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Quantum entanglement in a two-dimensional ion trap*
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In this paper, we investigate the quantum entanglement in a two-dimensional ion trap system. We discuss the

quantum entanglement between the ion and phonons by using reduced entropy, and that between two degrees of freedom

of the vibrational motion along x and y directions by using quantum relative entropy. We discuss also the in
uence of

initial state of the system on the quantum entanglement and the relation between two entanglements in the trapped

ion system.
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1. Introduction

When the quantum states of two or more parti-

cles cannot be factored into a direct product of the

quantum states of each of the particles, the states

are said to be entangled. Quantum entanglement

(QE) is a very important notion in quantum mechan-

ics. Aside from being of importance for testing Bell's

theorem,[1] QE plays a central role in quantum in-

formation (QI). Therefore, it is signi�cant for both

revealing the quantum property of a system and QI

processing to quantify the entanglement when there

are interactions among the particles. Recently, much

attention has been paid to the cooling and trapping

of ions due to the fundamental physics involved and

potential applications in QI[2] and the generation of

quantum states.[3�5] Some authors investigated QE

in the dynamics of a trapped ion, and discussed the

QE between the external degrees of freedom(phonons)

and the internal degrees of freedom(ion) of the trapped

ion system.[6] However, these results are obtained only

under the condition that the trapped ion system is

one-dimensional, and no discussion of the entangle-

ment is made in the two-dimensional (2D) trapped

ion system. In fact, when the vibrational motion of

the ionic centre of mass is 2D, the two degrees of free-

dom of the phonons, namely 2D harmonic motions,

are entangled, although there is no direct interaction

between the two degrees of freedom of the phonons.

In this paper, we discuss not only the QE between the

ion and phonons by using reduced entropy but also

the QE between the two degrees of freedom of the vi-

brational motions along x and y directions by using

quantum relative entropy.

2.Model and e�ective Hamilto-

nian

An ion con�ned in an electromagnetic trap is de-

scribed as a particle moving in a harmonic poten-

tial where the vibrational motion of the centre of the

trapped ion mass is quantized as a harmonic oscilla-

tion. When the trapped ion is driven by a classical

laser, its quantized internal degrees of freedom (called

an ion characterized by the electronic states j�i) and
its quantized external degrees of freedom (named as a

phonon characterized by the vibrational motion of the

trapped ion) are coupled and interacted. We consider

a two-level trapped ion of mass M in a 2D harmonic

potential in which vibrational motion has two compo-

nents along x and y directions, respectively. At time

t=0, two �-out of phase laser beams having the same

frequency !l, intensity E0 and wavevector modulus kl

illuminate the trapped ion along the two orthogonal

directions x0 and y0 with an angle of � relative to the

x and y directions, respectively. At any time t > 0,

in the dipole and the rotating wave approximations

(RWA),[7] the Hamiltonian of the system can be writ-
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ten as

H =
p2x + p2y
2M

+
1

2
M
2(x2 + y2) +

�h!0
2
�z

+ f"E0[e
i(!lt�klx

0) � ei(!lt�kly
0)]�� + h:c:g; (1)

where px(y) is the x-component (y-component) of the

momentum along x(y) direction, 
 is the trap fre-

quency, " (assumed to be real) is the dipole element,

�z = j+ih+j � j�ih�j and �� = j�ih�j are the in-

version operator and two transition operators of the

trapped ion, �h!0 is the energy between the ionic ex-

cited and ground states. De�ning

a =
1p
2

�r
M


�h
x+ i

1p
M
�h

px

�
;

b =
1p
2

�r
M


�h
y + i

1p
M
�h

py

�
(2)

in a frame rotating at the laser frequency !l, we write

H as H = H0 +H1 with

H0 = �h
(a+a+ b+b) +
�h�

2
�z; (3)

H1 = �h
f[e�i�(a�+a
+

�
) � e�i�(b�+b

+

�
)] + h:c:g; (4)

where � = !0 � !l = 2
 is the atom-laser detun-

ing, 
 =
"E0

�h
is the Rabi frequency proportional

to the amplitude of the laser, � = kl

r
�h

2M

is the

Lamb{Dicke parameter, a� = a cos � + b sin � and

b� = �a sin � + b cos � are annihilation operators of

vibrational quanta in the directions x0 and y0, respec-

tively. In the interaction picture, the Hamiltonian

takes the form

HI=exp

�
i

�h
H0t

�
H1exp

�
� i

�h
H0t

�
=�h
exp[�(2i
t� �2=2)]��

� fexp[�i�a�exp(�i
t)]exp[�i�a+� exp(i
t)]
� exp[�i�b�exp(�i
t)]exp[�i�b+� exp(i
t)]g+ h:c:

=�h
exp(��2)
� 1X

k;l=0

(�1)k+l (i�)
k+l

k!l!

