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We study the squeezing for a two-level atom in the Jaynes{Cummings model with intensity-dependent coupling

using quantum information entropy, and examine the in
uences of the initial state of the system on the squeezed

component number and direction of the information entropy squeezing. Our results show that, the squeezed component

number depends on the atomic initial distribution angle, while the squeezed direction is determined by both the phases of

the atom and the �eld for the information entropy squeezing. Quantum information entropy is shown to be a remarkable

precision measure for atomic squeezing.
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1. Introduction

Over the previous few years, atomic squeezing

has attracted considerable attention owning to its po-

tential application in high-resolution spectroscopy,[1]

the high-precision atomic fountain clock,[2] high-

precision spin polarization measurements,[3] genera-

tion of squeezed light,[4] etc. In Ref.[1{5], Wod-

kiewcz and other authors established the conception

of squeezed states of an atom,[1�5] Walls and Zoller[6]

showed that a squeezed atom emits squeezed 
uores-

cence in a coherently driven two-level system. Much

work on atomic squeezing in the Jaynes{Cummings

model (JCM) has been reported.[7�11]

On the other hand, considerable attention has

been paid to the study of JCM with an intensity-

dependent coupling due to the periodical and sym-

metrical dynamics properties in this model. Many

authors have studied the squeezing of the �eld,[12] the

phase,[13;14] the entropy of the �eld[15] and the dynam-

ics properties[16] in this model. However, less atten-

tion has been paid to the study of the atomic squeezing

by using the quantum information entropy theory for

the considered model, though the entropy of the �eld

in other similar atom-�eld system has been studied.[17]

In this paper, we study the atomic squeezing in terms

of quantum information entropy theory, and compare

its results with the conclusion of atomic squeezing

based on the Heisenberg uncertainty relation (HUR)

for the system considered. We �nd that information

entropy is a sensitive measure for the atomic squeez-

ing. This paper is organized as follows. In section 2

we introduce our Hamiltonian model and give an exact

expression for the reduced density matrix �a(t) of the

atom and employ the reduced density matrix �a(t) to

investigate the squeezing properties of the atom, based

on the entropy uncertainty relation (EUR) and HUR,

respectively. Finally, we give our numerical result and

theoretical analysis in section 3.

2.The model and calculation for-

mula of the entropy squeezing

of an atom

We consider a single-mode �eld interacting with

an e�ective two-level atom depending on intensity-

coupling. The Hamiltonian of the system under the
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rotating wave approximation is

H = !0Sz + !a+a+ �[S+R+ S�R
+] (�h = 1); (1)

where a+ and a are the creation and annihilation oper-

ators of the radiation �eld, S+ and S� are pseudospin

operators of the atom, � is the coupling constant, !

and !0 are the frequencies of the �eld and the atomic

transition, respectively. The operators R+ and R are

de�ned in the following way[18]

R = a
p
N; R+ =

p
Na+; (2)

where N = a+a. We can say that the Hamilto-

nian (1) describes e�ectively the intensity-dependent

coupling between the atom and the radiation �eld.

Owing to the fact that excitation number operator

C = N + S+S� is a constant of motion, the time-

dependent Schr�odinger equation for the state vector

j (t)i can be solved exactly. Here, we assume that at

the initial moment the radiation �eld is in the coherent

state

j�i =
1X
n=0

fnjni; fn = exp

�
�n
2

�
�np
n!
; (3)

and the atom is in the coherent superposition state

j �i

j �i = cos

�
�

2

�
j +i+ exp(�i') sin

�
�

2

�
j �i; (4)

where � =
p
nexp(i�); j+i (or j�i ) denotes the ex-

cited (ground) state of the atom; n is the initial aver-

age photon number, and � is the phase of the coherent

�eld; 0 � � � � denotes the atomic distribution; and

0 � ' � 2� is the phase of the atomic dipole. In the

case of resonance (! = !0), by solving Schr�odinger

equation of the system in the interaction picture, we

can obtain the system vector at time t

j (t)i =
X
n

Cn(t)j+; ni+
X
n

Dn(t)j�; ni; (5)

where

Cn(t) =fn cos

�
�

2

�
cos((n+ 1)�t))

