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Based on the modi�ed formula of Rapini-Papoular, the equilibrium equation and boundary condition of the

director have been obtained and the behaviour of the Fr�eedericksz transition at the threshold point has been studied for

weak-anchoring nematic liquid crystal cells under external electric and magnetic �elds with the methods of analytical

derivation and numerical calculation. The results show that, except for the usual second-order transition, the �rst-order

Fr�eedericksz transition can also be induced by a suitable surface anchoring technique for the liquid crystal cell given in

the paper. The conditions for the existence of the �rst-order Fr�eedericksz transition are obtained. They are related to

the material elastic coeÆcient k11, k33 the thickness of the liquid crystal cell, the external electric �eld and the strength

of surface anchoring, etc.
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1. Introduction

As the alignment and Fr�eedericksz transition of

liquid crystal (LC) molecules have a great in
uence

on LC displays, this has been widely studied by many

scientists.[1�11] The Fr�eedericksz transition has been

thought to be second order for a long time,[12;13] but

in recent years, the �rst-order Fr�eedericksz transition

has been studied experimentally for a strong anchor-

ing nematic liquid crystal (NLC) cell under external

electric and magnetic �elds which are perpendicular to

each other.[14;15] Meanwhile, the theoretical analysis

for the condition of the �rst-order transition has been

made and the existence of a bistable state has been

predicted.[16] The LC cells under external electric and

magnetic �elds have aroused considerable attention

from researchers. On the other hand, the rapid devel-

opment of anchoring technology makes the exploita-

tion and application of the weak-anchoring LC devices

a topic of particular interest. Dozov and Martinot-

Lagarde[17] presented experimental evidence for the

�rst-order Fr�eedericksz transition in the case of tilted

weak anchoring of the LC material 5CB (4-cyano-4'-

n-pentylbiphenyl) on substrates evaporated by means

of SiO. References [18] and [19] discussed the transi-

tion problem of weak-anchoring NLC cells under a sin-

gle magnetic �eld theoretically and drew conclusions

that after the anchoring energy expressed in a �rst-

order modi�ed formula of Rapini-Papoular (RP), the

�rst-order Fr�eedericksz transition can be found both

at the threshold point and the saturation point under

the creation condition.

For the two situations above, we discuss the

threshold behaviour of a weak-anchoring NLC cell un-

der external electric and magnetic �elds which are per-

pendicular to each other. The results show that, in

the cell we studied, the �rst-order transition can be

induced by a suitable surface weak anchoring tech-

nique. The conditions for the existence of the �rst-

order transition are also given in this paper. All the

studies in this paper will provide a theoretical basis

for the exploitation and application of the LC display.
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2. The LC cell under external

electric and magnetic �elds

As in Fig. 1, we consider a weak-anchoring NLC

cell of thickness l. A voltage V is applied to the LC

medium by putting electrically conducting glass plates

at both ends of the cell, and an external magnetic �eld

B is also applied to the LC medium. Both the glass

plates and the external magnetic �eld B are perpen-

dicular to the substrates of the cell. Assuming that

the distance between the electrodes is d, and the easy

direction e in both substrates is the same and parallel

to the substrates, we establish the Cartesian coordi-

nate system with oz axis perpendicular to the two

substrates lying at z = 0 and z = l, respectively. The

easy direction e is along ox axis. Obviously, the ex-

ternal electric �eld is parallel to the initial alignment

of the molecules and makes the alignment more sta-

ble. The external magnetic �eld is perpendicular to

the initial alignment of the molecules and drives the

director to rotate to the oz axis which has the same

direction as the �eld. � is the tilt angle of the director

and is a function of z.

Fig.1. The model of the liquid crystal cell in external

electric and magnetic �elds.

The Gibbs free energy of the system consists of

the following parts:

(A) The Frank's bulk density of elastic free energy

felas =
1

2
k11(r � n)2 + 1

2
k22(n � r � n)2

+
1

2
k33(n�r� n)2

=
1

2
(k11 cos

2 � + k33 sin
2 �) �

�
d�

dz

�2

; (1)

where k11, k33 are the Frank splay and bend elastic

constants, respectively.

