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Solving Klein{Gordon equation with equal ring-shaped harmonic oscillator scalar and vector potentials, we obtain

the exact normalized bound-state wavefunction and energy equation.
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1. Introduction

It is well known that, when a particle is in a strong

potential �eld, the relativistic e�ect must be consid-

ered, which gives the correction for non-relativistic

quantum mechanics. Except a few examples, such as

hydrogen atom and electrons in a uniform magnetic

�eld, perhaps because of the diÆculties on mathe-

matics, in relativistic quantum mechanics the prob-

lems that can be exactly solved for Klein{Gordon or

Dirac equations are seldom. In recent years, some re-

searchers assumed that the scalar potential is equal

to vector potential, and solved the Klein{Gordon as

well as Dirac equations, then obtained the s-wave

bound-state solution of particles in some typical po-

tential �elds.[1�4] We also solved Klein{Gordon and

Dirac equations for equal scalar and vector harmonic

oscillator potentials and obtained a non s-wave so-

lution, but the exact solution of a relativistic har-

monic oscillator.[5] It is obvious that the studies men-

tioned above are only aiming at central potential

�elds. On the other hand, some authors solved the

ring-shaped harmonic oscillator problem,[6;7] but it is

for non-relativistic quantum mechanics. In this paper,

we solve the Klein{Gordon equation with equal ring-

shaped harmonic oscillator scalar and vector poten-

tials, and give the completely normalized wavefunc-

tion and energy equation. The result shows that some

non-central problems of relativistic quantum mechan-

ics can also be solved exactly.

A ring-shaped harmonic oscillator means that a

three-dimensional harmonic oscillator surrounded by

a ring-shaped inverse square potential. In spherical

coordinates, a ring-shaped harmonic oscillator poten-

tial is given by[8;9]

V (r) =
1

2
kr2 +

b

r2 sin2 �
: (1)

In order to solve the relativistic ring-shaped har-

monic oscillator, we �rst separate variables in the

Klein{Gordon equation for separable variable poten-

tials. The Klein{Gordon equation with equal scalar

and vector potentials is (�h = c = 1)[10]

p2 � (E � V (r)=2)2 = �(�+ V (r)=2)2; (2)

where P is the momentum operator, E and � are the

energy and rest mass of the harmonic oscillator re-

spectively, k is the elastic coeÆcient. In spherical co-

ordinates if

V (r) = V (r) +
V (�)

r2
+

V (�)

r2 sin2 �
; (3)

then separating variables in Eq.(2) gives

K 00(�) = [(E + �)V (�)�m2]K(�) = 0; (4)

H 00(�) + cot�H(�)

� [m2csc2� + (E + �)V (�)� s(s+ 1)]H(�) = 0; (5)

(r2R0(r))0 � [s(s+ 1) + (E + �)r2V (r)

� (E2 � �2)r2]R(r) = 0; (6)
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where m and s are separated variable constants. For

ring-shaped harmonic oscillator potentials,

V (r) =
1

2
kr2; V (�) = 0; V (�) = bcsc2�: (7)

Eqs. (4){(6) become respectively

K 00(�) +m2K(�) = 0; (8)

H 00(�) + cot�H 0(�)

� [(m2 + b(E + �))csc2� � s(s+ 1)]H(�) = 0; (9)

(r2R0(r))0 �
�
s(s+ 1) +

1

2
k(E + �)r4

� (E2 � �2)r2
�
R(r) = 0: (10)

Eq. (8) has the solution satisfying periodic boundary

conditions

K(�) =
1p
2�

eim� m = 0;�1;�2; � � � (11)

In the next two sections we will solve Eqs.(9) and (10).

2.The solution of �-dimensional

equation

Letting

x = sin2 � v =
p
b(E + �) +m2;

H(�) = sinv �f(x); (12)

Eq.(9) becomes

(1� x)xf 00(x) + [(1 + v)� (3=2 + v)x]f 0(x)

� 1

4
[v(v + 1)� s(s+ 1)]f(x) = 0; (13)

which is a hypergeometric equation. Noticing that

v > 0, we obtain the solution of Eq.(13), that is not

in�nity at � = 0 or �,

f(x) = F[�(s� v)=2; (s+ v + 1)=2; 1 + v; x]; (14)

where F[�; �; 
; x] is a hypergeometric function.[11] In

order that f(x) is �nite in the range [0, 1], f(x)

must terminate as a polynomial. This demands that

�(s�v)=2 or (s+v+1)=2 be equal to zero or a negative
integer. If

(s+ v + 1)=2 = �l l = 0; 1; 2; � � � ;

then s = �(2l + v + 1) < 0. Next section will show

that the radial wavefunction R(r) includes a factor rs,

which does not converge at point r=0 when s < 0. On

the other hand, if

(s� v)=2 = �l l = 0; 1; 2; � � � ;

then s = (2l + v) > 0, the factor rs is convergent at

point r=0, so the correct choice for values of s is

s = 2l + v l = 0; 1; 2; 3; � � � ; (15)

and the wavefunction of �-dimension becomes

H(�) = sinv �F[�l; l + v + 1=2; 1 + v; sin2 �]: (16)

