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Using expansions in terms of the Jacobi elliptic cosine function and third Jacobi elliptic function, some new

periodic solutions to the generalized Hirota—Satsuma coupled KdV system are obtained with the help of the algorithm

Mathematica. These periodic solutions are also reduced to the bell-shaped solitary wave solutions and kink-shape

solitary solutions. As special cases, we obtain new periodic solution, bell-shaped and kink-shaped solitary solutions to

the well-known Hirota—Satsuma equations.
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1. Introduction

Since the exact solutions to nonlinear wave equa-
tions help to understand the characteristics of non-
linear equations, seeking for analytical solutions of
nonlinear equations plays an important role in study-
ing nonlinear problems. Recently, new methods for
obtaining exact solutions to nonlinear wave equa-
tions were initiated, such as the homogeneous bal-
ance method, nonlinear transformation method, sine-
cosine method and so on.!*2] These methods can give
solitary wave solutions and a few periodic solutions.
Some methods for periodic solutions of nonlinear wave
equations were proposed in Refs.[3]-[12]. We have also
obtained the solitary-wave solutions for a generalized
Hirota—Satsuma coupled system. In this paper, we
use Jacobi elliptic function expansion method to ob-
tain new periodic solutions for a generalized Hirota—
Satsuma coupled KdV system and the well-known
Hirota—Satsuma equation, including Jacobi elliptic co-
sine function solutions and the third kind of Jacobi

elliptic function solutions.

2.New periodic solutions

The nonlinear evolution equation

)=0 1)

F(uautauzauttauzxa te
has the travelling wave solution of the form

u=u(f), &=k(z—ct), (2)

where k and ¢ are the wavenumber and wave velocity,
respectively. Our idea is that substitution of (2) into
(1) yields an ordinary differential equation which is
solved by the use of Jacobi elliptic cosine function cné
and the third Jacobi elliptic function dné expansion.
New exact periodic solutions to (1) are obtained.

Consider a generalized Hirota-satsuma coupled

KdV system

up = iuzm + 3uny + 3(—v? + w)a,
S N 3)
Ut = 2vzzz UVyg;
1
Wi = ——Wgpr — SUW,.
2

If let w = 0,2 — v/2z,t — /2t in (3), the well-known

Hirota—Satsuma equation is showed as follows
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1
{ up = i(umﬂc + 6uuy) — 6vv,, (4)

Vi = —VUpgp — SUVg.

First, we seek for exact periodic solutions of (3), which
are the forms of expansion in cné and dn€. Then as a
special case of (3), new exact periodic solutions of (4)

appear.
Let

Substituting (5) into (3) yields the following ordinary

differential system

_CUI — ik2U”’ + 3UUI + 3(7‘/2 + W)l,
1
V' = SRV 430V, (6)

1
W' = §k2W"' + 3UW".

w/

Here ? denots the derivative with respect to &.

2.1. Periodic solutions in terms of Jacobi ellip-

tic cosine functions

caisnédné + 2cascnésnédné

3
:ikQal(l + 4m?)snédné — §k2a1m25n35dnf

Taking the form solutions of (6) as follows
U(f) = Z ajcnjf)
j=0

V() =) bjeni,
j=0

W) = chcnjf.

j=0
Balancing both nonlinear term and the term of deriva-
tives of higher order, we find that n = 2. Therefore,
U = ag + a;cné + ayen’€,
V = by + biené + bycn?é, (7)
W =cqg+ cicné + 02cn2§.

It is easy to find that

U’ = —(aj + 2azcné)snédné,

U" =2(1 — m*)ay + (2m? — 1)a;ené

+4(2m? — 1)agen?¢ — 2m?ayen®¢ — 6m?azen’e,
U" =[(1 —2m?)ay + 8(1 — 2m?)azcené

+ 6m2a;cn?¢ + 24m?azen®EJsnédné,
where m is a model number, and 0 < m < 1. The

derivatives of V and W are similar to those of U. Sub-

stituting (7) into (6) gives

+ 4k?agm?snéen®€dné — 2k%aym?(1 — en?¢)enésnédné + 2k%ag(1 — m?)snéenédné

+ 3k[—aga;snédné — 2agazenésnédné — a?cnésnédné — 3ajaz(1 — sné)snédné

— 2a§cn3§snfdn§] + 3(2bgbysnédng + 4bgbacnésnédné + Qbfcnfsngdnf + 4bybyen?Esnédné

+ 2bybyen?Esnédné 4 4b2cn®Esnédné — cysnédné — 2cpenésnédné), (8)

cbisnédné — 2cbacnésnédné

1
:§k2b1(1 + 4m?)snédné — 3k%bym?sn®¢dné

+ 8k?bym?snécn®edné — 4k*bym?sn®Ecnédné + 4k?by (1 — m?)snéenédné
+ 3(—agbysnédné — 2agbycnésnédné — apbycnésnédné — 2a1byen?Esnédné

— agbyen®ésnédné — 2asbocn®Esnédné),
c(—cysnédné — 2coenésnédnl)
:%kz[cl(l + 4m?)snédné — 6¢;m?sn’Edné

+ 16cam?snécn®€dné — 8com?sn®Eenédné + 8co(1 — m?)snéenédné]

+ 3(ap + ayené + agen?€)(—cysnédné — 2cyenésnédné).