(B) The bulk density of the free energy of the

external magnetic �eld

gm = �1

2
�a(H � n)2 = �1

2
�a

B2

�0
sin2 �; (2)

where �a is the magnetic anisotropy of the NLC

medium.

(C) The bulk density of the dielectric free energy

felec = �1

2
D �E = �1

2

"0"kV
2

d2
1

1 + ! sin2 �
; (3)

where ! =
"k � "?

"?
=

�"

"?
, "k and "? are the principal

values of the dielectric tensor, which are parallel and

perpendicular to the director respectively. "0 is the

dielectric constant of the vacuum.

(D) The surface density of anchoring free energy

The �rst-order modi�ed RP formula is adopted in

the surface anchoring energy, as in Refs. [18] and [19].

Then,

gs

����
z=l

=
1

2
A sin2 �l(1 + � sin2 �l); for z = l; (4)

gs

����
z=0

=
1

2
A sin2 �0(1 + � sin2 �0); for z = 0; (5)

where �0 and �l are the values of � at the two sub-

strates z = 0 and z = l respectively. Based on the

symmetry of the system, we have �0 = �l.

With Eqs. (1){(5), the total energy of the system

can be written as

G =S

lZ
0

�
1

2
(k11 cos

2 � + k33 sin
2 �)

�
d�

dz

�2

� 1

2

�aB
2

�0
sin2 � � 1

2

"0"kV
2

d2
1

1 + ! sin2 �

�
dz

+ SA sin2 �0(1 + � sin2 �0); (6)

where S is the area of the substrate. Because the free

energy G is the minimal in the stable state of director

distribution, we can obtain the equilibrium equation

and boundary condition of director distribution � from

the �rst-order variation ÆG=0.[20]

The equation is

cos � sin �(k33 � k11)

�
d�

dz

�2

� "0"kV
2

d2
! sin � cos �

(1 + ! sin2 �)2

+
�aB

2

�0
sin � cos �

+ (k11 cos
2 � + k33 sin

2 �)
d2�

dz2
= 0; (7)
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and the boundary condition is

(k11 cos
2 �0 + k33 sin

2 �0)
d�

dz

����
z=0

=A sin �0 cos �0(1 + 2� sin2 �0): (8)

Eqs. (7) and (8) can be used to determine the distri-

bution of the director tilt angle � completely.

Now, let us discuss the solutions of Eq. (7) with

the boundary condition (8), so as to study the varia-

tion of the liquid crystal states with increasing exter-

nal magnetic �eld B when the external voltage V is

�xed. Obviously, there are two trivial solutions

�(z) � 0; (9)

�(z) � �

2
: (10)

We call them the uniform solution and saturation so-

lution respectively, and both of them satisfy
d�

dz
= 0.

In addition, there is also the third non-trivial solu-

tion, which is called the disturbed solution. The third

solution satis�es
d�

dz
6= 0.

In order to �nd out disturbed solution, Eqs. (7)

and (8) are transformed as follows:

From Eq. (7), we obtain

d

dz

�
(k11 cos

2 �0 + k33 sin
2 �0)

�
d�

dz

�2

+
"0"kV

2

d2
1

1 + ! sin2 �
+

�aB
2

�0 sin
2 �

�
= 0; (11)

that is,

d�

dz
=

s
c(�m)� c(�)

k11(1 + 
 sin2 �)
;

�
0 � z � l

2

�
; (12)

where 
 =
k33 � k11

k11
. �m is the tilt angle of the direc-

tor n at the middle layer z = l=2. From the symmetry

of the surface anchoring at the top and bottom sub-

strates, we know that � reaches maximum at z = l=2

and satis�es
d�

dz

����
z= l

2

= 0. c(�) is a term related to �,

and expressed as

c(�) =
"0"kV

2

d2
1

1 + ! sin2 �
+

�a

�0
B2 sin2 �: (13)

