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By using the phase-�eld approach, we have simulated the directional growth of alloys in undercooled molten states

under the isothermal and nonisothermal conditions. The in
uences of the isothermal approximation on simulation

results are discussed. We found that for undercooling greater than 25K, the isothermal approximation overestimates

the interface growth velocity and reduces a critical velocity for an absolute stable planar interface, thus in this simulation,

the interface morphology shows the plane-cell-plane transition with increasing initial undercooling of the melt, and the

planar interface obtained under a large undercooling is absolutely stable. Whereas in the nonisothermal simulation,

only plane-cell transition occurs in the same range of the initial undercoolings of the melt, and the planar interface

tends to be destabilized and evolve into cells.
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1. Introduction

Alloy phase-�eld method is a useful approach for

simulating the formation and evolution of all kinds

of solid{liquid interfaces. Boettinger and Warren,[1]

Conti,[2] and Kim and Kim[3] have simulated the cell

to plane front transition during the directional solidi-

�cation with a positive temperature gradient. In their

simulations, the isothermal approximation is adopted,

that is to say, the latent heat that is produced dur-

ing solidifying is neglected, and the temperature �eld

is treated approximately to be constant during solid-

i�cation. In directional solidi�cation, the isothermal

approximation is considered to be reasonable because

the imposed positive temperature gradient takes away

the latent heat through the solid and, to a �rst approx-

imation, does not a�ect the tip growth. However, in

an undercooled melt, the latent heat is accumulated

in the melt, causing a di�usive thermal �eld in the

unsolidi�ed undercooled melt, which renders the in-

terface growth behaviour more complicated. Hence,

the directional growth is controlled not only by the

solute di�usion but also by the thermal di�usion. In

this case, is the isothermal approximation still valid?

In this paper, in order to evaluate the e�ect of isother-

mal approximation on the simulation results, the di-

rectional growth under di�erent initial undercoolings

is simulated using �rstly the phase-�eld approach with

the isothermal approximation (neglecting the latent

heat), then the simulation is conducted again under

the nonisothermal condition. In the nonisothermal

simulation, the melt temperature is treated as a spa-

tial and temporal variable, instead of being constant

in the isothermal simulation.

2. Phase-�eld model and numer-

ical technique

In this section, we derive the phase-�eld model,

starting from a Landau{Ginzberg free energy func-

tion[4] which is written as

F =

Z
V

�
f(�; c; T ) +

1

2
"2(r�)2 + 1

2
Æ2(rc)2

�
dV; (1)

where f is the free energy density, � is the phase-�eld

variable, c is the concentration of solute B in solvent

A, T is the temperature, " and Æ are the coeÆcients
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which account for the gradient term corrections, and

V is the region occupied by the system. Using this

formulation, the phase-�eld model is obtained as fol-

lows
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where vm is the molar volume, R is the ideal gas con-

stant, fA and fB are the free energies of the pure

elements A and B respectively. The solute di�usion

coeÆcient Dc is supposed to be a function of �,

Dc = Ds + P (�)(Dl �Ds); (5)

where Ds and Dl are the solute di�usion coeÆcients

in the solid and liquid, respectively.

For simplicity, we assume the same solid and liq-

uid thermal di�usivities K and speci�c heat cV for

both states of the material, and omit the gradient cor-

rection in c.

M� , W and " are the phase-�eld parameters, re-

lated to the physical parameters: interfacial energy �,

atomic attach kinetic coeÆcient �, meeting point Tm,

latent heat L, and interface thickness �, as shown in

the following

M� =
T 2
m�

6
p
2L�

; (6)

W =
3�p
2Tm�

; (7)

"2 =
6
p
2��

Tm
: (8)

Choosing M�(n) = M� and "(n) = "(1 +


 cos(4n)) allows for anisotropies of the interfacial en-

ergy and interface kinetics, where n =
r�
jr�j , 
 is the

magnitude of the anisotropy. The noise is included as

proposed in Ref.[5], the amplitude of the 
uctuations

is taken to be 0.5.

