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The homogeneous balance principle has been widely applied to the exploration of nonlinear transformation, ex-

act solutions (especially solitary wave solution), dromion and similarity reduction to the nonlinear partial differential

equations in mathematical physics. In this paper, we use the homogeneous balance principle to derive Backlund trans-

formations for nonlinear partial differential equations that have more nonlinear terms and more highest-order partial

derivative terms. With the aid of the Béacklund transformations derived here, we could obtain exact solutions to the

nonlinear partial differential equations. The Davey—Stewartson equation and the Nizhnik—Novikov—Veselov equation

are considered as the examples.
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1. Introduction

It is well known that nonlinear partial differ-
ential equations in mathematical physics are widely
applied to the description of complex phenomena
in various sciences, for example, in fluid mechan-
ics, plasma physics, atmospheric science, optical fi-
bre communication, etc. In order to understand
the physical mechanism of the phenomena in those
fields, one has to study the solutions and their prop-
erties of the associated equations. FExploring ex-
act solutions to nonlinear partial differential equa-
tions has long been paid much attention by many
researchers in mathematical and physical fields. In
particular, great progress has been made in finding
solitary wave solutions to nonlinear partial differen-
tial equations in mathematical physics. A number
of powerful methods have been introduced, such as
the inverse scattering method,[!! Hirota method,?!
Bicklund transformation (BT) method,? Hopf-Cole
transformation method,? Darboux transformation
method,/?l Lie group analysis,®®/ Miura transfor-

mation method,®] hyperbolic function method,[7—10]

[11-13]  Jacobi elliptic function

(17]

sine—cosine method,
method,[14716] truncated expansion method, " direct
reduction method,[*®19 formally variable separation

(20-22] 23] etc. Due

approach, rank analysis technique,!
to the non-integrability of nonlinear partial differen-
tial equations, and many nonlinear equations without
passing the Painlevé test, to find the exact solutions
to nonlinear equations is one of the most difficult tasks

in mathematical physics.

Recently,the homogeneous balance principle[24—37]
put forward by one of the authors of this paper
has been applied to derive the nonlinear transfor-
mations and exact solutions (especially the solitary

24-37] auto-Backlund transformations

wave solution),!
(auto-BT)[P8~4% and similarity reductions!*!! to non-
linear partial differential equations (PDEs) in math-
ematical physics. The dromion solutions, breathers,
instantons and ring soliton solutions of some nonlinear
PDEs were obtained by using the improved homoge-
neous balance principle.[*2] The homogeneous balance
principle has been applied to explore the exact solu-

tions to nonlinear PDEs which have one highest-order
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partial derivative term. In this paper, we use the
homogeneous balance principle to derive BT for non-
linear equations in mathematical physics, which have
more nonlinear terms and more highest-order partial
derivative terms.

a (2+1)-

dimensional Davey—Stewartson equation is considered

This paper is organized as follows:

as an example in section 2 of this paper, We derive
the Backlund transformation for Davey—Stewartson
equation firstly, and then give the solution of the
Davey—Stewartson equation. The Backlund transfor-
mation and the solitary wave solution of the Nizhnik—
Novikov—Veselov (NNV) equation are derived in sec-
tion 3. Finally, some conclusions are given in section
4.

2.The (241)-dimensional

Davey—Stewartson equation

Firstly, we explore the exact solution of the

Davey-Stewartson equation!43—4]

. 1 .- _
g = Gao + ayy + 5919, (1017)z + 0 (la)y). - (1)
Since g is a complex function, we assume that

q = expli(ax + By + At)]u(z, y, t) = exp(in)u(z,y, ),

(2)
where 1 = az + Sy + At, and «, 3, A are to be deter-
mined later.