� al�(a
+
� )

kexp[i
t(k � l � 2)]

�
1X

k;l=0

(�1)k+l (i�)
k+l

k!l!
bl�(b

+
� )

k

� exp[i
t(k � l � 2)]

�
�� + h:c: (5)

Under the conditions 
 � 
 , � � 1 (Lamb{Dicke

limit), and in the frame of the RWA, we neglect all

the oscillating terms of the harmonic frequency 
 and

make �k+l maximum. For � = ��=4, the e�ective

Hamiltonian can be expressed as[5]

HI = �h�(a+b+�� + ab�+); (6)

where � = 
�2e��
2=2. In the next section, we discuss

some problems using Eq.(6).

3.Entropy dynamics and entan-

glement

If we assume that at t = 0 the ion is in a coher-

ent superposition of the excited state j+i and ground

state j�i

j	a(0)i = cos

�
�

2

�
j+i+ exp(�i') sin

�
�

2

�
j�i; (7)

and the phonons are in the SU(1; 1) related coherent

state,[8]

j�; qi = (1� j�j2) 1+q
2

1X
n=0

s
(n+ q)!

n!q!
�njn+ q; ni

(0 < j�j2 < 1; q = 0; 1; 2; : : :); (8)

where 0 � � � � denotes the ionic distribution an-

gle, 0 � ' � 2� is the phase of the ion dipole,

jn + q; ni = jn + qiajnib is the product of the vi-

brational Fock states along the directions x and y.

j�; qi, the eigenstate of operator a+a� b+b, belongs to
SU(1; 1) related coherent states, if q=0, it reduces to

two-mode squeezed vacuum state.

The initial state of the system is given by

j	(0)i =j�; qi(cos(�=2)j+i
+ exp(�i') sin(�=2)j�i): (9)

At time t = 0, the two laser pulses are applied to

the ion. By using Eq.(6), the time evolution operator

of the system is given by

UI(t) = cos[
p
(aa+bb+�t]j+ih+j

+ cos[
p
a+ab+b�t]j�ih�j

� i
sin[

p
aa+bb+�t]p
aa+bb+

j+ih�j

� i
sin[

p
a+ab+b�t]p
a+ab+b

j�ih+j: (10)

At any time, the state of the system can be written as

j	(t)i =UI(t)j	(0)i
=j�+(t)ij+i+ j��(t)ij�i; (11)
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where

j�+(t)i
=
X
n

fcos(�=2)fn cos[
p
(n+ 1)(n+ 1 + q)�t]

� i sin(�=2)exp(�i')fn+1

� sin[
p
(n+ 1)(n+ 1 + q)�t]gjn+ q; ni;

j��(t)i
=
X
n

fsin(�=2)exp(�i')fn cos[
p
n(n+ q)�t]

� i cos(�=2)fn�1 sin[
p
n(n+ q)�t]gjn+ q; ni; (12)

with

fn = (1� j�j2) 1+q

2

s
(n+ q)!

n!q!
�n: (13)

The density operator of the system is given by

�(t) = j	(t)ih	(t)j: (14)

Tracing over the degrees of the ion, we obtain the re-

duced phonon density operator

�p(t) = j�+(t)ih�+(t)j+ j��(t)ih��(t)j; (15)

its eigenvalues and eigenvectors after a straightfor-

ward calculation can be expressed as, respectively,

�
�(t) =h�+(t)j�+(t)i

� exp(��)jh�+(t)j��(t)ij; (16)

j �p (t)i =
1p

��(t) +��(t)exp(�2�)
� (j�+(t)� exp(�iÆ � �)j��(t)i); (17)

where

� = sinh�1

� h�+(t)j�+(t)i � h��(t)j��(t)i
2jh�+(t)j��(t)ij

�
; (18)

Æ = tan�1

�
Rm(h�+(t)j��(t)i)
Re(h�+(t)j��(t)i)

�
: (19)