Equations (2){(4) are discretized in space using

the second-order �nite di�erence on uniform Carte-

sian grids, and in time using the �rst-order �nite dif-

ference approximation. We use the ADI algorithm for

the heat equation. To save the computation time, the

computational domain is divided into two parts; in

the inner region, which is of interest to the evolution

of the phase and concentration �elds, the grid spacing

is selected to be �x = �. With the grid spacing of

10{50�x, the temperature �eld is resolved not only

in the inner region, but also in the outer region where

the changes of phase and concentration �elds can be

neglected. With the �xed size of the inner region, the

outer region is extended continually to hold the far-

�eld temperature at the initial value. The time step

is speci�ed in such a way that �t <
�x2

5D
according

to D = Dc or D = M�"
2 for keeping stable of the

melt under time-step iterations. The zero Neumann

boundary conditions for �, c and T are imposed at

the boundaries of the computational domain.

In the subsequent simulations, the whole region

is initially �lled with uniformly undercooled melt. As-

suming that the melt has solidi�ed with a 
at inter-

face at one end of the computation region, the ini-

tial phase �eld and the concentration �eld are taken

as step functions that represent a full equilibration

of the liquid of concentration c0 with the solid at a

sharp interface. We choose the Ni{Cu alloys of dif-

ferent initial undercoolings for the simulations. The

liquid and solid di�usion coeÆcients are taken to be

1.0�10�5 and 1.0�10�9 cm2�s�1 respectively, and the

thermal di�usion to be 0.115 cm2�s�1. In fact, the so-

lute and thermal di�usion is a variable depending on

the local temperature and concentration, this leads

to a variable mobility. In Ref.[6], a phase-�eld sim-

ulation with the mobility (di�usivity) depending on

local compositions was conducted to study the coars-

ening kinetics of the interconnected two-phase mix-

tures, whereas in solidi�cation constant di�usivities

are usually adopted considering that the error brought

by this approximate treatment does not in
uence the

qualitative simulation results.[7;8] The heat capacity,

latent heat of fusion, and surface energy are taken to

be the realistic values.[5] But for saving the compu-

tational time, we take the interface thickness to be

5�10�6 cm, which is much larger than what is phys-

ically reasonable, and an interface attachment coef-

�cient of 0.33cm�s�1K�1, which is 500 times smaller

than that for collision-limited growth of the Ni{Cu al-

loy. This leads to the underestimation of the growth

velocity. In spite of these limitations, we can obtain

the qualitative and useful results of the simulations.[9]
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3.Results and discussion

3.1. The interface morphology of Ni{Cu alloy

The interface morphologies obtained under the

isothermal and nonisothermal conditions at the dif-

ferent initial undercoolings of the melt are shown in

Figs.1 and 2 respectively.

Figure 1 shows that in the isothermal approxi-

mation, when the initial undercooling 4T increases

from 16.86 to 46.6K, the interface morphology shows

a plane-cell-plane transition. However, Fig.2 shows

that after the isothermal condition is relaxed, only the

plane-cell transition occurs in the same range of the

initial undercooling. When the initial undercooling

is low, for example 4T=16.86K, the interfacial mor-
phologies in the isothermal and nonisothermal simula-

tions are somewhat similar. But when the initial un-

dercooling is enhanced, the obtained interfacial mor-

phologies in the two kinds of simulation are evidently

distinct from each other. This indicates the important

in
uence of the latent heat on the directional growth

in the undercooled melt.

Fig.1. Interface morphologies of Cu-Ni alloys under di�erent initial undercoolings obtained

in the isothermal approximation. (a) 4T=46.6K; (b) 4T=30.0K; (c) 4T=26.75K; (d)

4T=23.46K; (e) 4T=16.86 K.



214 Yu Yan-Mei et al Vol. 12

Fig.2. Interface morphologies of the Cu-Ni alloy at di�erent initial undercoolings, obtained

under the nonisothermal condition. (a) 4T=46.6K; (b) 4T=30.0K; (c) 4T=26.75K; (d)

4T=23.46 K; (e) 4T=16.86 K.

Usually, the interface stability exhibits the plane-

cell-dendrite-cell-plane transition with the variation of

the solidifying condition. We note that no dendrite is

found in our simulation, which can be attributed to

our simulation condition. In our simulation, in the

direction along the principal axis of the cell, the com-

putation region is continually extended so that the

far-�eld melt in this direction remains at the initial

condition quite well, and the heat and solute ejected

during the cell growth have enough space to release.

