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In real-time applications of bi-directional associative memory (BAM) networks, a global exponentially stable

equilibrium is highly desired. The existence, uniqueness and global exponential stability for a class of BAM networks

are studied in this paper, the signal function of neurons is assumed to be piece-wise linear from the engineering point

of view. A very concise condition for the equilibrium of such a network being globally exponentially stable is derived,

which makes the practical design of this kind of networks an easy job.
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1. Introduction

Bi-directional associative memory (BAM) is a
two-layer nonlinear feedback neural network intro-
duced by Kosko, 2l which has served as a vital com-
ponent in various intelligent systems, e.g., the classi-
fication of spatio-temporal signals, the identification
of power density, and more importantly, the associa-
tive pattern searching. Because BAM is a hetero-
associative memory which provides a flexible nonlin-
ear mapping from input space to output space, it pos-
sesses an important attribute in its simple architecture
which results in an easy implementation via digital
processors, analogue circuits, or optical hardware.!]
In designing an analogue BAM circuit, we consider
the continuous BAM model described by the follow-

ing coupled nonlinear equations

dmi t "
S0 - () + 3 s (a0 + I
j=1
dyi(t) -
et —vi(t) + ; bij f(z;(t)) + J;
(Z_ 1727 -,TL) (1)
where z;,y; are states of neurons embedded in the
two circuit layers respectively; (z1,---,z,)T € R",

(yi,-++,yn)T € R™, I;,J;(i = 1,2,--+,n) are constant
external inputs; (@i;)nxn, (bij)nxn are constant matri-

ces representing the unidirectional connection weights

between layers. In practical designing, the output sig-
nal function f(e) relating to the states and output of
neuron ¢ is usually implemented by an analogue op-
erational amplifier, whose input/output relation can
be well approximated by a piece-wise linear (PWL)

expression as follows:
1
f(s):§(|s+1|—|s—1\),s€R. (2)

In applications, such as prediction!® and control en-

(4=6] in particular,

gineering, the dynamic behaviour,
the global stability is of prime importance. In solv-
ing many engineering problems it is desired to have
a unique equilibrium for a neural network, while in
real-time applications, a rapid convergence toward
the equilibrium is critically required.[”] The studies
on existence, uniqueness of equilibrium and its global
exponential stability for Hopfield network and cellu-
lar neural network (CNN) were reported in Refs.[8]
and [9] respectively. As regard to the qualitative
analysis for BAM network, in studying the existence
and uniqueness of its equilibrium, the signal func-
tion f(e) is mostly assumed to be continuous and
differentiable.!!%11] Furthermore, neither the investi-
gation under a PWL signal function as given by Eq.(2)
nor the result of global exponential stability for the
equilibrium is reported. Hence we study these prob-
lems in section 2. Illustrative examples are given in

section 3. Conclusions are drawn in section 4.
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2.Global exponential stability

analysis

In this section, we study the existence, unique-
ness of equilibrium for Eq.(1) and its global exponen-
tial stability subject to (2).
Lemma, then define the global exponential stability
for the equilibrium of BAM network (1).

Lemmal®! For any #, y € R, the following in-

Firstly, we introduce a

equalities are valid:

(1) [f(z) = fF()] < |z - yl,

T

2) / [F(s) — F())ds < [z — ][/ () — F@),

y

@) [ 1) - f)lds > 1) - )l

Thesg inequalities are important for deriving our
qualitative analysis results. The proof is referred to
Ref.[5].

Definition Equilibrium (z*,y*) = (z7, ---,
CI}Z, yikﬂ A
tially stable if there exist constants ¢ > 0 and M > 1
such that

,yr) of Eq.(1) is said to be globally exponen-

S lei(t) —afl < M-IT-e
i=1

Dolwi(t) —yi| < M- IT-e7,
i=1
for all £ > 0, where
II = max{[|z(0) — z"[|,[|ly(0) —¢"[I},  (3)
and "
l2(0) —a*|| = > |#:(0) — 7],
i=1
ly(0) = y* |l = lwi(0) — v; .
i=1

Based on this definition we have the following
main result.