� ifn+1exp(�i') sin
�
�

2

�
sin((n+ 1)�t);

Dn(t) =fnexp(�i') sin
�
�

2

�
cos(n�t)

� ifn�1 cos

�
�

2

�
sin(n�t); (6)

and j+; ni = j+i 
 jni, j�; ni = j�i 
 jni:

By using Eq.(5), the reduced density matrix of

the atom may be obtained

�a(t) = Trf j (t)ih (t)j =
2
4 �22 �21

�12 �11

3
5 ; (7)

where

�22 =
X
n

jfnj2 cos2(�=2) cos2((n+ 1)�t)

+
X
n

jfn+1j2 sin2(�=2) sin2((n+ 1)�t)

+ i=4

�X
n

fnf
�
n+1 sin(2(n+ 1)�t)exp(i')� c:c:

�
;

�21 =1=2

�X
n

jfnj2exp(i') sin � cos(n�t) cos((n+ 1)�t)

+
X
n

fn+1f
�
n�1exp(i') sin � sin((n+ 1)�t)

�

+ i

�X
n

fnf
�
n�1 sin

2(�=2) sin(n�t) cos((n+ 1)�t)

�
X
n

f�nfn+1 sin
2(�=2) cos(n�t) sin((n+ 1)�t)

�
;

�11 =1� �22; �12 = ��21: (8)

Next, we investigate the information entropy

squeezing of the atom for the system considered by us-

ing Eq.(7). Several authors[19;20] have studied quan-

tum uncertainty by using the quantum information

entropy and obtained EUR for position and moment.

One of the authors of this paper has obtained EUR

of the two-level atom and de�ned the entropy squeez-

ing for the two-level atom using the quantum informa-

tion entropy theory.[21] The information entropy of the

Pauli operators S�(� = x; y; z) for a two-level atom

system is

H(S�) = �
2X

i=1

Pi(S�)lnPi(S�); � = x; y; z (9)

where Pi(S�) = h �ij�j �ii; (i = 1; 2) is the probabil-

ity distribution for two possible outcomes of measure-

ments of an operator S�. H(Sx);H(Sy) and H(Sz)

satisfy

H(Sx) +H(Sy) � 2ln2�H(Sz): (10)

The inequality (10) may also be rewritten as:

ÆH(Sx)ÆH(Sy) � 4

ÆH(Sz)
; (11)

where ÆH(S�) = exp[H(S�)]. We de�ne the squeezing

of the atom by EUR (11), named as entropy squeezing,
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which has received little attention in previous discus-

sions. The 
uctuation in the component S(�)(� � x

or y) of the atomic dipole is said to be squeezed in

entropy if the information entropy H(S�) satis�es the

condition:

E(S�) = ÆH(S�)� 2pjÆH(Sz)j
< 0;

(� � x or y): (12)

While the atomic variance squeezing based on HUR

may be de�ned as the 
uctuation in the component

S� of the atomic dipole and is said to be squeezed if

S(�) satis�es the condition

V (S�) = �S(�)�jhSZij=2 < 0; (� � x or y); (13)

where �S� = [hS2�i � hS�i2] 12 .
It is obvious that Eq.(13) is trivial when hSzi = 0

(as �S� � 0) and fails to provide any useful infor-

mation. For example, when the atom is in the state

j y+i = (j+i + ij�i)=p2, which is the eigenstate of

the Pauli operator Sy, hSzi is always zero. We cannot

obtain any squeezing information from Eq.(13). How-

ever, from Eq.(12), the state j y+i may be considered

as the maximum squeezed state. This is due to the

fact that, when hSzi = 0, Eq.(12) based on the EUR

is not trivial and can provide full information on the

atomic squeezing. Next, we calculate the atomic en-

tropy squeezing in the system considered. By using

the atomic reduced density operator �a(t), given by

Eqs.(7) and (9), we obtain the information entropies

of the atomic operators Sx; Sy and Sz:

H(Sx) =�
�
1

2
+ Re(�21(t))

�
ln

�
1

2
+ Re(�21(t))

�

�
�
1

2
� Re(�21(t))

�
ln

�
1

2
� Re(�21(t))

�
;

H(Sy) =�
�
1

2
+ Im(�21(t))

�
ln

�
1

2
+ Im(�21(t))

�

�
�
1

2
� Im(�21(t))

�
ln

�
1

2
� Im(�21(t))

�
;

H(Sz) =� �22(t)ln�22(t)� �11ln�11(t); (14)

where �ij(t) is given by the Eq.(8).