From Eq.(2), we could derive

qr = irelu + eMuy, (3)
Qoz = —O[2ein —|— 2iaei"uz + einua:ma (4)
Qyy = _ﬁQGinu + 2ilgeinuy + einuyy' (5)

Substituting Egs.(3)-(5) into Eq.(1) and cancelling e'"
yield

up — 2au, — 2pu, =0, (6)

e+t 5ul0y (02) + 0, (62),
+(A=a?=p3*u=0. (7)

In order to explore the solutions of the Davey—

Stewartson equation, we suppose that

v (8)

Substituting Eq.(8) into Eqs.(6) and (7), we obtain

8 o=

u=w

Weyt — 2awzzy - 2/3wavyy =0, (9)

1

2 2 2
()‘ —a”—f )wwy o Z(wazvxy + wiyy)

+ Ewiy(wm + wyy)

1
+ Ewwy(wmwy + Weyyy) = 0. (10)

According to the idea of the homogeneous bal-

ance principle, considering the homogeneous bal-

L 5 2
ance WyyWgery and _Zw”y + szywm, as well as
2 2 . .
Wy Wayyyy and ~ 7 Wawy + 3 WayWyy in Eq.(10) simul-

taneously, we assume that the solution of Egs.(9) and
(10) is of the form

w = f(¢). (11)

From Eq.(11), we have

Wayt =f" 0aoyor + [ (Patpyt

+ PrtPy + @zy@t) + f,(Pmyt; (12)
Wazy = [ 20yt " (PaePy+20u0uy)+ [ Puay, (13)
Weyy = f”l‘Pi(Pz +f”(§0z§0yy+2‘;0my(py)+fl(szy7 (14)

wl, = 0200 + 2f [ 0upayy + FP00,,  (15)

2 2 __fH2 4, 2 2, 4

+ 2f”f”l(‘PiS@m‘P§ + %choyy"oj

+ 20500y Py + 20000y}

+ £ (02,02 + 400 PuaPay Py

+ 40205, + Vrey,

+ 402 Pay Pyy Py + 402, 02)

+ 21 f" (PR Pay Py + PoPayyy)
+ 2f " (PoaPrayPy + 20cPayPacy

+ PuPayyPyy + 20y PayPayy)

2/ 2 2

Wl (Waw + wyy) =" (0207 + ©30)
+ F1 " (203 0ay oy + O3 Puatpy
+ P20y Pr + 200 Py )
+ 121" (P22, + 202PaaPayPy
+ 02,0 + 202 Pay OyyPy)

+ flg(QOzm‘Piy + @iy%y)» (17)
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Woy(Wasay + Wayyy)
ol p(4), 4 2 2, 4
1 4(4)7, 3 3
+ f (@ Pay by + Papayply)
+ 3" " (95 Py Py + PaPay Py
+ P2 anpy + P2PYyP)
+ 31 " (P22, + PoPn
+ PrPraPryPy + (P:cgoa:ygayycpy)
+ " (300 PuatayPy + 30aPayPyyPy
+ 302 PaayPy + 30aPuyyel
+ ‘Pi@yyytpy + ¢z Som:cm(pi)
+ flf”(390:l:w903cy + 3<Piy90yy
+ 30ePuyPusy + 30wy PayyPy
T PreaPaoyPy T PaPaoyPyyy
+ PrPrazyPy + Wz@zyyy@y)
+ ' (ayPoazy + PayPayyy)- (18)
Substituting Egs.(11)—(18) into the left-hand
sides of Egs.(9) and (10), and collecting the homoge-

neous terms of partial derivatives for ¢ = ¢(z,y, z,t)

together separately, yield
Weyt — 2awa:zy - 2/8wxyy

0 7]
| g " _
2

Jxdy

+ f } (o1 — 20, — 2B¢,), (19)

1
()‘ - Oé2 - 52)’“):%]; - Z(wizy + wiyy)

1
+ szy(wzz + wyy) + szy(wwmy + Wayyy)

_ l //3_1 "2 l 1 £(4)
—<2f ISt

X (pa0l + @205) + m(z, y, t). (20)

