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Patterns in passive optical systems
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Pattern formation is closely related to system boundary conditions in nonlinear dynamic systems, apart from the

system control parameters. To avoid complexity, system boundary conditions are usually considered to be infinite or

periodic, and the initial conditions spatially homogeneous. But it is not always the case in real situations, or sometimes

periodic boundary conditions are not exact. To show the important and interesting boundary effects in real pattern

formation, we suggest a simple universal boundary condition in a typical optical pattern formation system. Numerical

simulations of the passive optical system show that pattern characteristics such as distribution symmetry, peak number,

structure strength, evolution course and stability are all greatly influenced by the system boundary conditions.
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1. Introduction

Much theoretical and experimental research has
been reported on pattern formation in nonlinear

(1=7]

dynamic systems, such as those described by

Kuramoto—Sivashinsky equation, reaction-diffusion
equation, complex Ginzburg-Landau equation, drift-
wave equation, complex Lorenz form of the Maxwell—
Bloch equation, coupled map lattice equation, etc.
And it has been reported that there are many similar
dynamic characteristics among these temporal-spatial

[1=3] Pattern formation refers to that

dynamic systems.
in extended nonlinear medium, above a threshold, sys-
tem uniform amplitude distribution becomes unsta-
ble and splits into correlated domains.[? In optics,
the interactions between electromagnetic field and po-
larizable medium with losses induced by absorption,
diffraction, dispersion, etc. constitutes a mechanism
of pattern formation, which is similar to instability in
chemical reaction-diffusion dynamics known as Tur-
ing instability. Since the first experimental observa-
tion of optical transverse instability,!®! the potential
significance both in theoretical and application as-
pects has stimulated great investigation activities in
this field.["~1%]

Real pattern effects should include boundaries,
but they are rarely discussed in many cases. For

simplicity, periodic boundary conditions are usually

http://www.iop.org/journals/cp

assumed in theoretical studies. Under such condi-
tions spatial translation invariance homogenizes out
any time average (unless some unexpected ergodicity
breaking takes place[16]). In fact, periodic boundary
conditions are not exact for infinite transverse solu-
tions of extended systems. Here we suggest a simple
universal boundary condition. The numerical results
show that the system boundary conditions have im-
The ap-

pearance of boundary may be explained as a neces-

portant effects on pattern characteristics.

sary condition of pattern formation, for the boundary
effects may be interpreted as sources or sinks of de-
fects, reflection sites for waves or as a resonant force
which balances the losses and affects the solutions of
the system.[!7~19] It has also been reported that mod-
ulation effects induced by boundaries may lead to spa-
tial chaos.2921] Different pattern characteristics influ-
enced by system boundary conditions in a passive op-

tical system are discussed in this paper.
2.Model

We consider one of the prototype equations which
describes the mean-field model in a unidirectional ring
cavity or Fabry—Perot cavity, with plane mirrors en-
closing a Kerr medium and driven by a coherent plane-

wave field. Assuming that only one longitudinal mode
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of the cavity is excited so it is possible to neglect the
z dependence of the field, the evolution of the cav-
ity field is governed by a nonlinear partial differential

equation(22:23]

OE/dT = —E + E; +in(|E|* — 0)E +iDV> E, (1)

where E is the normalized slowly varying envelope
of the electric field, F; is the normalized input field,
assumed real and positive for definiteness, 6 is the
detuning parameter, and 7 equals 1 for self-focusing
Kerr medium or —1 for self-defocusing Kerr medium.
We only consider self-focusing condition in this pa-
per. The time 7 is normalized to the mean lifetime %,
of the field in the cavity, and parameter D describes
the constant of diffraction which is usually chosen to
be unity. V2 is Laplacian operator. All variables in
Eq.(1) are dimensionless. Equation (1) also holds for
the cavity filled with a two-level system in the pure
dispersive limit.24