Therefore, the cell may develop fully in this direc-

tion However, the size of the computation regions in

the lateral directions is �xed, and the lateral growing

space of the cell is also limited. At the same time,

the zero Neumann boundary condition (a kind of adi-

abatic condition) of the concentration and tempera-

ture �elds in the lateral boundaries of the computa-

tion region also ba�e the release of the ejected heat

and solute during the cell growth in the lateral di-

rections; this suppresses intensively the growth of the

side-branch of the cell. In this case, the cell cannot

develop fully in the lateral directions to evolve a den-

dritic pattern. Therefore, no dendrite can be seen in

our simulations.
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Fig.3. Cell tip velocities or pulling velocities of the

plane fronts under di�erent initial undercoolings of the

melt.

Fig.4. Undercoolings at the cell tips or the plane

fronts under di�erent initial undercoolings of the melt.

Figure 3 presents the cell tip velocities or pulling

velocities of the plane fronts under di�erent initial un-

dercoolings of the melt in the isothermal and non-

isothermal simulations. The isothermal velocities are

consistent with the nonisothermal velocities when the

melt undercoolings are less than about 20K, whereas

for the melt undercoolings more than 20K, the tip

velocities obtained by the isothermal simulation will

greatly overrun those of the nonisothermal simulation.

Figure 4 shows the undercoolings at the interface front

in the melt at di�erent initial undercoolings. Figure

4 also shows that there is a solute undercooling 4Tc,
but no thermal undercoolings 4Tt ahead of the in-

terface under the isothermal condition, whereas there

exist not only the solute undercooling but also the

thermal undercooling under the nonisothermal condi-

tion. This means that under the isothermal condition

the directional growth in an undercooled melt is con-

trolled by the solute di�usion, whereas it is controlled

by both of the solute and thermal di�usion under the

nonisothermal condition. When the initial undercool-

ing is less than 20K, 4Tc is the key factor that con-

trols the directional growth. This makes no marked

di�erence, whether 4Tt is considered or not. There-

fore, when 4T=16.86K, the interfacial morphologies
obtained by the isothermal and nonisothermal simu-

lations are similar, as shown in Figs.1 (e) and 2 (e),

and their corresponding tip velocities are consistent

with each other. However, when the initial undercool-

ing is greater than 20K, 4Tt increases continually and
overruns 4Tc gradually with increasing initial under-

cooling of the melt. Thus, 4Tt becomes the dominant
ingredient of the undercoolings ahead of the interface.

We �nd that when the initial undercooling of the melt

is larger than 20K, the di�usion of the latent heat will

control the directional growth of the undercooled melt,

here, the in
uence of the latent heat on growth has to

be considered.

According to Boettinger{Coriell{Trivedi mo-

del,[10;11] we have

4T = 4Tc +4Tt +4Tk +4Tr; (9)

where4T , 4Tc, 4Tt, 4Tk and4Tr denote the initial
undercooling of the melt, the solute undercooling, the

thermal undercooling, the kinetic undercooling, and

the curvature undercooling respectively.

The experimental research indicates that the cur-

vature undercooling is usually very small, and its vari-

ation with the initial undercooling of the melt is slight,

hence 4Tr can be neglected here. So, for the isother-

mal simulation we have 4T = 4Tc+4Tk, and for the
nonisothermal simulation 4T = 4Tc + 4Tt + 4Tk.
Figure 4 shows that when the initial undercooling of

the melt is larger than 20K,4Tc of the isothermal sim-
ulation is less than4Tt and 4Tc of the nonisothermal
simulation, hence for the same initial undercoolings,

4Tk in the isothermal simulation must be larger than

that in the nonisothermal simulation. The kinetic

undercooling is proportional to the growth velocity,

hence in this situation, the growth velocity obtained

by the isothermal simulation is necessarily larger than

that by the nonisothermal simulation.

The above analysis indicates that for higher un-

dercooling, due to neglecting the latent heat, the

isothermal approximation overestimates the growth

velocity. Therefore, in the same range of the ini-

tial undercoolings, the interface morphology shows the

plane-cell-plane transition in the isothermal simula-

tion, but the nonisothermal simulation only presents

the plane-cell transition.