Similarly, we obtain the reduced ionic density op-

erator

�i(t) =h�+(t)j�+(t)ij+ih+j
+ h��(t)j�+(t)ij+ih�j
+ h�+(t)j��(t)ij�ih+j
+ h��(t)j��(t)ij�ih�j: (20)

The eigenvalues ��(t) of this operator are identical

to the phonon eigenvalues, Eq.(16), and its eigenstates

are

j �i (t)i =
1p

��(t) + ��(t)exp(�2�)
� (j+i � exp(iÆ � �)j�i): (21)

According to the Schmidt theorem,[9] the state vector

of the system can be rewritten as

j	(t)i =
p
�+(t)j +

p (t)ij +
i (t)i

+
p
��(t)j �p (t)ij �i (t)i: (22)

In what follows, we will utilize the above results to

investigate QE in the trapped ion system.

3.1. Quantum entanglement between the ion

and phonons

The quantum entanglement between the ion and

phonons can be measured by the reduced entropy of

the ion or the phonons,

S(t) =� Tr[�p(i)(t) log2 �p(i)(t)]

=� �+(t) log2�
+(t)� ��(t) log2�

�(t):(23)

It re
ects the degree of entanglement between the ion

and the phonons: if it takes the minimal value zero,

the ion and phonons are disentangled; if it takes the

maximal value 1, the ion and phonons are maximally

entangled.

Numerical results for the time evolution of the

reduced entropy of the entanglement are displayed in

Fig.1(assuming ' = 0 for simplicity in all �gures in

this paper) for di�erent q and � but same �. It is

found that q and � have strong in
uence on the re-

duced entropy of the entanglement.

Firstly, we discuss the in
uence of q on the re-

duced entropy of the entanglement. In the case of

q = 0, as in Fig.1(a), the reduced entropy of the en-

tanglement is periodic. At the time �t = n� and
2n� 1

2
�(n 2 N), the reduced entropy of the entan-

glement is zero, this means that the trapped ion and

the phonons are disentangled. This can be interpreted

from Eqs.(16) and (22). At �t = n� and
2n� 1

2
�,

�
+ = 1;�� = 0, the system state j	(t)i described

by Eq.(22) is written as

����	
�
�t = n�;

2n� 1

2
�

��
= j�+

p i 
 j�+
i i; (24)
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Fig.1. The time evolution of the reduced entropy of

the entanglement. (a) q = 0; � = 0; (b) q = 40; � = 0;

(c) q = 40; � = �=4; (d) q = 40; � = �=2.

which can be written in a direct product form. There-

fore, S equals zero, and the ion and phonons are dis-

entangled. At the rest of the time, the system state

cannot be written in the direct product form, so the

external and internal degrees of freedom are entangled.

In particular, at �t =
2n� 1

4
�, the reduced entropy is

approximately equal to 1. This means that the ion and

the phonons are maximally entangled, and the system

state is an EPR (Einstein{Podolsky{Rosen) state [10]

which is widely used in QI processing,����	
�
�t =

2n� 1

4
�

��

� 1p
2

�j�+
p ij�+

i i+ j��p ij��i i
�
: (25)

When q 6= 0, three cases for di�erent initial ion

states, namely � = 0;
�

4
, and

�

2
, are considered in

Figs.1(b), 1(c) and 1(d). Comparing with the case of

q = 0 in Fig.1(a), the reduced entropy of the entangle-

ment has no regular period and does not achieve the

minimum value zero, indicating that the trapped ion

and the phonons are entangled all the time during the

interaction. Given a longer time, the reduced entropy

of the entanglement for q 6= 0 tends to the maximum

value 1, indicating that the ion and the phonons are

maximally entangled after a long evolution time. Fur-

ther study shows that, when q increases, the reduced

entropy of the entanglement oscillates rapidly. This

stems from the fact that the increase in q leads to

a more strong interaction between the ion and the

phonons.

It is apparent from Fig.1 that the initial ionic

state has also a considerable in
uence on the reduced

entropy of the entanglement. When q 6= 0, the case

for � = 0(the excited state), � = �=4 and �=2 (the

ion initial state is in coherent state) are considered

in Figs.1(b){(d). Comparing Fig.1(c) with Fig.1(b),

we �nd that in Fig.1(c), the peak of the maximum

reduced entropy of the entanglement becomes small

and the oscillation of the reduced entropy of the en-

tanglement becomes slow. Especially, in Fig.1(d) cor-

responding to the case of � = �=2, the peak and

oscillation almost disappear, and as a result, the re-

duced entropy of the entanglement increases gradu-

ally as time goes on. Finally, it reaches the maximum

value 1, showing that the ion and phonons are max-

imally entangled. This corresponds to the fact that,

when � = �=2, the ion is initially in the trapped state,

the ionic state is a dressed-state(stationary state), not

showing any dynamic evolution. The small vibrations

of the reduced entropy in these cases, however, come

from the contributions of the interactions between the

ion and phonons.

