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Controlling hyperchaos in erbium-doped �bre laser
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The dual-ring erbium-doped �bre laser shows a hyperchaotic behaviour under some conditions. The hyperchaotic

behaviour can be well controlled to enter into periodicity by modulating the pumping in one of the two rings. The period

is di�erent for di�erent modulation index at the same modulation frequency, or for di�erent modulation frequency at

the same modulation index.
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1. Introduction

Erbium-doped �bre lasers appear very attractive

for long haul communications over optical �bres as the

lasing wavelength about 1.55 �m is near the minimum

attenuation and dispersion point of a standard single-

mode optical �bre. During the previous 30 years,

many researchers have studied the erbium-doped �-

bre lasers.[1;2] We know that a chaotic signal is a very

good carrier of information for its enormous band-

width; meanwhile, chaotic signals used to mask the

information also have an important application in se-

cure communication. Many scientists have carried out

theoretical and experimental investigations of the dy-

namics in erbium-doped �bre lasers.[3�11] Van Wig-

geren and Roy[12;13] �rst realized secure communica-

tion experimentally by using chaos of erbium-doped

�bre lasers. Our group has investigated the inverse

synchronization of chaos in a dual-ring erbium-doped

�bre laser via mutual coupling.[14] A hyperchaos sys-

tem is a system which has two positive Lyapunov ex-

ponents at least; in other words, it is unstable in two

directions at least. A secure communication which

uses a hyperchaotic signal as a carrier can strengthen

its security. It is very important to study the hyper-

chaos in erbium-doped �bre lasers. However, only a

few researchers have investigated the hyperchaos in

erbium-doped �bre laser by studying the delayed dif-

ferential equation mode.[7] Especially, few researchers

study the control of the hyperchaos in erbium-doped

�bre laser as a general low-dimensional system. Since

Ott et al
[15] presented the method of controlling chaos

in 1990, controlling chaos or hyperchaos has been an

important aspect in the chaos �eld,[16�18] and many

experts have successfully controlled the chaos in CO2

laser,[19;20] semiconductor laser[21;22] and neodymium-

doped yttrium aluminium garnet laser[23] using di�er-

ent methods. We have also successfully controlled the

chaos in the dual-ring erbium-doped �bre laser using

a delayed feedback method.[24] In this paper, we inves-

tigate the hyperchaos in a dual-ring erbium-doped �-

bre laser under some conditions, and this hyperchaotic

behaviour can be controlled to enter into a stable pe-

riodic state by modulating the pumping in one of the

two rings.

2.Hyperchaos in a dual-ring

erbium-doped �bre laser

Fig.1. Dual-ring doped-erbium �bre laser system. C0
is coupler; WDM denotes wavelength division multi-

plexer; Ipa and Ipb are the pump intensities.

The dual-ring �bre laser system is shown in Fig.1.

In both rings a and b, each contains a wavelength-

division-multiplexing (WDM) coupler and an erbium-
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doped �bre, and the two rings are coupled with each

other by a coupler C0. Ipa and Ipb are the pump inten-

sities of ring a and ring b respectively. When the lasing

�eld in the two rings are frequency-locked through the

coupler C0 with a phase change �=2 from one ring to

the other, the equations for the fundamental system

are the following[11]

dEa

d�
= �ka(Ea + C0Eb) + gaEaDa; (1)

dEb

d�
= �kb(Eb � C0Ea) + gbEbDb; (2)

dDa

d�
= �(1 + Ipa + E2

a)Da + Ipa � 1; (3)

dDb

d�
= �(1 + Ipb + E2

b )Db + Ipb � 1; (4)

where Ea and Eb are the lasing �elds, and Da and Db

are the population inversions in rings a and b respec-

tively; ka and kb are the decay rates and ga and gb

are the gain coeÆcients of the lasing �elds of rings a

and b respectively. Here, we have � = 
t, and in an

erbium-doped �bre laser, 
 = 1=�2, with �2 being the

decay time of the lasing upper level, which is � 10 ms.