3.2. The plane interface stability in an under-

cooled melt
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Figure 1 shows that for the low initial undercool-

ing of 16.86K, the interfacial morphologies in isother-

mal and nonisothermal simulations are both planar.

In the isothermal simulations, the interface morphol-

ogy obtained becomes planar again when 4T=46.6K.
When it lies between 16.86 and 46.6K, the inter-

face has a cellular structure, and the variation of the

corresponding cell tip radius against the initial un-

dercoolings is given in Fig.5. As shown in Fig.5,

when 4T <26K, with increasing initial undercool-

ing, the cell tip radius decreases, but in contrast when

4T >26K, the cell tip radius increases with increasing

initial undercoolings; and when 4T=46.6K, the in-

terface obtained becomes planar again (here, the cor-

responding cell tip radius is in�nite). Figure 5 also

presents the variation of the cell tip radius against

the initial undercooling in the nonisothermal simula-

tions. When 4T <26K, the variation of the cell tip

radius against the initial undercooling is same as that

in isothermal simulation. When 4T >26K, the cell

tip radius also increases with increasing initial under-

coolings. However, the increase is slower than in the

isothermal simulation; but when 4T=225K, the ob-

tained interface also become a plane.

Fig.5. Cell tip radii against di�erent initial under-

coolings of the melt.

Both the isothermal simulation with 4T=46.6K
and the nonisothermal simulation with 4T=225K ac-

quire a planar interface at the same growth time. Fig-

ures 6 and 7 illustrate the variations of the pertur-

bation wavelength ahead of, and the pulling velocity

at the interface against time. Figure 6 presents a con-

stant perturbation wavelength, a steady pulling veloc-

ity that produces a solute partition coeÆcient of 0.98,

and a 
imsy solute di�usion distance of 2.5�10�6 cm

of the same magnitude as the perturbation wave-

length. The solute capillarity length (� �=4T0, �
is the Gibbs{Thomson coeÆcient, 4T0 is the equi-

librium solidi�cation temperature range) is about

1.0�10�6 cm for �=2.97�10�5 cm�K and 4T0=30K
in this paper. The solute di�usion distance approaches

the solute capillarity length, so an absolute stable pla-

nar interface is produced.[12] The constant disturbance

wavelength and the steady pulling velocity shown in

Fig.6 verify the absolute stability of the planar in-

terface obtained when 4T=46.6K in the isothermal

approximation.

Fig.6. Interface pulling velocity and perturbation

wavelength obtained when 4T=46.6K in the isother-

mal approximation.

Fig.7. Interface pulling velocity and perturbation

wavelength obtained when 4T=225K under the non-

isothermal condition.

In contrast, under the nonisothermal condition,

the perturbation wavelength begins suddenly to rise

up rapidly after coming through the initial stable

regime as shown in Fig.7. The increasing perturba-

tion will break the planar interface only if the growth

time is designed to be longer.

The critical velocity for the absolute stability in

an undercooled melt, Va, is given by Va = (Va)c+(Va)t,

the subscripts, c and t, indicate the limiting veloc-

ities that are controlled by the solute di�usion and

thermal di�usion respectively. Due to neglecting the

latent heat, (Va)t=0 in the isothermal simulation, so

this approximation not only overestimates the growth

velocity, but also reduces the critical growth rate for
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the absolute stability. This is why the absolute sta-

ble planar interface can be readily achieved under the

isothermal condition.

4.Conclusion

The isothermal and nonisothermal simulations of

the directional growth in an undercooled melt present

the di�erent interfacial morphologies and the plane in-

terface stability with increasing initial undercoolings

of the melt. This indicates the important in
uences of

the latent heat on the directional growth in the under-

cooled melt. When the initial undercooling is larger

than 20K, the isothermal approximation with neglect-

ing the latent heat leads to an overrating of the inter-

face growth velocity; at the same time, it reduces the

critical velocity of the absolute stable planar interface,

therefore in the isothermal simulation with increasing

initial undercoolings, the interfacial morphologies ex-

hibit a plane-cell-plane transition, and at a high initial

undercoolings of the melt, the absolute stable planar

interface can be achieved. However, in the nonisother-

mal simulation, only the plane-cell transition occurs

in the same range of the initial undercoolings, and

the plane interface tends to destabilize and turns into

cells.

|||||||||||||||||||||||||||
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