~ o0 (0B*90m; OB*
'Q;u(mi(‘fu)agu) = dak <amz BZf’ + dav >7 (27)

and @, are the second and higher-order terms of ¢,
The first approximations of the disturbance equa-
tions for the autonomous relativistic Birkhoffian sys-

tem are obtained from Egs.(22) as

£ — (&°M)o(825,)06" = 0. (28)

3.3. Disturbance equations and first approxi-
mate equations for semi-autonomous relativis-
tic Birkhoffian systems

Substituting Egs.(19) into (12) yields the distur-

bance equations
€ = (@ )o(28,)0€" = Op(mi(t,€"),1,£"),

(/’L7V7p:17"'72n)7 (29)

and the first approximate equations

€" — (@")o(828,)08" =0, (30)
where
~. . o0 OB®* Om; O0B*®
25 (mi(t,€7),4,87) = 5 <3mi 50+ aav>‘ (31)

4. Criteria of the stability of
equilibrium state manifold
for a relativistic Birkhoffian

system

We have proved from the above discussion that
the manifold of the equilibrium positions of a rela-
tivistic Birkhoffian system is formed when the equi-
librium positions are not isolated. The stability of
equilibrium-state manifold of the system is discussed
in this section.

Suppose an autonomous relativistic Birkhoffian

system (11) has the integral

I(m;(a”),a") = Cy, (32)

which forms manifold £ as follows:
£ ={a"|I(m;(a"),a”) = Cy = constant}.  (33)

The manifold £ is an invariant set of Eqgs.(7). Sup-
pose that the equilibrium positions of Egs.(16) form a

manifold € as
e=1<a" 0B* om; + 0B*\ _ 0 (34)
B om; da* ~ dat ),

Based on Lyapnuov’s stability theories,/2%! some crite-

ria of the stability for the equilibrium-state manifold
of the system are given as follows

Proposition 1 For the disturbance Egs. (25) of
the autonomous relativistic Birkhoffian system (11),
if there is a positively (negatively) function V(a") for
¢ in the manifold £, and its orbital derivative V in
the direction of the vector-field defined by Egs. (25) is
negatively (positively) semi-definite of ¢ in the mani-
fold £, the equilibrium-state manifold ¢ is stable in
the manifold £.

Proposition 2 For the disturbance Egs. (25) of
the autonomous relativistic Birkhoffian system (11),
if there is a positively (negatively) function V' (a”) for
¢ in the manifold £, and its orbital derivative V in
the direction of the vector-field defined by Eqgs.(25) is
not a negatively (positively) semi-definite function of
¢ in the manifold £, the equilibrium-state manifold
€ is unstable in the manifold £ .

Propositions 1 and 2 are general results. We can
study the stability of the equilibrium-state manifold
in the semi-autonomous relativistic Birkhoffian sys-
tem (12) and non-autonomous relativistic Birkhoffian
system (13) in the same way. Then one can selected
relativistic Birkhoffian B® as function V to study the
stability of the equilibrium-state manifold for the au-
tonomous relativistic Birkhoffian systems, since the

following equality is always held

dB* 0B*om; , L
at  om; 0ar " T Bav

a’ = 0. (35)

Proposition 3 For the disturbance Egs. (25) of
the autonomous relativistic Birkhoffian system (11),
if the relativistic Birkhoffian B® is a positively (neg-
atively) function of ¢ in the manifold £, the
equilibrium-state manifold £ of the autonomous rel-

ativistic Birkhoffian system is stable in the manifold

£.
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5. Example

The fourth-order Birkhoffian and Birkhoff func-

tions are given by
B* =m{by1(a' + a®)? + 2bya(a’ + a?)
x (a® + a*) + byg (a® + a*)?},
- - 1
R} =R3=0, R3= m[(al)2 + al],

2
e 1 502 2
R} =m E(a ¥ +a%|, (36)
in which
b b
al £1, ‘ O, (37)
b bao

(ag + ad)[br1(ag + a§)® + 2b12(ag + ad)(ad + ag) + baz(ag + aj)?]

and

m=mo/\/1—[(a® +a2)2 + (a3 + a%)2]/c2  (38)

is the relativistic mass of the system, and c is the ve-
locity of light.
The relativistic Birkhoffian

nomous. Suppose the positions of equilibrium of the

system is auto-

system are

124

a’ = a§ = constant, af =0, (39)

Substituting functions B*, E; and Egs.(d) into

Egs.(11), one has the equilibrium equations

@ — (ab +a2)” — (a + al)?

(ag + a)[br1(ag + a§)® + 2b12(ap + ad)(af + ag) + baz(af + aj)?]

+ 2b11(aé —|— CL%) + 2b12((13 + aé) = 0, (40)

c? — (aj + a§)* — (af + ag)?

One of the solutions is as follows

(ag +a3) =0, (ag+ap) =0. (42)

The equilibrium-state manifold of the system is de-

scribed as

e ={a"|ap + a2 =0, a3+ aj=0}. (43)

The relativistic Birkhoffian B* is positive definite

on the manifold ¢ if and only if

bll bl2

b11 >0, > 0; (44)

b12 b22

and the relativistic Birkhoffian B*® is negative definite
if and only if

_bll _b12

—b11 > 0, ‘ > 0. (45)

_b12 _b22

It can be deduced from proposition 3 that the
equilibrium-state manifold of the system (36) is sta-
ble when b1y, b2 and bey satisfy the conditions (44)
or (45).

+ 2b1o(ad + a2) 4 2bg(ad +ad) = 0. (41)

6. The relationship between
the stability equilibrium state
manifold of the relativistic
Birkhoffian systems and that
of the classical Birkhoffian

systems

In the case of the classical approximation, ex-

panding /1 — (7;)2/c? into power series on (7;)?/c?

and extracting the first two terms, we obtain

m; = mo;/\/1— (7;)?/c? =~ mo;,

B*(t,a) = B*(m;(t,a),t,a) = B(t,a),

R:(t,a) = R%(m;(t,a),t,a) = R,(t,a).

So the stability of the equilibrium-state manifold of

the classical Birkhoffian systems is obtained.[2!
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