So we take �2=10 ms.

Fig.2. The strange attractor projection on plane Ea{Eb

and the time series of Ea. The parameters are: ka; kb =

1000; ga = 10500; gb = 4700; C0 = 0:2; Ipa, Ipb=4.

To study the dynamics of the system, we solve

Eqs.(1){(4) numerically using the fourth Runge{

Kutta algorithms. The parameters in Eqs.(1){(4) are

listed as follows:[11] ka=kb=1000; ga=10500, gb=4700;

C0=0.2; Ipa=Ipb=4. Figure 2(a) shows the strange

attractor of chaos or hyperchaos projected on to the

Ea{Eb plane; however, we cannot tell whether this

attractor is chaotic or hyperchaotic. We calculate

the Lyapunov exponent spectrum of the dual-ring

erbium-doped �bre laser system using the algorithms

presented by Wolf et al.[25] The Lyapunov exponent

spectrum is (11:0443; 0:0264;�49:4674;�69:2164) cor-

respond to the directions of Ea, Eb, Da and Db (the

Lyapunov spectra in the next sections also correspond

to the directions of Ea, Eb, Da and Db). The system

lies in hyperchaotic state as there exist two positive

Lypunov exponents. Figure 2(b) shows the time se-

ries of lasing �eld Ea, and one can �nd that the value

seems random, but it is di�erent from those noise sig-

nals without rules and seems to change following some

regularity.

3.Controlling the hyperchaos in

an erbium-doped �bre laser

In order to control the hyperchaos in an erbium-

doped �bre laser, we modulate the pump intensity Ipb
of ring b as follows

Ipb = Ipb0(1 +m cos!t); (5)

where Ipb0 is the original pump intensity of ring b, m

is the modulation index, ! = 2�f , with f being the

modulation frequency. m, f , and Ipb0 can be taken as

the modulation parameters. Here we only modulate

m and f as an example.

Fig.3. The leading Lyapunov exponent �max as a func-

tion of the modulation index m: The parameters are

the same as in Fig.2, except Ipb, Ipb0 = 4; f=4 kHz.

ga = 10500; gb = 4700; C0 = 0:2; Ipa, Ipb=4.



No. 2 Controlling hyperchaos in erbium-doped �bre laser 151

We calculate numerically the leading Lyapunov

exponent of the system when f=4 kHz, other parame-

ters being the same as in Fig.2 except Ipb, and we take

Ipb0 = 4. Figure 3 shows the leading Lyapunov expo-

nent as a function of the modulation index m. We

�nd that there appear two \valleys" in the range of

0:09 < m < 0:16 and near m = 0:22 respectively, and

the leading Lyapunov exponent is negative when m is

in these two ranges. Especially, when m > 0:655, the

leading Lyapunov exponent is negative and is almost

constant. If the modulation index takes the value in

these three ranges, the dual-ring erbium-doped �bre

laser would be in a periodic state.

Fig.4. The attractor projection on plane Ea � Eb and the time series of Ea at di�erent

modulation indices. The parameters are the same as in Fig.2 except Ipb, f=4 kHz and the

modulation indices are (a) 0:13; (b) 0:15, (c) 0:70.
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The Lyapunov exponent spectra are respectively

(�3:2605, �4:0446, �41:3214, �59:8482), (�8:3760,

�8:3045,�42:3252,�56:8475) and (�1:7720,�1:7585,

�36:5688, �77:2479) when the modulation indices m

take values as 0:13, 0:15, 0:70, indicating that the

dual-ring erbium-doped �bre laser is in the periodic

state. Figure 4 shows the attractor projection on the

Ea � Eb plane and the time series of the lasing �eld

Ea. One can �nd that the system is in periods 7; 21; 1

(P7, P21, P1) respectively when m = 0:13, 0:15, 0:70.