3.2. Quantum entanglement between the two

degrees of freedom of the phonons

The above discussion shows that the Hamiltonian

given by Eq.(6) leads to the entanglement between

the ion and phonons, so the state of the phonons con-
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sisting of two degrees of freedom of the phonons may

evolve into a mixed state. In this case, the QE between

the two degrees of freedom of the phonons cannot be

measured by the reduced entropy of the entanglement.

However, the relative entropy of the entanglement is a

good measure for the degree of entanglement of two-

particle mixed states, which is de�ned as,[11]

ER(�) = min�2DS(�jj�); (26)

where S(�jj�) = Tr[�(log2 � � log2 �)]. This is the

quantum relative entropy, its minimum is taken over

D, the set of all disentangled states. The relative en-

tropy of the entanglement is viewed as the minimal

\distance" between the state � and the disentangled

state �. For a pure state, the relative entropy of the

entanglement reduces to the reduced entropy of the

entanglement.

For the two-particle mixed states, it is diÆcult

to calculate numerically the relative entropy of the

entanglement. Before investigating the QE, we intro-

duce a theorem given by Ref.[12] which is very useful

to numerically compute the relative entropy of the en-

tanglement.

If a bipartite quantum state can be expressed as

� =
X
n1;n2

an1;n2 j�n1�n1ih�n2�n2 j; (27)

then the relative entropy of the entanglement is given

by

ER(�) = �
X
n

an;n log2 an;n + Tr(� log2 �); (28)

and the disentangled state � that minimizes the quan-

tum relative entropy is given by

� =
X
n

an;nj�n�nih�n�nj:

It is clear that �p(t) given by Eq.(15) can be written

in the same form as that in Eq.(27)

�p(t) =
1X
m;n

am;njm+ q;mihn+ q; nj; (29)

with

am;n = hm+ p;mj�pjn+ p; ni: (30)

Consequently, the relative entropy of the entangle-

ment of the state Eq.(15) is written as

ER(�p) =�
X
n

ann log2 ann � S(�p)

=�
X
n

ann log2 ann +�
+(t) log2�

+(t)

+ ��(t) log2�
�(t): (31)

The numerical results of Eq.(31) are shown in

Fig.2 for the parameter values being the same as in

Fig.1.

Fig.2. The time evolution of the relative entropy of

the entanglement. (a) q = 0; � = 0; (b) q = 40; � = 0;

(c) q = 40; � = �=4; (d) q = 40; � = �=2:

Fig. 2(a) for q = 0 shows the QE between the

two degrees of freedom of the phonons. It is obvious

that QE exhibits the evolution with a � periodicity.

At time �t =
2n� 1

2
� when the phonons are disen-

tangled from the ion (Fig.1(a)), the relative entropy of
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entanglement achieves minimal values. While at time

�t = n� when the ion and phonons are also disentan-

gled, the relative entropy of the entanglement achieves

maximal values. The di�erence of the two cases can

be explained from Eqs.(11) and (12)as follows. At

�t =
2n� 1

2
�, the phonon state is given by

���� p
�
�t =

2n� 1

2
�

��

=[1 + j�j2]1=2
1X
n=0

(�1)nf2n

� [sin(�=2)exp(�i')j2n; 2ni
� i cos(�=2)j2n+ 1; 2n + 1i; (32)

the corresponding relative entropy of the entangle-

ment takes the minimal value, given by

ER

�
�t =

2n� 1

2
�

�
=� log2(1� j�j4)� 2 cos2(�=2) log2 cos(�=2)

� 2 sin2(�=2) log2 sin(�=2)

+
4j�j4

1� j�j4 log2 j�j: (33)

While at �t = n�, the phonon state is

j p(�t = n�)i

=

8>><
>>:
X
n

fn(�1)njn; ni; for n = odd;X
n

fnjn; ni; for n = even;
(34)

the relative entropy of entanglement of the above two

states is equal to the relative entropy of the entangle-

ment of initial phonon state for q = 0

ER(�t = n�) =� 1

1� j�j2 log2(1� j�j2)

� j�j2
1� j�j2 log2

j�j2
1� j�j2 : (35)

It is easy to �nd that the latter is larger than the

former.