The system’s transverse homogeneous stationary

solutions Fj satisfy the equation
B2 = |EJ [1+ 0~ B, (2)

which is known to give rise to optical bistability when
the detuning parameter 6 is greater than 3'/2, and
both nonlinear stability analysis and numerical simu-
lation predict the bifurcation of subcritical hexagons
close to modulation instability threshold for 6 >
41/30. For simplicity, the stability of a dynamic sys-
tem is usually analysed according to its linear stabil-
ity. Some linear stability analysis of Eq. (1) has been
done by Lugiato, Firth and co-workers.[23=25] Trans-
verse homogeneous stationary solutions of Eq.(1) are
shown in Fig.1. The curve with unstable part marked
by crosses corresponds to focusing case § = 1, the
curve with unstable part marked by dots corresponds
to focusing case 6 = 1.5. We will choose the latter
case in this paper, i.e. the system is located below the
bistability threshold. Figure 1 shows that at thresh-
old I, = |ES|2 = 1, which is always true, the input
intensity needed in the case of § = 1.5 is higher than
that in the case of § = 1.

The selection of the critical wavenumber k. is de-
termined by a balance of the diffraction phase modu-
lation Dk2, the nonlinear phase modulation I, = |E,|*
and the cavity detuning 6. Above the threshold, the
most unstable wavevectors are k,, = \/(215 —0)/D.
Their relations are shown in Fig.2. The dotted curve

corresponds to § = 1.5, the crossed curve corresponds

to @ = 1; and the solid line corresponds to the most
unstable modes above threshold in the case of § = 1.5.
With detuning becoming larger, the linear instability
boundary curve will move to the left, the instability
threshold does not change, but the critical wavenum-
ber will become smaller.
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Fig.1. Transverse homogeneous stationary solutions
of Eq.(1). The curve with unstable part marked by
crosses corresponds to focusing case 6=1, the curve
with unstable part marked by dots corresponds to fo-

cusing case 6=1.5.

Is

Fig.2. Linear instability boundaries for Eq. (1). The
dotted curve corresponds to =1.5, the crossed curve
corresponding to 6=1; and the solid line corresponds
to the most unstable modes above threshold when
0=1.5.

Boundaries should be considered in real pattern
effects. Here we discuss null Dirichlet boundary con-
ditions that obey

E(-L/2,7) = E(L/2,7) = 0. (3)

Physically, one can assume E = 0 on the boundary in

the case of a dielectric waveguide in appropriate limits,
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or in the case of a typical large-aperture laser having
a kind of absorbing boundary arising from fast decay
of the pumping amplitude away from the beam axis
in an ideal situation (very sharp decay). It is impor-
tant to know how effective the boundary conditions
are in the process of pattern formation. System pat-
tern should reveal the symmetries expressed by both
the equation and the boundary conditions. In the case
of plane-wave pumping, the system is invariant under
translation, reflection and rotation in the transverse
phase. The presence of boundary condition (3) breaks
the translational symmetry of equation (1) and will in-
fluence the solutions of the system greatly. And such
boundaries can act as sources of plane waves bring-
ing perturbations or a forcing term, with which the
growing of the unstable modes leads to the formation
of patterns. We prove that the boundary effects will
be stronger in relatively smaller systems and the most
unstable modes of the system are on boundaries!®! un-
der condition (3).

3. Numerical results

It is interesting to compare the simulation results
of different computation domains. We will change the
size and geometry of the computation domains and
discuss the influences of the system boundaries on the
characteristics of system patterns. In two dimensions
with Dirichlet boundary condition (3), equation (1)
was solved with random initial conditions and sys-
tem parameters are chosen to be § = 1.5, E; = 1.13
throughout. Ej; is slightly above the threshold accord-
ing to the linear stability analysis discussed above.
First, grey level map in Fig.3 shows the numerical re-

sults in system square domain L(z,y) € [—4 4].

Under the above conditions, a soliton-like solu-
tion arises in the centre of pattern (a). From its time
evolution trace (b) and correlative characteristic curve
(c), we confirm it is weak chaos. Boundary effects en-
hance the instability, leading to a value high above the
critical instability that will bring about a Hopf bifur-
cation and the appearance of oscillations breaks the
time-translation invariance. In general, system pat-
tern are strongly influenced by boundary condition in
narrow containers although it is difficult to discuss in
detail because the linear stability analysis is not true
in conditions high above the threshold.