Theorem We denote the connection weights A =
(aij)nxnaB = (bij)an7 if

A=-BT, (4)

holds, then there exists a unique equilibrium (z*, y*)

of Eq.(1) satisfying

—z;+ Y f)+ 1L =0,
j=1

—yf + Y f(@}) + i =0,
j=1

(i=1,2,---,n). (5)

Besides, the solution (z1,-**,Tn, Y1, "*,Yn) ", start-
ing from any point (z1(0),--,z,(0))T € R™ and

(y1(0), -+, yn(0))T € R™, satisfies

|z (t) — x| < 1T - (e_t + 4\/52 |aij|e_%t>’
7=1
n (6)
lyi(t) —yi| < IT - <et +4v2Y° |bij|e—%t>,
j=1

for all t > 0,(i = 1,---,n). This means that the net-
work (1) is globally exponentially stable.

[Proof]

(i) Existence of equilibrium (z*,y*)

Let us define a bounded close set D C R?",

D = < ) > m:(xl’x27'-'7xn)T7 ‘Ii|§0{i7
Y y:(y17y27"')yn)T7 ‘yz| S/Bia
(i=1,2,---,n), (7)
where
n
ai =Y laij| +|I]
J:l (7;:1,2,...’”)’
Bi = lbij| + | 7]
j=1

and a mapping F : D — R?" as

Fi(z,y) =Y aijf(y;) + T

j=1

F(z,y) = n
Fy(x,y) = > bijf(x;) + Ji

=1

(i=1,2,---,n). (8)

It follows from Eq.(2) that

T
L= \21,T2," ", Tn
and for any{ (1,2 ) € D, we have

Yy= (ylay27"')yn)

[Pz, y)| < D lai| + |4

=1
|F(z,y)| = .
|Fa(z,y)| <) Ibig + |
=1
(i=1,2,---,n), (9)

which implies F(z,y) € D. According to the Brouwer
fixed point theorem, there exists a fixed point of the
mapping F. Obviously the fixed point is the equilib-
rium of Eq.(1).

(ii) Uniqueness of the equilibrium (z*,y*)
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Assume there exist two equilibria of Eq.(1), they

are (z},--+, z¥, yi, -+, ¥¥) and (901 o xri” y]J__v"'a
y-). Then from Eq.(4), we have
n
= Zaw y] )]’
Jj=1

Z i),

which yield

and

Zyz_yz z)_f(yzL)]ZO

On the other hand, from Eq.(2) we know f(e) is a
monotonically increasing function, this means

(af =i ) [f(2F) = F ()4 (yi —yi )f (i) = Flwi)] = 0,

(121,2,,71)

Without loss of generality, we assume

-zt =0,---, 2} —a =0,
FWie) = fWicer) = 0+ f(y3) = fy) = 0;
yi —yi =0,y —yi =0,
f(mz+1)_f(m¢+l):07'.'7f(I:L)_f(mrJ;):0
Since
ot —zi =0, 2} — 2} =0,
vi =yt =0, 45 —yi =0.

7af(x2)7f(mi_): )

therefore

fleg) = fl=i), )= fy;),

From Eq.(10), we finally have
o=zt oy =yt (1=1,2,---,n).

The proof of the uniqueness of equilibrium point
(z*,y*) is completed.
(iii) Global exponential stability of Eq.(1)

Define a function

no =3 [ 16 - 16,
V(t) = e
(=Y [ 176 - Fads

for all t > 0. Obviously, Vi(t) > 0,Va(t) > 0. Calcu-

lating their time derivatives yields

dVi(t) . )
dt Z[f(xz) — f(@)][xi — =7]

— fE)f (i) — F(y7)l,

= F@)If (y5) = £ (7))l

Taking the summation of the above two equations and

using Eq.(4), then using Lemma (2), we have
d[Vi(t) + Va(t)]

dt
<=3 [ 1) - s
=3 ) - swias

It implies
Vi(t) + Va(t) < [VA(0) + Va(0)]e ™"

for all £ > 0.