Figures 2(b), 2(c) and 2(d) display the time evo-

lution of the relative entropy of the entanglement for

q 6= 0. We can �nd that the relative entropy of the

entanglement becomes smaller and smaller, and the

oscillation and the peaks of maximum values of the

relative entropy of entanglement decrease as time goes

on. This is opposite to the case for the reduced en-

tropy of entanglement shown in Figs.1(b), 1(c) and

1(d). This comes from the fact that the entanglement

between the ion and the phonons can impair the en-

tanglement between the two degrees of freedom of the

phonons. This also holds for the case q = 0. In ad-

dition, When the ion initial state is in the coherent

superposition state of the excited and ground states,

the oscillation and the peaks decrease, which is the

same as the case of the reduced entropy of entangle-

ment. The explanation is similar to that in section

2.

4.Conclusion

In this paper we have investigated the QE in a 2D

trapped ion system. We can conclude as follows:

(1) When q = 0, both the QE between the ion and

phonons and the QE between two degrees of freedom

of the phonons evolve periodically. At �t =
2n� 1

2
�,

the phonons are disentangled from the ion, but there

is still a small entanglement for the two degrees of free-

dom of the vibrations of the phonons. At �t = n�, the

ion and phonons are also disentangled, but the two de-

grees of freedom of the phonons are maximally entan-

gled. For q 6= 0, the evolution of QE is not periodic,

the ion and phonons tend to be maximally entangled,

but the two degrees of freedom of the phonons tend

to be minimally entangled.

(2) When the ion initial state is in the ion co-

herent state 1=
p
2(j+i+ j�i, the oscillation of the re-

duced entropy and the relative entropy of the entan-

glement become small, and the entanglement between

the ion and phonons(two degrees of the phonons) in-

creases(decreases) gradually.

(3) The entanglement between the ion and

phonons can impair the entanglement between the two

degrees of freedom of the phonons, which is an inter-

esting result in our paper.

Appendix A: the derivation of

Eq.(1){(4)

The Hamiltonian of the system, obviously, is

H =
p2x + p2y
2M

+
1

2
M(x2+y2)
2+

�h!0
2
�z+D �E; (A1)

with

D �E =(D+�j+ih�j+D�+j�ih+j)
�E0f[ei(!lt�klx

0) + e�i(!lt�klx
0)]

� [ei(!lt�kly
0) + e�i(!lt�kly

0)]g; (A2)

where D is dipole moment,

D+� = h+jDj�i;D�+ = h�jDj+i:



No. 3 Quantum entanglement in a two-dimensional ion trap 293

Let D+� �E0 = D�+ �E0 = "E0, where ", assumed

real for simplicity, is dipole moment element. In the

rotating wave approximations, Eq.(A2) is

D �E = "E0[e
i(!lt�klx

0) � ei(!lt�kly
0)]�� + h:c: (A3)

with �� = j�ih+j. According Eq.(A3), H is given by

H =
p2x + p2y
2M

+
1

2
M(x2 + y2)
2 +

�h!0
2
�z

+ f"E0[e
i(!lt�klx

0) � ei(!lt�kly
0)]�� + h:c:g: (1)

By de�ning

a =
1p
2

�r
M


�h
x+ i

1p
M
�h

px

�
;

b =
1p
2

�r
M


�h
y + i

1p
M
�h

py

�
: (2)

The expressions of x = x(a; a+), Px = Px(a; a
+) and

y = y(b; b+), Py = Py(b; b
+) can be easily obtained

according to Eq.(2), and the relations between x and

x0, and y and y0. Thus Hamiltonian of the system

H = H0 +H1 can be written as

H0 = �h
(a+a+ b+b) +
�h�

2
�z; (3)

H1 = �h
f[e�i�(a�+a
+

�
) � e�i�(b�+b

+

�
)] + h:c:g; (4)

where

a� =
1p
2

�r
M


�h
x0 + i

1p
M
�h

p0x

�
=a cos � + b sin �;

b� =
1p
2

�r
M


�h
y0 + i

1p
M
�h

p0y

�
=� a sin � + b cos �: (A4)

|||||||||||||||||||||||||||
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