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1. Introduction

It is well known that many important dynamic

processes can be described by speci�c nonlinear partial

di�erential equations. It is of fundamental physical in-

terest to solve the partial di�erential equations. In the

past several years, both mathematicians and physi-

cists have made attempts in this �eld (see Refs.[1]{

[12]). In Refs.[3,4] and [13]{[15], the authors have

studied the following symmetric regularized long-wave

equation (SRLWE)8<
:uxxt � ut =

�
�+

1

2
u2
�
x

;

�t + ux = 0:
(1)

Eq. (1) was proposed as a model for the promulgation

of plasma and sound waves with a weak nonlinearity.[3]

It has also been given in other �elds such as nonlin-

ear mathematical physics.[4] The solitary wave solu-

tions, conserved laws and interaction among the soli-

tary wave solutions have been studied.[3;4] Moreover,

the global and numerical solutions of Eq.(1) have also

been investigated (see Refs.[13]{[15]).

In this paper we consider a generalized SRLWE

with high-order nonlinear terms8><
>:
uxxt � ut = (b1�+ b2u

p+1 + b3u
2p+1)x;

bi = constant; p > 0

�t + ux = 0;

(2)

and a generalized SRLWE with a dissipation term8><
>:
uxxt � ut = ruxx + (b1�+ b2u

p+1)x;

r; bi = constant; p > 0;

�t + ux = 0:

(3)

By means of appropriate transformations and conjec-

tures, we �nd the bell-type and the kink-type solitary

wave solutions of Eq.(2), and the kink-type solitary

wave solutions of Eq.(3). We show that the kink-type

solutions of Eq.(3) are di�erent from those of Eq.(2)

2.The bell-type and kink-type

solitary wave solutions of the

generalized SRLWE (2)

To �nd the travelling wave solutions of Eq.(2),

we make the transformation u(x; t) = u(�) = u(x �
vt); �(x; t) = �(�) = �(x�vt) and change Eq.(2) into

the form8>><
>>:

�vu000(�) + vu0(�)

= b1�
0(�) + (b2u

p+1(�) + b3u
2p+1(�))�;

�0(�) =
1

v
u0(�):

(4)

In order to seek solitary wave solutions of Eq.(2), we

assume that

u0(�); u00(�)! 0; j�j ! 1; (4a)
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and the asymptotic values c+; c� of u(�)(c� = lim
�!�1

u(�)) satisfy the algebraic equation

b1 � v2

v
x+ b2x

p+1 + b3x
2p+1 = 0; (4b)

then after integrating Eq.(4), the �(�) and u(�) satisfy

�(�) =
1

v
u(�) + c;

u00(�) +
b1 � v2

v2
u(�) +

b2

v
up+1(�) +

b3

v
u2p+1(�) = 0:

(5)

Thus, the problem of �nding solitary wave solutions of

Eq.(2) leads to solving the ordinary di�erential Eq.(5).

Let

u(�) = ['(�)]1=p; (6)

then it follows from Eq.(5) that

1

p
'(�)'00(�) +

1� p

p2
'02(�) +

b1 � v2

v2
'2(�)

+
b2

v
'3(�) +

b3

v
'4(�) = 0: (7)

Now, we assume that the solution of Eq.(7) has the

following form

'(�) =
Ae�(�+�0)

(1 + e�(�+�0))2 +Be�(�+�0)

=
Asech2 �

2 (� + �0)

4 +Bsech2 �
2 (� + �0)

; (8)

where A;B;� are constants to be determined. Substi-

tuting Eq.(8) into Eq.(7), we obtain a set of algebraic

equations

8>>>>>>>>>><
>>>>>>>>>>:

1

p2
�2 +

b1 � v2

v2
= 0;

�1

p
�2(2 +B) + 2(2 +B)

b1 � v2

v2
+

b2

v
A = 0;

�2(2p+ 1)

p2
�2 + [2 + (2 +B)2]

�b1 � v2

v2
+

b2

v
A(2 +B) +

b3

v
A2 = 0:

(9)

Solving Eq.(9) leads to the following groups of solu-

tions

8>>>>>><
>>>>>>:

�=
p

jvj
p
v2 � b1;

A1;2=� 2(p+ 2)
p
p+ 1(v2 � b1)p

v[(p+ 1) b22v � b3(b1 � v2)(p+ 2)2]
; (10)

B1;2=�2� 2
p
p+ 1 b2vp

v[(p+ 1)b22v � b3(b1 � v2)(p+ 2)2]
:

Remark: The function sech x is even in the solu-

tion (8), which is invariant when � = � p

jvj
p
v2 � b1.

Hence, only � =
p

jvj
p
v2 � b1 is taken in Eq.(10).