So, Eq. (12) is the di�erential equation of the dis-

turbed solution �, which is derived from Eq. (7). It

re
ects the rate of the spatial change of the director

distribution in the disturbed state. Equation (12) can

be further transformed into an integral equation

Z �m

�0

s
c(�m)� c(�)

k11(1 + 
 sin2 �)
d� =

l

2
: (14)

The boundary condition (8) can be re-expressed, by

using Eq. (14), as

q
k11(1 + 
 sin2 �)

p
c(�m)� c(�)

=A sin �0 cos �0(1 + 2� sin2 �0): (15)

We have obtained the equilibrium Eqs. (12) and (14)

(one is a di�erential equation, the other is an integral

equation) and surface condition (15), which the dis-

turbed solution satis�es. With the three equations,

the director distribution in the disturbed state can be

solved.

We can see that equilibrium state Eq. (7) with the

boundary condition (8) has three solutions. The uni-

form solution (9) corresponds to the state in which the

director keeps the initial undisturbed spatial distribu-

tion. The saturation solution (10) corresponds to the

state in which the director aligns along the external

�eld completely. The solution satisfying Eqs. (8) and

(9) corresponds to the disturbed distribution of direc-

tor. When the external �eld is given, the alignment

of the molecules depends on which solution makes the

free energy minimal.

Denoting the three solutions above by G0, GS and

G� respectively, Eq. (6) yields

G0 =Sl

�
� 1

2

"0"kV
2

d2

�
; (16)

GS =Sl

�
� 1

2

"0"kV
2

d2
1

1 + !
� 1

2

�a

�0
B2

�
+ SA(1 + �); (17)

G� =S

�Z l

0

[c(�m � c(�)]dz � 1

2
c(�m)l

�
+ SA sin2 �0(1 + � sin2 �0): (18)

Generally, When the external magnetic �eld be-

gins to increase from zero, the value of G0 will be

the �rst becoming the smallest, and solution (9) is

the most stable. Then when the external �eld B in-

creases to some value denoted by Bth, G� will become

the smallest, and the director distribution begins to

change and the disturbed solution (12) is the most

stable. Bth is the so-called threshold �eld. When B

increases to another special value denoted by Bsat,

GS becomes the smallest, and the director distribu-

tion will change again and reach a saturation state

(10) �nally. Bsat is the so-called saturation �eld. We

can see that Bth is determined by G� = G0.
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In order to study the threshold behaviour of the

weak anchoring NLC cell under electric and magnetic

�elds, we introduce a new parameter and a new vari-

able denoted by u and v respectively.

u = sin2 �m; (19)

v =
tan2 �

tan2 �m
: (20)

For the uniform solution (9), u=0; for the satura-

tion solution (10), u=1; and for the disturbed solution,

0 < u < 1. Here, u is equivalent to the order parame-

ter in Landau-de Gennes theory, which has been used

in Ref. [16]. Now the reduced anchoring strength �,

reduced free energy density g� and reduced magnetic

�eld b are also introduced

� =
Al

2k11
; (21)

g� =
2Sk11

l
; (22)

b =
B

B0
c

: (23)

Where B0
c =

�

l

r
�0k11
�a

is the threshold magnetic

�eld under strong anchoring. From the above equa-

tions and using Eq. (13), through a complex trans-

formation, the integral Eq. (14), boundary condition

(15) and the corresponding free energy (18) of the dis-

turbed solution can be re-expressed, using u, as

b =
2

�
I1; (24)

I1 = �
p
p

�
1 +

1

4�2

�
l

d

�2
q

p

�1=2

; (25)

g� =
e

4!