3.Numerical results and discus-

sion

In this section we will numerically discuss the

properties of entropy squeezing for the atom in the

considered system in the di�erent conditions of the

atomic and �eld initial states.

3.1. The in
uence of the atomic distribution

angle

The atomic distribution angle � re
ects the dis-

tribution of the atom in the excited state and in the

ground state. When � = 0 or � (excited or ground

state), the atom is in an incoherent state; and � 6= 0

or �, the atom is in the coherent superposition state.

Here we investigate the in
uence of the atomic distri-

bution angle on the information entropy squeezing.

3.1.1. The atom initially in an incoherent state

The time evolutions of squeezing factors E(Sx),

E(Sy), V (Sx) and V (Sy) are shown in Fig.1, while

the atomic inversion is in Fig.3(a), for the atom ini-

tially in an excited state (� = 0 ) and the �eld in

the coherent state, with the average photon num-

ber n = 20 and the phase � = �=2. When t 2
((2k + 1)�=4�; (2k + 3)�=4�; k = 0; 1; 2; : : :), we can

see from Figs.1(a) and 1(c) that there are great dif-

ferences between E(Sx) and V (Sx), where the former

shows the atomic squeezing while the latter predicts

no squeezing. This stems from the fact that atomic

inversion W (t) =
1

2
hSzi = 0 (plotted in Fig.3(a)) at

these time stages; the de�nition of variance squeez-

ing is trivial and we cannot obtain any information

on atomic squeezing from Eq.(13), while the de�ni-

tion of the information entropy squeezing (Eq.(12)) is

nontrivial and can provide suÆcient information. We

�nds that when the atom is initially in the ground

state, the evolutions of these squeezing factors are ex-

actly the same as those when the atom is initially in

the excited state with the same �, ', n.
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Fig.1. The time evolution of the squeezing factors, information entropy squeezing factors E(Sx)(a) and

E(Sy) (b). Variance squeezing factors V (Sx)(c) and V (Sy) (d). The atom is initially in the excited state

and the �eld in the coherent state, with the initial average photon number n = 20 and the phase � = �=2.

3.1.2. The atom initially in a coherent super-

position state

Fig. 2 displays the squeezing factors for the

atom initially in the coherent superposition state with

� = �=2 and ' = �=4, and the coherent �eld with

n = 20, the phase � = �=4. It is obvious from

Figs.2(a) and 2(b) that there is an alternative in-

formation entropy squeezing in the atomic polariza-

tion components Sx and Sy, whereas neither V (Sx)

nor V (Sy) displays variance squeezing, as illustrated

in Figs.2(c) and 2(d). As a typical example, when

t = tR(2k + 1)=2 = (2k + 1)�=2� (k = 0; 1; : : :), one

half of the time of the atomic inversion, the atom has

achieved a pure state

j A(tR=2)i ' (j+i+ ij�i)=
p
2; (15)

which is the eigenstate of the atomic Pauli operator

Sy. In terms of information entropy squeezing, we

obtain information entropies of atomic Pauli opera-

tors Sx, Sy, and Sz at this time : H(Sx) = 0:0,

H(Sy) = H(Sz) = ln2, correspondingly, ÆH(Sy) = 1,

ÆH(Sx) = ÆH(Sz) = 2. Using these results, we

have calculated entropy squeezing factors: E(Sy) '
�0:414 < 0, and E(Sx) = 0:586 > 0. This shows

that the operator Sy exhibits optimal entropy squeez-

ing when no entropy squeezing occurs in the operator

Sx at the half time of the atomic inversion. This ana-

lytical result is in accord with the result of numerical

calculation shown in Fig.2(b). As another typical ex-

ample, when t = k�=�, the atom has also achieved a

pure state

j A(tR=2)i ' (j+i+ j�i)=
p
2; (16)

which is the eigenstate of the atomic Pauli operator

Sx. E(Sx) has its smallest value �0:414 (shown in

Fig.2(a)). The di�erence between the results of vari-

ance squeezing and that of information squeezing can

be interpreted as follows: owing to the in
uence of the

initial atomic coherence, the amplitude of the atomic

inversion W (t) =
1

2
hSzi evolves to certain very tiny

values, close to zero (shown in Fig.3(b)), the de�nition

of the variance based on the HUR is almost no longer

valid.