Substituting Eq.(10) into Eq.(8) we have two so-

lutions of Eq.(7)

||||||||||||||||||||||||||||
j

'1(�) =

(p+ 2)
p
p+ 1(v2 � b1)p

v[(p+ 1)b22v � b3(b1 � v2)(p+ 2)2]
sech2

p

2v

p
v2 � b1(� + �0)

2 +

�
�1 +

p
p+ 1b2vp

v[(p+ 1)b22v � b3(b1 � v2)(p+ 2)2]

�
sech2

p

2v

p
v2 � b1(� + �0)

; (11)

'2(�) =

� (p+ 2)
p
p+ 1(v2 � b1)p

v[(p+ 1)b22v � b3(b1 � v2)(p+ 2)2]
sech2

p

2v

p
v2 � b1(� + �0)

2�
�
1 +

p
p+ 1b2vp

v[(p+ 1)b22v � b3(b1 � v2)(p+ 2)2]

�
sech2

p

2v

p
v2 � b1(� + �0)

: (12)

j||||||||||||||||||||||||||||

It is easy to verify that

v[(p+ 1)b22v � b3(b1 � v2)(p+ 2)2] > 0, if v2 � b1 > 0

and b3v � 0;

'1(�) > 0;8� 2 R, if b3v > 0 or b3 = 0 and b2v > 0;

'2(�) < 0;8� 2 R; if b3v > 0 or b3 = 0 and b2v < 0.

From the above discussion, we obtain the follow-

ing theorem.

Theorem 1. Let v2 � b1 > 0, then we can con-

clude that:

1. If b3v > 0 or b3 = 0 and b2v > 0, then the

generalized SRLWE (2) has a bell-type solitary wave

solution

(
u(x; t) = ['1(x� vt)]1=p;

�(x; t) =
1

v
['1(x� vt)]1=p + c;

(13)

2. If p makes (e)1=p meaningful for any negative

number e, and the condition b3v > 0 or b3 = 0 and

b2v < 0 holds, then the generalized SRLWE (2) has
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another bell-type solitary wave solution(
u(x; t) = ['2(x� vt)]1=p;

�(x; t) =
1

v
['2(x� vt)]1=p + c;

(14)

where '1(�) and '2(�) in (13), (14) are given by

Eqs.(11) and (12), respectively.

Letting b3 = 0 in Eqs.(13) and (14), we obtain

the following proposition.

Proposition Suppose that p makes (b2v)
1=p

meaningful and v2 � b1 > 0, then the equation(
uxxt � ut = (b1�+ b2u

p+1)x;

�t + ux = 0;
(15)

has a bell-type solitary wave solution8>>>>>>>>>>>><
>>>>>>>>>>>>:

u(x; t) =

�
(p+ 2)(v2 � b1)

2b2v

�sech2 p

2v

p
v2 � b1(x� vt+ �0)

�1=p
;

�(x; t) =
1

v

�
(p+ 2)(v2 � b1)

2b2v

�sech2 p

2v

p
v2 � b1(x� vt+ �0)

�1=p
+ c:

(16)

Letting p = 1; b1 = 1; b2 =
1

2
and c = 0 in

Eq.(16), we gain a bell-type solitary wave solution of

Eq.(1)8><
>:
u(x; t) =

3(v2 � 1)

v
sech2

1

2v

p
v2 � 1(x� vt+ �0);

�(x; t) =
3(v2 � 1)

v2
sech2

1

2v

p
v2 � 1(x� vt+ �0);

(17)

which is the same as the solution given in Ref.[3].

To �nd the kink-type solitary wave solution of the

generalized SRLWE (2), we suppose that the solution

of Eq.(7) has the following form

'(�) =
Ae�(�+�0)

1 + e�(�+�0)
=

A

2

�
1 + tanh

�

2
(� + �0)

�
: (18)

Substituting Eq.(18) into Eq.(7), we obtain a set of

algebraic equations about A;�; v8>>>>><
>>>>>:

�2 + p2
b1 � v2

v2
= 0;

��2 + 2p
b1 � v2

v2
+ pA

b2

v
= 0;

b3

v
A2 +

b2

v
A+

b1 � v2

v2
= 0:

(19)

Solving Eq.(19), we obtain

� = �p

v

p
v2 � b1; A = � (p+ 1)b2

(p+ 2)b3
; (20)

where the wave velocity v satis�es (p+2)2b3v
2+ (p+

1)b22v�(p+2)2b3b1 = 0. Hence, the following theorem

is obtained.