(10)
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From (8)—(10), we have
1
aic — Zk2a1(1 + 4m2) + 304)(11 + 9a1a2 - Gbobl + 301 - 18[)1()2 = 0,

2aq¢ 4 2k%aym? — 2k%ay(1 — m?) 4 6agag + 3a? — 12bgby — 6b% + 6¢5 = 0,

3
—§k2a1m2 +9ajay — 18b1by = 0, 6k%aym?® — 6a3 + 12b2 = 0,

bic+ %kzbl(l + 4m?) — 3agh; — 6a1by — 3ashy =0, —4k*bym? =0,
2byc + 4k?by(1 — m?) — 6agby — 3a1by = 0,  8k?bym? — 6agby = 0,
—3k%bym? 4 6a1bs + 3azb; =0,
cey + %k%l(l + 4m?) — 3agc; — 6ajcy — 3aze; =0,
2ccy + 4k*cy(1 —m?) — 6agey — 3aye; =0,  —3k%e;m? + 6aycy + 3age; = 0,
8k%com? — 6agcy = 0, —4k%com? = 0,

from which we obtain, using Mathematica

1
a1 = Cy = bg = 0, ag = kzmz, apg = 6(20—1— kz — 2k2m2), Cc1 = 2b0b1,

1
by = :i:km\/g(Zc + 2ke — 2k2 4+ k3 + 4k2m? — 2k3m?2).
Thus, we obtain new periodic solutions in the form of Jacobi elliptic cosine function

1
u(z,t) :g(Qc + k? — 2k*m?) + k*mZ*en®k(x — ct),

1
v(z,t) =bg = km\/g(2c + 2kc — 2k? + k3 + 4k?m? — 2k3m?)enk(z — ct),

1
w(z,t) =co + 2b0km\/g(2c + 2kc — 2k2 + k3 4 4k2m? — 2k3m?2)cenk(x — ct), (11)

where by, ¢y are two arbitrary parameters.

In particular, we find new periodic solutions for the well-known Hirota—Satsuma equation(4)

1
u(z,t) 26(26 + k2 — 2k*m?) + E*m2cen®V2k(z — ct),

1
v(z,t) =by + km\/8(2c + 2kc — 2k2 + k3 + 4k2m?2 — 2k‘3m2)cn\/§k(x —ct). (12)

Since when m — 1,cné — sechf, thus as far as (11) is concerned, we obtain the solitary wave solution with
bell-shape for u(z,t) but kink-shape for v(z,t) and w(z,t)

1
u(z,t) :6(26 + k2 — 2k*m?) + E*mZsech’k(z — ct),

1
v(z,t) =by £ km\/g(Qc + 2kc — 2k2 + k3 + 4k?m? — 2k3m?2)sechk(z — ct),

1
w(z,t) =co + 2b0km\/g (2¢ + 2kc — 2k2 + k3 + 4k2m?2 — 2k3m?2)sechk(z — ct).

Similarly, we have solitary-wave solution with bell-shape forms for u(x,t) but kink-shape forms for v(x,t)
to the Hirota—Satsuma (4) in terms of (12)

1
u(z,t) = 6(20 + k? — 2k*>m?) + k*mZsech®V/2k(z — ct),

1
v(z,t) =bg + km\/g@c + 2ke — 2k? + k3 + 4k?>m? — 2k3m2)sech\/§k(x — ct).
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2.2. Periodic solutions in terms of the third

Jacobi elliptic function

We at once give the solutions to (3) by the use of

homogeneous balance method in the form

U = ap + a1dné + axdn?¢,
V = by + bydné + bydn’¢, (13)
W =cy+ cldnf + CZdnzg'

It is easy to find that

U' = —m2a;isnécné — 2m2azsnécnédné,

— ¢(—m?aysnécné — 2m2aysnécnédne)

= i k%(4m?a;cnésné 4+ 8m?agenésnédné

U" =m2aydné + 2m?axdn®¢ — 2m2a;cn®¢dné
— 4m2asen?€ + 6miagen®Esn?e,
U" =4m?a;cnésné + 8m2azenésnédné
— 4m*aicnésn®¢ — 12mtasenésn3édné
4 3 4 3
+ 2m~aisnécn’€ + 12m~ascn”Esnédné
— m*asnécné — 4m*azsnécnédné.