We �nd that, whether or not there is information

entropy squeezing and which component is squeezed

depend on the atomic coherence, i.e. the parameters

�, � and '. Further study may �nd that the atomic

initial distribution angle � decides how many compo-

nents are to be squeezed. If � = 0 or � = �, there is no

more than one component to be squeezed, but there
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Fig.2. The time evolution of the squeezing factors, information entropy squeezing factors E(Sx)

(a) and E(Sy)(b). Variance squeezing factors V (Sx) (c) and V (Sy) (d). The atom is initial in the

coherent superposition state with � = �=2, the phase ' = �=4, and the �eld in the coherent state

with the initially the average photon number n = 20, the phase � = �=4.

Fig.3. The time evolution of the atomic inversion. (a)

The atom is initial in the excited state and the �eld in

the coherent state with the initial average photon num-

ber n = 20, the phase � = �=2. (b) The atom is initial

in the coherent superposition state with � = �=2, the

phase ' = �=4 and the �eld in the coherent state with

the initial the average photon number n = 20, the

phase � = �=4.

may be two components to be alternatively squeezed

at di�erent times, when the atom is initially in the

coherent superposition state. In particular, when

� = �=2; � = �=4, ' = �=4, there is optimal peri-

odic information entropy squeezing in both Sx and Sy
at di�erent times.

3.2. The in
uence of the phase of the atom and

the �eld on the information entropy

squeezing

Here we discuss the in
uences of the phases of the

atom and the �eld on the information entropy squeez-

ing. The results show that the direction of the atomic

information entropy squeezing depends on the phases

of the �eld and the atom.

We discuss the in
uence of the phase � of the �eld

for � = �=2, ' = �=4 (see Figs.4). We �nd that if �

tends to 0 ( or �), there is the information entropy

squeezing in Sy but almost no information entropy

squeezing in Sx. When � tends to �=2, there is the

information entropy squeezing in Sx but no squeezing

in Sy. This means that the phase of the �eld decides

the direction of information entropy squeezing. It is

very interesting that the characters of the evolutions

of E(Sx) and E(Sy) exchange completely in the cases

of � = 0 and � = �=4 (see Fig.4). We also �nd that

the evolutions of E(Sx) and E(Sy) are approximately

symmetric on � = �=4.

Letting � = �=2, � = �=4, we �nd that all the

results obtained previously in subsection (3.1.2) are

valid for the phase ' of the atom, indicating that the



No. 3 Entropy squeezing for a two-level atom in the ... 299

in
uence of the atomic phase on the atomic informa-

tion entropy squeezing is the same as that of the phase

of the �eld.

In conclusion, we have studied the entropy squeez-

ing for a two-level atom in JCM with an intensity-

dependent coupling by using quantum information en-

tropy. We can conclude that: (1) The number of the

information entropy squeezed components depends on

the atomic initial distribution angle. (2) The direction

of the information entropy squeezing is determined

by both the phases of the atom and the �eld. (3)

Quantum information entropy is a remarkable preci-

sion measure for atomic squeezing, it overcomes the

triviality of the variance squeezing based on HUR. Es-

pecially, if the atom is in the eigenstate of the operator

Sx or Sy, the entropy squeezing is quite a good mea-

sure.

Fig.4. The time evolution of the information entropy squeezing factors, (a) E(Sx) with � = 0; (b) E(Sy)

with � = 0; (c) E(Sx) with � = �=4; (d) E(Sy) with � = �=4. The atom is initial in the coherent

superposition with � = �=2, ' = �=4, the �eld in the coherent state with the initial the average photon

number n = 20.
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