Here m(z,y,t) is a polynomial of various partial

derivatives of ¢, and the degree of m(z,y,t) is lower

4
T

than ¢ cpi + (pigog. Setting the coefficient of 4,04(,0‘12/ +

€T

<pi<p§ to zero, we obtain the ordinary differential equa-

tion (ODE) for f
2fl/3 o f/l/2 + 2f”f(4) =0. (21)
Equation (21) admits a solution
f =4lnp. (22)

From Eq.(22), we obtain

f//f/// _ _lf(s) f/f/// _ _éf(4) f//2 - _
3 ’ 3 ’

flfll _ _2f”,, flfll2 — Ef(5) f/Qf// _ §f(4)
3 ’ 3 ’

f/3 — Sfm, f/2 — _4f”, f/f(4) — _f(s). (24)

Substituting Eqs.(22)—(24) into the left-hand side of
Eq.(10), we have

1
(A - 042 - ﬂz)wiy - Z(wizy + wiyy)

1, 1

1
=— D02, 02 + Q202 + 200000 PuyPy

6

+ 200 Pay Pyy Py — 205 PrayPy

— 205 Payyy Py — 200 Pzl — 205 Pyyy Py

— 4\ = a? = )L + [ [Panly + PryPuy
+ PoaPazyPy + PoPayyPyy — PoPayPasy

— PayPyPayy — PozcPayPy — PoPayPyyy

— PaPranyPy — PoPayyyPy

—4(A — a® = B%)papuypyl

+ @20y + P2y — 2P0y Pasay

— 200y Payyy — 4N — a® — )2 1. (25)

Setting the right-hand sides of Egs.(19) and (25)
to zero, and noticing that f/, f”, f® and f* are lin-
early independent, we obtain the BT of Egs.(9) and
(10) as follows:

w = f(p), (11)

Yt — 20‘()09: - Zﬂtpy = 0> (26)

Pra?y + PaPyy 200 PunPuy Py T 20aPay PPy

_ 2<p§gomygoy - 290m‘»0myyy9032/

— 2(pz<pmmt,0§ — 202 Pyyy Py

—4(A - a® = B)plpl =0, @)

PaaPry T Py Pyy + PaaPaayPy + PoPayyPyy

— PoPuyPazy — PuyPyPayy — PraaPayPy

— PoPayPyyy — PoPasayPy — PoPayyyPy

—4(\ - a? — ,82)<pm<pxy<py =0, (28)

(pgzzy + ‘Piyy = 200y Przry — 2QeyParyyy
—4(X —a? - ﬂQ)cpiy = 0. (29)

Noticing the homogeneity of Egs.(26)—(29), we obtain
the solution of Egs.(26)—(29)

v =1+ exp(lz + my + nt), (30)
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where
n = 2al + 2m, (31)

At the same time, we obtain
Lo 2 2 2
A=—;E+m*)+a®+ 5 (32)

where [, m, o and ( are all constants.

Therefore, we can derive the solution to Eq.(1)

N T

Here
1
n=az+ Py — Z(l2—|—m2)t+(a2+,@2)t, (34)

and
w = lz + my + (2al + 28m)t. (35)

3.The NNV equation

In this section, we consider the NNV equation

Ut + [Unza + Uyyy — 3(11(9;11%)z — 3(ud, tuy),] = 0.
(36)

In Ref.[46], the coherent structures of the NNV
equation are discussed, and the dromion to the NNV
equation are given in Ref.[47]. Ruan and Chenl*®! used
the variable separation approach to study the localized
coherent structures of the generalized NNV equation.
In this paper, we use the homogeneous balance princi-
ple to derive BT to the NNV equation, and then with
the aid of BT, give the solitary wave solution to the
NNV equation.