�
1

1 + !u
� 2I3

I1

�
+ u(I21 � 2I1I2)

+
�uv0

1� u+ uv0

�
1 +

�uv0
1� u+ uv0

�
; (26)

where

p =
v0

1� v0

1

1� u+ uv0(1 + 
)

�
1 +

2�uv0
1� u+ uv0

�2

;

(27)

q =
e

(1=d)2
1� u+ uv0

(1 + !u)[1� u+ uv0(1 + !)]
; (28)

e =
"0"kV

2!

k11

�
l

d

�2

; (29)

I1 =

1Z
v0

1

2
p
v(1� v)

p
1� u+ uv(1 + 
)

p
R

� dv

1� u+ uv
; (30)

I2 =

1Z
v0

v

2
p
v(1� v)

p
1� u+ uv(1 + 
)

p
R

� dv

(1� u+ uv)2
; (31)

I3 =

1Z
v0

1

2
p
v(1� v)

p
1� u+ uv(1 + 
)

p
R

� dv

1� u+ uv(1 + !)
; (32)

and

R = 1 +

�
l

d

�2

q
1� u+ uv0(1 + !)

1� u+ uv(1 + !)

4�2p+

�
l

d

�2

q

�
u(1 + !)(v � v0)

1� u+ uv(1 + !)

� : (33)

Because foundation functions I1, p, q are all func-

tions of u and v0, and from Eq. (25) we know that

v0 is an implicit function of u, there is only one inde-

pendent variable u in the above equations. In order

to discuss the threshold behaviour of LCs, the values

of disturbed solution and uniform solution need to be

compared. De�ning the di�erence of the two reduced

free energies by g,

g =g� � g0

=
e

4!

�
1

1 + !u
� 2I3

I1
+ 1

�
+ u(I21 � 2I1I2)

+
auv0

1� u+ uv0

�
1 +

�uv0
1� u+ uv0

�
; (34)

using Eqs. (24), (25) and (34), we can discuss the

Fr�eedericksz transition. For a given u, from Eqs. (24)

and (25) we can solve v0 and b, then using Eqs. (34),

(30){(32) and (27), (28), (33) we can obtain g. De-

noting u at the threshold point by uc, then we obtain

g(uc) = 0; (35)

uc can be determined by Eq. (35). If uc=0, the transi-

tion is a second-order one. Otherwise, it is �rst-order.
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3. The transition at the thresh-

old point

According to the method introduced above, a nu-

merical calculation can be made. Combining Eq. (25)

with Eq. (30) yields

1Z
v0

1

2
p
v(1� v)

p
1� u+ uv(1 + 
)

p
R

dv

1� u+ uv

=�
p
p

�
1 +

1

4�2

�
l

d

�2
q

p

�1=2

; (36)

which de�nes the implicit function v0(u). Substitut-

ing v0(u) into Eqs. (24) and (34) yields functions

b(u) and g(u), respectively. The value of uc is de-

termined by g(u) = 0. The threshold �eld results

from bth = b0cb(uc), and the property of Fr�eedericksz

transition depends on whether uc equals zero or not.

Taking the LC material of MBBA (4-

methoxybenylidenez-4'-n-butylaniline) as an example,

we have k33=k11 � 1:25; "k = 5:54; "?=5.70.
[21] Sup-

pose l=d=0.15, !=0.2, e=6.0. We are studying the

in
uence of di�erent anchoring on the induction of

Fr�eedericksz transition. So two sets of di�erent an-

choring parameters (a) �=4.0, � = �0:2, (b) �=0.6,
�=0.2 are chosen for comparison. The results are il-

lustrated in Figs.2 and 3.

Fig.2. Variations of reduced free energy di�erence g

with the state parameter u for 
=0.25, !=0.2, e=6.0,

l=d=0.15. The anchoring parameters are curve a:

�=4.0, � = �0:2, curve b: �=0.6, �=0.2.

Figure 2 shows the dependence of reduced free

energy di�erence g of disturbed solution and uniform

solution on state parameter u for di�erent anchoring

parameters curve a �=4, � = �0:2, curve b �=0.6,

�=0.2. Both of the curves are tangential to the hor-

izontal axis g(u)=0 at u=0. For Fig. 2 curve a, the

curve begins to descend at u=0. That is to say, g � 0

for u � 0 and g(0)=0 only for uc = 0. In this case,

the transition at the threshold point is a second-order

one, which is usually observed. For Fig. 2 curve b, the

curve rises �rst, then falls and intersects the horizon-

tal axis g(u)=0 at u=0.680. This means that g � 0

for u � 0:680 and uc = 0:680. So the transition, in

this case, is a �rst-order Fr�eedericksz transition.