The derivatives of V and W are similar to those of U.
Substituting (13) into (6) yields

— 4m*aienésn¢ — 12mtasenésnédné + 2miaisnéen®¢ + 12mtasen®¢snédné
—m*a;snécné — 4m*azsnécnédné) — 3m2agarsnéené + (—6m2agay — 3m?a?)snécnédné
— 9mZajagsnéenédn®é — 6m2adsnéenédn®e + (6m2boby — m2cy)snéené + (6bgbym?

+ 3m?b? — 2m?cy)snéenédné + 9bybymsnéenédn®é + 6b2msnéenédn’e, (14)

c(=m?bysnéené — 2m2bysnécnédn)
:%k2 (4m?bicnésné + 8m2byenésnédné

— 4m*bienésn®¢ — 12m*byenésn3édné + 2mrbysnéen¢ + 12m*byen®Esnédné
—m*bisnéené — 4mibysnéenédné) — 3m2agbysnéené + (—6m?agby — 3m2a;by)snéenédné
+ (=6m2aiby — 3m2agb; )snéenédn?é — 6m2aybysnécnédn®e, (15)

c(—m2cisnéené — 2m?cosnécnédné)

1
=3 k% (4m?cisnéené 4 8m?cyenésnédné

— 4m*cienésn®¢ — 12mieyenésn3édné + 2mieisnéen®€ + 12miesen®Esnédné

— m*eisnéené — dm?egsnéenédné) — 3m2ageysnéené + (—6m2agey — 3m2ayce; )snéenédné

+ (=6m2ajco — 3m2age; )snécnédn?e — 6m2agepsnéenédn®e. (16)

In terms of (14)—(16), we find that

—m2ca; + k*m2a; — 3mZaga; + 6mZbyby
1
—m?e; — Zk2m4a1 + 9m?2(byby — ayay) =0,
—2m2cas + 2k*>m2as — 6m2agas — 3m2a?
+ 6bgbom? + 3m2b% — 2mPey — k*mia,

+ 6m? (b5 — a3) + 3m*ag = 0,

—k*m*a; +9m*(a1ay — biby) =0, 2mt*a; =0,

—3k*m*ay — 6m* (b3 — a2) — 3m*ay =0,
2 2,2 1 2.4
m~cby + 2k“m bl_ik m~by
— 3m2a0b1 — 6m2a1b2 — 3m2a261 = O,
—2k‘2m4b1 + 6m4a1b2 + 3m4a2b1 = 0,
2m2cby + 4k>m?by — 2k*m*by — 6m2agby
- 3m2a1b2 - 6m2a2b2 + 6k2m4b2 = O,

—6k2mAby + 6mrashy — 6k*miby =0, 2m*b; =0,
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1
m2ecy + 2k*>m2c; — §k2m4cl
— 3m2aocl — 6m2a102 — 3m2a261 =0,
—2k*m*c; + 6m*ajcs + 3mtase; = 0,
2m2eeqy + 4k mZes — 2k*mics
— 6m2a002 — 3m2a162 — 6m2a202 =0,
—6k m*cy + 6mtascy — 6k%micy = 0, 2mic; = 0,
solving the above equations via Mathematica yields

ap=by=c; =0, ay=—-k* by=Fk?

ag = %(C—F 8k2 — k‘2m2),

k2
= ?(18k2 — k*m? F 6bp).

Thus, we obtain new periodic solutions to the gener-

C2

alized Hirota—Satsuma coupled KdV system (3) in the

form of the third Jacobi elliptic function

1
= g(c + 8k% — kE*m?) — E2dn’k(x — ct),

v(x,t) = by T k2dn’k(z — ct),

u(z,t)

k2
w(z,t) = co + 7(18]{:2 — k?m? F 6by)dn’k(x — ct),

where by, ¢ are arbitrary parameters.
Since when m — 1,dn¢ — sechg, it follows that the
bell-shaped solution for the system (3) reads

1
g(c + 8k% — k*m?) — k%sech’k(z — ct),
v(z,t) = by T k?sech’k(z — ct),
k‘2
w(z,t) = co + ?(18]62 — k?m? T 6bg)sech®k(x — ct).

u(z,t) =

From (13)—(16), it is easy to obtain new periodic solu-
tions with the third Jacobi elliptic function and bell-

shaped solitary wave solutions for the system (4).
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