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The order reduction method of the rotational relativistic Birkhoffian equations is studied. For a rotational rela-

tivistic Birkhoffian system, the cyclic integrals can be found by using the perfect differential method. Through these

cyclic integrals, the order of the system can be reduced. If the rotational relativistic Birkhoffian system has a cyclic

integral, then the Birkhoffian equations can be reduced at least two degrees and the Birkhoffian form can be kept. An

example is given to illustrate the application of the results.
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1. Introduction

In 1979, Bengtsson and Frauendorf accurately
measured the maximum values of spin velocity of
14 kinds of nucleons, and the results showed that
those maximum values were different from each
other.'With the developments of science and tech-
nology, more and more experimental facts have been
related to the problem of high speed spinning. In
1985, Carmeli constructed the theory of rotational
relativistic mechanics./?! Since 1996, we have devel-
oped the theory of analytical mechanics for the ro-
tational relativistic system, and given its basic the-
oretical frame.®~11 The Birkhoffian system is more
general than the Hamiltonian system, and much at-
tention is paid to it in the field of mathematics, me-
chanics and physics.['2=14 The Hamiltonian dynam-
ics has been extensively applied to the field of modern
physics, so the Birkhoffian dynamics should play an
important role in the field of modern physics. Re-
cently, Refs.[15]-[20] gave the basic theory, the the-
ory of symmetry, the geometrical theory, the algebraic
structure, the integral method and the relation be-
tween the form invariance and the Lie symmetries of
the rotational relativistic Birkhoffian system.

The method of integration of dynamical equations

of complicated system is an important aspect of the

modern development of the field of mathematical me-
In 1877, Routh

initiated the order reduction method for a holonomic

chanics and mathematical physics.

conservative system by using the cyclic integral.?1] Af-
ter that, this method was always paid great attention
by mathematicians, mechanics and physicists. Since
1988, the Routh-order reduction method has been gen-
eralized to the nonholonomic system, Vacco dynamics
systems, the variable mass system, the noninertial ref-
erence frame and the Birkhoffian system in Refs.[22]-
[27]. But, the studies were confined to the classical

mechanics system.

In this paper, we try to apply and extend the
Routh-order reduction method of the classical me-
chanics system to the rotational relativistic Birkhof-
fian system. The cyclic integral and its condition of
existence for the rotational relativistic Birkhoffian sys-
tem are given. By using the cyclic integral, the order
of the rotational relativistic Birkhoffian equations can
be reduced. Also, an example is given to illustrate the

application of the result.
2.The cyclic integral of the ro-
tational relativistic Birkhoffian

system
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Here we will study the fixed axis rotation of a me-
chanical system of IV particles. At time ¢, the angular
velocity of the ith particle angular velocity is 9.1-, the
limiting is I3, the classical rotational moment of in-
ertia is Ip;, and its relativistic rotational moment of
inertia is(®?!

I = # (1)

N
We can construct the Birkhoffian B* and the Birkhoff

functions R} (v = 1,---,2n) of a rotational relativistic

system as
B* = B*(I;(t,a"),t,a"),
R = R)(Ii(t,a"),t,a")
(n,v=1,---,2n), (2)
and let

B* = B*(t,a") = B*(I;(t,a"),t,a"),

R = R:(t,a") = R:(I(t,a"),t,a"). (3)

Then the Birkhoffian equations of rotational relativis-

tic system can be written in the form/®!

oR: OR;\., 0B* OR;, .
dat da? “ dat ot
(/‘L7U:1a"'72n)7 (4)

where the repeated subscripts represent the summa-
tion. In general, it is supposed that the system (4) is
non-singular, i.e.
. . _ (9B, OF;
derf) 0. v = (G =Gt ) )

If E;‘L and B* do not include time ¢ explicitly, the
system (4) is autonomous. If R}, do not include time
t explicitly, the system (4) is semi-autonomous.

Definition. If a coordinate a® does not enter
into the Birkhoffian E*(t, at) and Birkhoff’s functions

R} (t,a*) of the rotational relativistic Birkhoffian sys-

tem explicitly, i.e.

aB* 9B* 98I, OB*
— _|_ [ — 0’

dak ~ I, HakF = Hak

dR: OR: dI, OR. 0
dak — OI;, da* = dak
(V:].,"',27’L; ’i:]_,”',N), (6)

then it is called a cyclic coordinate of the system.
Corollary 1. Let a* be a cyclic coordinate, then
Rj(t,a") = constant (u = 1,---,2n; pu # k) is a

first integral, called a cyclic integral of the rotational
relativistic Birkhoffian system.
Proof: Since a* is a cyclic coordinate, we have
condition (6). So the kth equation of the system (4)
takes the form
—aRZd” _ OR} _0
da¥ ot
(v=1,---,2n;

That is, dﬁ;/dtzo. Therefore,

v #k). (7)

ﬁ,‘;(t, a”) = constant

(v=1,--+,2n; v#k). (8)

3.The order reduction method
for the rotational relativistic

Birkhoffian system

Using the cyclic integral, we now reduce the order
of Egs.(4).

Corollary 2. If a rotational relativistic Birkhof-
fian system has a cyclic integral, then the Birkhoffian
equations can be reduced at least two degrees and keep
the Birkhoffian form.