By means of a formula[11]

fF(�; �; �+ � + 1=2; z)g2

=

1X
n=0

(2�)n(2�)n(�+ �)n

n!((�+ � + 1=2)n(2�+ 2�)n
zn; (17)

where (�)n is the Pochhammer symbol,[11] we haveZ �

0

sin �(H(�))2d�

=

Z �

0

(sin �)2v+1hF[�l; l + v + 1=2; 1 + v; sin2 �]i2d�

=

Z �

0

2l+1X
n=0

(�2l)n(2l + 2v + 1)n(v + 1=2)n
n!(1 + v)n(1 + 2v)n

� (sin �)2v+1d�

=

2l+1X
n=0

(�2l)n(2l + 2v + 1)n(v + 1=2)n
p
��(n+ v + 1)

n!(1 + v)n(1 + 2v)n�(n+ v + 3=2)

=
21+2v�(1 + 2l)(�(1 + v))2

(1 + 4l + 2v)�(1 + 2l + 2v)
; (18)

which gives the normalized wavefunction of �-

dimension

Hl(�) = Cl sin
v �F[�l; l + v + 1=2; 1 + v; sin2 �]; (19)

where the normalization constant

Cl =
1

2v+1=2�(1 + v)

s
(1 + 4l + 2v)�(1 + 2l + 2v)

�(1 + 2l)
:

(20)

3.The solution of r-dimensional

equation

Letting

� =
p
k(E + �); � =

�p
2
r2; (21)

R(r) = e
� �

2

p
2
r2
rsf(�); (22)



138 Qiang Wen-Chao Vol. 12

converts the r-dimensional equation into

�f 00(�+ (3=2 + s� �)f 0(�)

�
�
3 + 2s

4
� (E � �)�

2
p
2k

�
f(�) = 0; (23)

which is a con
uent hypergeometric equation and the

solution of which is a con
uent hypergeometric func-

tion

f(�) = F

�
3 + 2s

4
� (E � �)�

2
p
2k

;
3

2
+ s; �

�
: (24)

For bound states, the con
uent hypergeometric func-

tion must terminate as a polynomial, which demands

3 + 2s

4
� (E � �)�

2
p
2k

= �n n = 0; 1; 2; � � � (25)

This condition, together with Eqs.(15) and (21), gives

the energy equation of a relativistic ring-shaped har-

monic oscillator

(3 + 4l + 2
p
b(E + �) +m2)

p
k

� (E � �)
p
2(E + �) = �4n

p
k: (26)

Rationalizing Eq.(26) gives the equation including

sixth power of energy E, which has no analytic so-

lution for E.

Using the relationship of the con
uent hyperge-

ometric function with Laguerre polynomial and the

normalization condition of Laguerre polynomial[11] as

well as Eqs.(22) and (24), we obtain the normalized

radial wavefunction

Rn;l(r) = Cn;le
� �

2

p
2
r2
r2l+vF

�
� n; 2l+ v +

3

2
;
�p
2
r2
�
;

(27)

where the normalization constant is

Cn;l=
�l+

v
2
+ 3

4

2
l
2
+ v

4
� 1

8�(2l + v + 3=2)

r
�(2l + v + n+ 3=2)

n!
:

(28)

The above result shows that the Klein{Gordon equa-

tion with equal scalar and vector potentials, both of

which are equal to half of the ring-shaped harmonic os-

cillator potential, can be exactly solved. The state of

a relativistic ring-shaped harmonic oscillator has been

determined completely by three quantum numbers n,

l, m. After giving n, l, m as well as constants �, k

and b, solving Eq.(26) gives the energy level values.

4.Discussion

It can be proved that we have H(�) = Pv
l (cos �)

in Eq.(16). In fact, letting

x = cos �; v =
p
b(E + �) +m2;

H(�) = f(x); (29)

Eq.(9) becomes

(1�x2)f 00(x)�2xf 0(x)+

�
s(s+1)� v2

1� x2

�
f(x) = 0;

(30)

which is an associate Legendre equation, the solution

of which is the associate Legendre function

f(x) = Pv
s(x): (31)

So we have

Hs(�) = Pv
s(cos �): (32)

As soon as b=0, the ring-shaped harmonic oscillator

returns to an ordinary harmonic oscillator and

v = jmj = 0; 1; 2; � � � ;

s = 2l + v = 2l + jmj = 0; 1; 2; � � � ; (33)

Hs(�) = Pv
s(cos �) = Pjmj

s (cos �): (34)

Eq. (34) is just the wavefunction in �-dimension of a

non-relativistic or relativistic particle in a central �eld.

On the other hand, because of v = jmj = 0; 1; 2; � � �
when b=0, Eqs.(26){(28) becomes respectively

(3 + 2s)
p
k � (E � �)

p
2(E + �) = �4n

p
k; (35)

Rn;s(r) = Cn;se
� �

2

p
2
r2
rsF

�
� n; s+

3

2
;
�p
2
r2
�
; (36)

Cn;s =
�

s
2
+ 3

4

2
s
4
� 1

8�(s+ 3=2)

r
�(s+ n+ 3=2)

n!
: (37)

In the above three equations, s = 0; 1; 2; � � � and

n = 0; 1; 2; � � �. Eq.(35) is no other than the energy

equation of a harmonic oscillator in the Klein{Gordon

theory, but Eqs.(36) and (37) are the corresponding

normalized wavefunction.[5]

In summary we have the Klein{Gordon equation

for a ring-shaped harmonic oscillator, which gives the

exact wavefunction and energy equation. The research

of the ring-shaped harmonic oscillator in Dirac theory

is underway.
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