Theorem 2. If p makes (�b2b3)1=p meaningful,

and the wave velocity v satis�es (p + 2)2b3v
2 + (p +

1)b22v � (p + 2)2b3b1 = 0 and v2 � b1 > 0, then the

generalized SRLWE (2) has kink-type solitary wave

solutions8>>>>>>>>>>>><
>>>>>>>>>>>>:

u(x; t) =

�
� (p+ 1)b2

2(p+ 2)b3

�
1� tanh

p

2v

p
v2 � b1

�(x� vt+ �0)

��1=p

;

�(x; t) =
1

v

�
� (p+ 1)b2

2(p+ 2)b3

�
1� tanh

p

2v

p
v2 � b1

�(x� vt+ �0)

��1=p

+ c:

(21)

3.The solitary wave solutions of

the generalized SRLWE (3)

with a dissipation term

Assume that u(�) satis�es

u0(�)! 0; u00(�)! 0; j�j ! 1; (22a)

and the asymptotic values c+; c� of u(�) (c� =

lim
�!�1

u(�)) satisfy the algebraic equation

b1 � v2

v
x+ b2x

p+1 = 0; (22b)

then the solitary wave solutions �(�) and u(�) of the

generalized SRLWE (3) satisfy

�(�) =
1

v
u(�) + c;

and

u00(�) +
r

v
u0(�) +

b1 � v2

v2
u(�) +

b2

v
up+1(�) = 0:

(23)

By using the transformation

u(�) = ['(�)]1=p;

Eq. (23) can be rewritten as

1

p
'(�)'00(�) +

1� p

p2
'02(�) +

r

pv
'(�)'0(�)

+
b1 � v2

v2
'2(�) +

b2

v
'3(�) = 0: (24)
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We can show that Eq.(24) does not possess the solu-

tion in the forms of (8) and (18). Now, we assume

that the solution of Eq.(24) has the following form

'(�) =
A

(1 + e�(�+�0))2
; (25)

where A;�; v are undetermined constants. Substitut-

ing Eq.(25) into Eq.(24), we obtain a set of algebraic

equations 8>>>>>><
>>>>>>:

b2

v
A+

b1 � v2

v2
= 0;

��2

p
� r

pv
�+

b1 � v2

v2
= 0;

4

p2
�2 � 2r

pv
�+

b1 � v2

v2
= 0:

(26)

Solving Eq.(26) leads to the following solution

� =
pr

(p+ 4)v
; A = � 2(p+ 2)r2

(p+ 4)2b2v
; (27)

where v2 = b1 � 2(p+ 2)

(p+ 4)2
r2.

Substituting Eq.(27) into Eq.(25), we obtain the

following result.

Theorem 3. Let b1 � 2(p+ 2)r2

(p+ 4)2
> 0, v1 =

s
b1 � 2(p+ 2)r2

(p+ 4)2
, v2 = �

s
b1 � 2(p+ 2)r2

(p+ 4)2
. If v =

v1 or v = v2 makes (�b2v)1=p meaningful, then the

generalized SRLWE (3) has kink-type solitary wave

solutions

u(x; t) =

2
664

� 2(p+ 2)r2

(p+ 4)2b2v

(1 + e
pr

(p+4)v
(x�vt+�0))2

3
775
1=p

; (28)

�(x; t) =
1

v

2
664

� 2(p+ 2)r2

(p+ 4)2b2v

(1 + e
pr

(p+4)v
(x�vt+�0))2

3
775
1=p

+ c: (29)

Since Eq.(25) can be rewritten as

'(�) =
A

4

�
2� 2 tanh

�

2
(� + �0)� sech2

�

2
(� + �0)

�
;

(25)0

Eqs.(28) and (29) can be rewritten respectively as

||||||||||||||||||||||||||||
j

u(x; t) =

�
� (p+ 2)r2

2(p+ 4)2b2v

�
2� 2 tanh

pr(x� vt+ �0)

2(p+ 4)v
� sech2

pr(x� vt+ �0)

2(p+ 4)v

��1=p

; (28)0

�(x; t) =
1

v

�
� (p+ 2)r2

2(p+ 4)2b2v

�
2� 2 tanh

pr(x� vt+ �0)

2(p+ 4)v
� sech2

pr(x� vt+ �0)

2(p+ 4)v

��1=p

+ c: (29)0

j||||||||||||||||||||||||||||

It is easy to verify that the solutions (28)0 and (29)0

of Eq.(3) is di�erent from the solutions (21) of Eq.(2).

Let p = 1; b1 = 1 and b2 =
1

2
in (28)0 and (29)0,

we �nd that the SRLWE with a dissipation term

8<
:uxxt � ut = ruxx +

�
�+

1

2
u2
�
x

;

�t + ux = 0;
(30)

has kink-type solitary wave solutions

8>>>>>>>>>>><
>>>>>>>>>>>:

u(x; t) = � 3r2

25v

�
2� 2 tanh

r

10v
(x� vt+ �0)

�sech2 r

10v
(x� vt+ �0)

�
;

�(x; t) = � 3r2

25v2

�
2� 2 tanh

r

10v
(x� vt+ �0)

�sech2 r

10v
(x� vt+ �0)

�
+ c;

where v =

r
1� 6

25
r2 or v = �

r
1� 6

25
r2.

|||||||||||||||||||||||||||
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