In Eq.(36), there are two highest derivative terms
and two nonlinear terms. According to the idea of the
homogeneous balance principle, considering the ho-
mogeneous balance between g, and (uay_lum)z, as
well as wyy,, and (ud, 'u,), simultaneously, we sup-
pose that the solution of Eq.(36) is of the form

u = f”(Pz‘Py + fl‘pwzn (37)

where f = f(¢) is a function of one argument only,
and ¢(z,y,t) is to be determined later.
From Eq.(37), we have

Usas =P S0y + FO (40300, + 60200 0y)
+ (1202 0aPay + 602 Pany
+ 302,y + 402 PraaPy)
+ " (60ccPoay + 4PzzcPay
+ 402 Praay + PreeePy) + [ Oovaay, (38)

Uyyy :f(S)SDz‘P?/ + @ (4aypy + 602Pyy$))
+ " (1200yPypyy + 602y #?,
+ 30002y + 4020y Pyyy)
+ [ (6QuyyPyy + 4PuyPyyy

+ 4Puyyy Py + PrPyyyy) + f,‘Pwyyyya (39)

(udy us)e =2f" f" orpy + 2 (4050000 + 205 0uy)
+ £ " (P2 0acy + Cobay)
+ ' (@2 0y + PaPazaty
+ 500 PazPay + P2 Pany)

+ ' (PazePay + PrePrry); (40)

(u0; "uy)y =2f" " a0y + [ (400 Pyl + 202y $5)
+ I " (0atpyy @l + Payp’)
+ I (Papry + PaPyyyPy
+ 502y PyPyy + PayyPy)

+ fl2 (‘szy(pyy + (sz‘Pyyy)a (41)

ug =f" 0oyt + [ (Paoyt + Caroy
+ ‘sz‘Pt) + fI‘szt- (42)

Substituting Eqgs.(38)—(42) into the left-hand side
of Eq.(36), and collecting the homogeneous terms of
partial derivatives for ¢ = ¢(z,y, z,t) together sepa-

rately, we have

Up + [Unga + Uyyy — 3(udy "z ) — 3(udy Muy),y]

=(f®) — 65" ") (putply + Oroy) + m(z,y,t), (43)

where m(z,y,t) is a polynomial of partial derivatives
of o(z,y,t), and the degree of m(z,y,t) is lower than
<,0$<p§ + ¢4¢,. Setting the coefficient of g%(pé + ploy
to zero, we have the ODE for f(y),

f(5) _ Gf//f/// =0. (44)

Eq. (44) admits a solution as follows:

f = —2lnp. (45)

Then we have
= afW, PR =20, )
ffr= o fr =, (47)
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Substituting Eqgs.(45)—(47) into the left-hand side of
Eq.(1) yields

ur + a(t)[Uaze + Uyyy — 3(“‘9;1"%)9: — 3(ud; tuy),]
=1"[p2y(Pr + (Paaz + Pyyy))

+ 3(‘Pi§‘7my — PrPrePary T ‘Pwyy‘Pi - Qowygoy‘/’yy)]

o 1o}
+ 1 [(@y% + @za—y + <Pa:y> (et + (Pawa + Pyyy))

+ 3(90zyyy§0y — PayPyyy T PrPazzy — Sowysowmm)]

Setting the right-hand side of Eq.(48) to zero, and
considering the linearly independence of f’, f” and
"', we obtain the BT to the NNV equation as fol-

lows:

u = —2(Inp),y, (37)

@t + (Pazz + Pyyy) = 0, (49)

‘Pi‘Pmy ~ PaPraPay + Wwyy‘Pi ~ PayPypyy = 0, (50)
PryyyPy — PoyPuyyy T PoPrazy — PoyPeee = 0. (51)

Considering the homogeneity of Egs.(50) and (51), we
gain the solution for Egs.(37), (50) and (51)

o =1+ exp(lz + my — (I° + m®)t + ), (52)

where [, m and 7 are constants.
Therefore, the solitary wave solution to the NNV

equation is obtained

l
u = %sechz(lx +my — (I* + m*)t + 7). (53)

4. Conclusion

From the derivations of the BT, and exact solu-
tions to the Davey—Stewartson equation and the NNV
equation, we can see that the homogeneous balance
principle not only can be applied to the nonlinear
equations which have one highest derivative term, but
also can be applied to the nonlinear equations which
have more highest derivative terms. It has been shown
that the homogeneous balance principle is very pow-

erful.
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