Figure 4 shows a typical pattern formation course

when the domain of the system is appropriately chosen

to be L(z,y) € [—40 40].
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Fig.3. (a) Three-dimensional intensity distribution;
(b) time evolution trace of |E[; (c) the correlative char-

acteristic curve.

From Fig.4(a) and (b) we can see that pattern
peaks arise at four corners first, then evolve around
the boundaries, i.e. the patterns always form initially
along the boundaries. Thus waves emitting from the
corners and boundaries eventually dominate the pat-
tern evolution. The amplitudes of the oscillations are
strongest near sidewalls and attenuate with increasing
distance form them. This shows that the most unsta-
ble modes of the systems are on the boundaries. If
we take the average distance between two consecutive
maxima as system scale wavelength, then it will be

always greater than that of the fastest growing mode
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These results
are similar to those of Ref.[16]. After the transient,

stationary spatial dissipative structures or structure

obtained by linear stability analysis.

stabilized patterns whose symmetries are mainly de-
termined by the boundaries in the transverse profile
are built as shown in Fig.4(c), and the positions of the

peaks will not change. This is the general case that
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the first symmetry of system pattern is governed by
system boundary conditions.[3] We also observed the
same phenomena when we changed the system geome-
tries to circular or triangular. The stability of pattern
structure means that the distribution of pattern peaks
is spatially more uniform and their intensities become

constant with respect to time, as shown in Fig.4(d).
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Fig.4. (a), (b) and (c) are contours of peak intensities corresponding to the sample time 25,

50, and 400, respectively; (d) time traces of the peaks relative to modulus |E|.

With the size of the system increasing, the num-
ber of peaks will increase, but synchronously their
structure strengths, represented by the averaged peak
intensities after systems being stable, will decrease.
Quantitative results corresponding to different system
sizes are given in Fig.5.

We obtain the figure by sampling the average val-
ues of the stationary ordered hexagonal patterns ob-
served in ten times of runs after transient. The curve
with circles shows that pattern structure strength will
decrease with system size increasing, however, the
curve with diamonds shows that pattern peak num-

bers (reduced ten times) will increase with system size

increasing. And we always find the distribution of the
peaks has the same symmetries as that of the calcula-
tion windows and the cavity field receives the largest
contribution from system boundaries.

When the size of the system becomes large
enough, the influence of the system boundaries be-
comes weak, and system solutions exhibit localized
structures with a small number of peaks as shown in
Fig.6 when the system domain is chosen as L(z,y) €
[-70 70]. But if we further increase the system size,
patterns will evolve only around system sidewalls, i.e.
there is no evolution at the centre of the pattern until

the system is already stable. For large enough sys-
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tem, a surface instability develops, leading to a solu-
tion localized near the boundary and decaying in the
bulk for control parameter less than the value of that
in the ideal bulk instability. These are the balanced
results induced by the interactions between the sys-
tem instability and its boundary conditions, and the
larger the system domain, the more the instability sys-
tem modes and the weaker the boundary influences on

pattern formation.
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Fig.5. Intensity and peak numbers of the patterns

corresponding to different system sizes.

Although the systematic study on how the mag-
nitude of patterns decreases with aspect ratio has
not been done thoroughly both numerical simulation
and experiment are consistent with the expected be-
haviour that the magnitude of the time-averaged pat-

terns should vanish in the relative infinite-aspect-ratio
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Fig.6. Localized structure corresponding to system
domain within L(z,y) € [—70 70].

4. Conclusions

Our numerical simulations demonstrate the im-
portant roles played by system boundaries in pattern
formation. Different boundary conditions may lead to
substantially different dynamic behaviours. Our re-
sults show that the cavity field receives the largest
contribution from system boundaries, especially in
small systems. With system increasing, the temporal
oscillatory soliton-like localized structure or instabil-
ity patterns will evolve to stable and uniformly dis-
tributed hexagonal patterns after transient near the
threshold. And pattern characteristics such as peak
number, structure strength, distribution symmetry,
evolution course and stability are all closely related
to the system boundary conditions, or precisely, they
all depend on both the system boundary conditions

and the system control parameters.

limit.[16:17)
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