Proof: Let E,’Z(t, a’) =

1,---2n;v # k) be a cyclic integral of a rotational

constant (v =

relativistic Birkhoffian system. Generally, assuming
that OR}/0a” # 0, then we can take a” as a function

of other variables
a® = M(t,a"),

v £ k). )
Substituting Eq.(9) into Eq.(8), we obtain

(v=1,---,2m;

EZ(t,al,-n,a'g_l,M(t,a”),a'B+1,~-- a®") = h.
(10)

Differentiating the equation with respect to a”, we ob-
oM QR (OR;\ ' 1)
dav  Oa¥ \ daP ’

From the (Bth equation of rotational relativistic

)

tain

Birkhoffian system (4), we obtain

D% D % D o\ —1
g [ (2B LOBE\ _ (oK _9K5)\ ] (9]
daP  da¥ 9a?  dav dab
v#k). (12)
Substituting Eq.(12) into the remaining (2n—2) equa-

(v=1,---,2n;

tions of Eq.(4), and considering that
s OM ., OM

a a + —

" da ot
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(v=1,-,2n; v#k}p), (13) supplanted, we can obtain the solution of the original
b rotational relativistic Birkhoffian system(4).
we have
[(‘ﬁi X afz;a_M> <8R* aﬁ; aM) 4.Deductions
dar ~ 0dP dar dav  daP da¥ In this paper, if R, does not include time ¢, for
<3Eﬂ 8R* oM rotational relativistic Birkhoffian system (4), let
+
dar ' dal aa/’>
© — e .
oR}, 8RﬂaM M a”={q EM:LH’n)’ 2n)
~ \ dav 8af8 da 87 Pumn W= 500 200,
_(0B*  0B'oM\ (9F; OR,oM o [ Pe (=1 (19)
dar Baﬁ dar 8a5 ot ““lo (w=n+1,---,2n),
N aR; 8R* oM (‘9_M B — H,,
Oar Baﬁ dar t
OR: O R* OM\ oM then the Birkhoffian tensors of the rotational relativis-
- <8—tﬁ Baﬂ ot >(9_ = tic system are
* Onxn +]-'n.><n
o=l wptkB). (14 i) = | S
_]-nxn 0'n><n
Let
Dk 1 B-1 B+1 2n we can obtain immediately the canonical equations o
Ru(t7a7 7a’ 7M’a 7“.’a ) b i . d. 1 h . 1 . f
E*’(t 1 B-1 B+1 om the rotational relativistic Hamiltonian system
— v ’...’a ,a ,...,a s
S _ n . OH, OH,
?I(t’al’”.’aﬂ I,M,aﬂ+1,-~-,a2) qS:ap ’ psz_aqs (s=1,-+-,n) (21)
=B" (taala'"7aﬁilaaﬂ+la"'aa2n ) (15) )
and the Lagrangian equations of rotational relativistic
dthe L . . ¢ onal relativisti
we have system
oRy  ORy oM\ (OR, ORj oM\, d oL, 0L, B
dar " dar da” 0a” " Da” dar wor o 0 G=Loom, o (22)
oB*  ORY oM OR:  ORS oM
_ + 2 =0 where
dar BaP ot ot 8t dar s s oL,
H’r(taq 7p.5) =DPsq — Lra bs = 8q ’
(1/:1,---,271; V#kaﬁ) (16) °
Let Lr(taqs7qs) :T: _‘/a
dar dar daf da¥ .
(va:]-v"'72n; va#kwg)v (S:]-,”.,n; Z:]-,”.,N)' (23)
8§* B  OR* oM Therefore, the corollaries 1 and 2 give the cyclic
97— Dar aai En integral and reduction of the rotational relativistic
(p=1 on: £k, ) (17) Hamiltonian system and the rotational relativistic La-
pP= s p T grangian system.
we obtain Under the classical approximation 6, < I i

aﬁu 8§P ‘v 8§ aﬁp _
dar  0ar )* T oar ot

vp# k8. (18)
Through the above procedure, the Birkhoffian

equations of the rotational relativistic system are re-
duced by two orders while the Birkhoffian form is still
kept. After solving Eqs.(18), if Egs.(8) and (12

(Vap:]-a"'72n;

) are

B* = B*((Li(t,a"),t,a"),t,a") ~ B(t,a"),

Ry = Ry((L(t,a*),t,a"),t,a") ~ R, (t,a"), (25)

the corollaries 1 and 2 give cyclic integral and reduc-

tion of the classical rotational Birkhoffian system.
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5. Example

As an example, we study a rotational relativistic
Birkhoffian system, in which the Birkhoffian is

B* =Ip1 T'?(a")? + IopT2(a?)? + Iy T2 (a®)?
— Io1 T — I0oT3 — In3T3, (26)
and Birkhoff’s functions are
R} = R} =0,
R: =21y I'2a’,
R =21y, I2a?, (27)
where
ot =(1-qi/IP)"4,
a* = (1-45/I5)""*,
o = (1—¢3/I5) % (28)

The Birkhoffian equations are

InTfar + I3 Tia® =0,

a’ =0. (29)

Obviously, a* is a cyclic coordinate, and Ej =
2Ip2I'2a? = h =constant is a cyclic integral. So
according to corollary 2, the rotational relativistic
Birkhoffian system can be reduced two degrees. From

the reduced equations

<az~§i . az?z:)dy (9B oR, .
dar da¥ dar ot
(p,v=1,3), (30)
we obtain
I I2a' 4+ IpsIi2a® =0, a® —da' =0. (31)
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