By detailed investigation of the behaviour of the at-

tractor when m is in the range of 0:09 < m < 0:16 and

m > 0:6548, we �nd that the period number changes

with m when 0:09 < m < 0:16, which is indicated in

Figs.4(a) and 4(b); however, when m > 0:655, the sys-

tem is always in period 1. In one word, one can force

the system to enter into a periodic state from the hy-

perchaotic state by modulating the pumping intensity.

The system may be in di�erent periodic states under

di�erent modulation indices with the same modula-

tion frequency. In our method, we use a strong mod-

ulation to change the system from the hyperchaotic

state into a new periodic state which is not the orig-

inal unstable periodic state embedded in chaotic or-

bits. This is di�erent from the approach presented

by Ott et al.[15] In their method, one of the unstable

periodic orbit embedded in the hyperchaotic orbit is

stabilized using weak periodic perturbations, and the

chaotic state is controlled to enter into an unstable

periodic state. The dual-ring erbium-doped �bre laser

can be controlled into a periodic state if the modula-

tion strength is in the range 0:09 < m < 0:16, which

should be easily realized in experiment in the future.

Of course, the realization in experiment may be diÆ-

cult for m > 0:65.

It should be pointed out that when m = 0:15, the

second Lyapunov exponent (�8:3045) is larger than

the �rst one (�8:3760) (in general, the �rst one is

larger than the second one). The reason may be that

the system is more stable in direction Ea than in di-

rection Eb at this modulation index.

Secondly, we investigate the behaviour of the

dual-ring erbium-doped �bre laser with a modulation

indexm = 0:1 and a variational modulation frequency.

The parameters are the same as in Fig.3 except m and

f . Figure 5 shows the leading Lyapunov exponent as

a function of modulation frequency. One can �nd that

the leading Lyapunov exponent is always positive ex-

cept for the �ve \valleys", where the modulation fre-

quencies are close to 1:8, 3:5, 5:1, 6:7 and 8.4 kHz re-

spectively. There exists no negative leading Lyapunov

exponent in the range of f > 8:4 kHz. In other words,

the hyperchaotic erbium-doped �bre dual-ring laser

can be controlled into periodic state under a given

modulation frequency (near 1:8, 3:5, 5:1, 6:7 and 8.4

kHz) at the modulation index m = 0:1; however, if

the modulation frequency is larger than 8.4 kHz, the

laser cannot be controlled into a periodic state and it

is always in a chaotic state.

Fig.5. The leading Lyapunov exponent �max as a

function of the modulation frequency f . The parame-

ters are the same as in Fig.3 except f and m, m=0.1.

Figure 6 shows that the laser is controlled into P1

and P5 at the modulation frequencies f = 6:7; 8.4 kHz

respectively. The laser can also be controlled into P1

if f = 1:8; 3:5; 5.1 kHz, which are similar to Figs.6 (a)

and 6(b).

4.Conclusion

The dual-ring erbium-doped �bre laser shows a

hyperchaotic behaviour with the parameters we have

chosen. We can control the hyperchaos to enter into

a stable period state by modulating the pumping in

one of the two rings in a dual-ring erbium-doped �-

bre laser. The pumping modulation can be achieved

by modulating index m, frequency f or pumping in-

tensity Ipb0. This is easily realized by modulating the

electric current intensity in the diode laser used as a

pump. For a given modulation index (for example,

m = 0:1), the dual-ring erbium-doped �bre laser can

be controlled into a periodic state only at a given mod-

ulation frequency (for example, 1:8, 3:5, 5:1, 6:7 or 8.4

kHz), and for a given modulation frequency (for ex-

ample, 4 kHz). The laser can also be controlled into

di�erent periodic states in several ranges of modula-

tion indices.
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Fig.6. The attractor projection on plane Ea{Eb and the time series of Ea at di�erent

modulation frequencies. The parameters are the same as in Fig.5. (a) 6.7 kHz, (b) 8.4 kHz.
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