According to Lemmas (1) and (2), we have

n_ rwi(0)
0= [ 1) - fai)ias
<31 Gal0)) - (a1

Jai(0) = 7] < [|lz(0) — 2*|.

From Lemma (3), we have
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o =Y [ 106 - 1las

> [ 1566) = f@Dlds = 51fi) ~ S
Similarly

V2(0) < [[y(0) = y*||?,  Va(t) > =[f(w) — fy))]

N | =

Note Vi (t) > 0, therefore
* * * 1
(i) = F(27)] < V2[||2(0) — z*[| + [|y(0) — y;]le 2",
(Z: 1)2)"'777“)
for all t > 0.

Now let us calculate the time derivative

DYa; — xf| <=l — i+ laij| - | (y;) — F(0])]
i=1

n
<— o — 2|+ V2 |ai]
j=1

x [||2(0) + 2*|| + ||y(0) — y*[[le"#".(13)

Consequently, we have

|z — x| < IT - <et + 4\/52 |aije_%t>,
j=1

(i=1,2,---,n)
for all ¢t > 0.

Similarly, we have

i —uf < 1T ( +4\/5§j|bij|e%t),
j=1

(i:1727"'7n)

valid for all ¢ > 0.

Thus Eq.(6) in the Theorem is derived, and ac-
cording to the definition, network (1) is globally ex-
ponentially stable.

3. Examples

Example 1 Consider a two-dimensional BAM
network described by:

DL+ ) — )+ 0L,
D2y )+ 5 1) 01, »
% =y - if(xl) + %f(wz) +0.2,
dditz =Y+ %f(ﬂfl) - éf(xZ) —0.2,

1

where f(s) = =(|s+ 1| — |s — 1]), s € R. Obviously,
2

It fol-

lows from Theorem that (14) has a unique equilibrium

the connection matrices are antisymmetric.

($T7m37yi<7y>2k) and for any pOint (xl(o)vxZ(O)) € R27
(41(0),32(0)) € R?, the solution (1, 22), (y1,y2), of
Eq.(14) starting from this point satisfies

|21 — af| < (11V2/7 + 1) [Te /2,
(

|2y — 23| < (2V2 + 1) Te™"/2,
lyr — i) < (TV2/3 + 1) Te™ /2,
lyo — y3| < (26v/2/21 4+ 1) e~ t/2,

for all ¢ > 0. This means that the unique equilibrium
is globally exponentially stable, and the above expres-
sion can be used to evaluate the convergence rate of
a motion trajectory of the network. Figure 1 shows
the output waveforms of system (14). The equilib-
rium is located at z*=(0.2026, —0.2679), y*=(0.2807,
—-0.2243).

Example 2 Consider another two-dimensional

BAM network described by:

d 1 1

% =2+ flyr) — = fye) + 0.1,

dﬂ = —T9 — 3f(y1) + Gf(yQ) - 01’

ddt . (15)
% =—y; —4f(z1) + gf(ac?) +0.2,
T PN

Note that the condition of the Theorem is not satis-
fied. Next, we will show that the equilibrium is not
global exponential stability. Figure 2 is the output
waveforms of system (15). Suppose we have an ini-
tial point (0,0.4), (0,0.4), the solution (w(t),z2(t)),
(y1(t), y2(t)), of system (15) starting from this point
eventually converges to the stable equilibrium located
at z*= (0.0000, 17.2951), y*= (1.9672, 3.8525). How-
ever, it can be seen from Fig.2 that there are over-
shoots for some output waveforms which may not be

acceptable in some practical applications.
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o2/
P
0.1 -'l — z,(t)
— =z, (t)
0.0 \\ B yi(t)
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-0.3
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t

Fig.1. Trajectory of system (14).
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Fig.2. Trajectory of system (15).

4. Conclusions

A sufficient condition for a class of BAM networks
to have a globally exponentially stable equilibrium is
derived in this paper. The condition (4) is in a fairly
concise form. The convergence rate of trajectories for
a BAM network satisfying condition (4) can be eval-
uated by use of Eq.(6). The results given in our The-
orem are justified by two simulation examples, and
expressions (4) and (6) are quite easy to use in prac-

tical network design.
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