Fig.3. Variations of reduced free energy di�erence g

with the external magnetic �eld b for 
=0.25, !=0.2,

e=6.0, l=d=0.15. The anchoring parameters are (a)

�=4.0, � = �0:2, (b) �=0.6, �=0.2.

Figure 3 depicts the dependence of reduced free

energy di�erence g on the external magnetic �eld b,

i.e. g(b) which is obtained by combining b(u) and

g(u) to eliminate u. The parameters used in Figs.3

(a) and 3 (b) are same as those in Figs.2 curve a and

curve b respectively. In the case of Fig. 3 (a) with

anchoring parameters �=4, � = �0:2, denoting b(0)

by b0th, we can see from the �gure that b0th = 1:121,

and when b � b0th, we have g � 0. So b0th is just the

reduced threshold magnetic �eld. We can prove that

b0th satis�es the following equation:p
(�b0th)

2 � e

2�
= cot

p
(�b0th)

2 � e

2
; (37)

which is obtained by letting u = uc = 0 in Eq. (24).

Equation (37) is the calculation formula of the thresh-

old �eld for a second-order transition of weak anchor-

ing LC cell under electric and magnetic �elds perpen-

dicular to each other. In the case of Fig. 3 (b) with

anchoring parameters �=0.6, � = 0:2, the curve inter-

sects the horizontal axis g=0 at two points p1 and p2,
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which correspond to [b=0.888, u=0.680] and [b=0.898,

u=0], respectively. For the curve beginning at p1, we

have g � 0. For the upper curve between the two

points, there is g � 0. So p1 corresponds to the thresh-

old point and bth=0.888, and it is a �rst-order tran-

sition because of u = uc = 0:680 6= 0. In the case of

the �rst-order transition, Eq. (37) cannot be used to

calculate the threshold �eld bth, which is determined

by g(bth) = 0.

We have discussed only one example. The gen-

eral condition for the �rst-order transition needs to

be analysed.

4. The condition for the �rst-

order transition

From the preceding numerical results, we see that

under some conditions the �rst-order transition may

occur. Here, we will determine the conditions for oc-

currence.

From Fig. 2 curves a and b, we know that the re-

duced free energy di�erence g is less than zero in the

vicinity of u=0 for the second-order transition, but it

is greater than zero for the �rst-order transition. Ac-

cording to this, the condition of the �rst-order transi-

tion can be obtained.

We can calculate the values of g and its �rst- and

second-order derivatives at u=0 from Eqs. (24){(26)

and (30){(32). The derived results are

gju=0 = 0; (38)

dg

du

����
u=0

= 0; (39)

d2g

du2

����
u=0

=
dI1
du

����
u=0

�
4(I1;0 � I2;0)� e

I2;0
I21;0

�

+
dI2
du

����
u=0

�
e

I1;0
� 4I1;0

�

+ 2�
dv0
du

����
u=0

+ 2�V0[(1� V0) + �V0]

+
e!

8

�
1� 3� V0 � 2V 2

0

�

�
; (40)

where V0, I1;0, I2;0 and
dv0
du

����
u=0

,
dI1
du

����
u=0

,
dI2
du

����
u=0

are the values of v0, I1, I2 and their �rst-order deriva-

tives at u=0, respectively. They are determined by

the following equations. Substituting u=0 into Eqs.

(36), (30), (31) respectively, yields

a

r
V

1� V0
=

�

2
� arcsin

p
V0; (41)

I1;0 = �
p
R0

V0
1� V0

; (42)

I2;0 =
1

2

p
R0

r
V0

1� V0
� [�+ (1� V0)]; (43)

where R0 is the value of R at u=0, which can be ob-

tained using Eq. (33),

R0 = 1 +
e

4�2

1� V0
V0

; (44)

Taking the �rst-order derivative of u in Eqs. (25), (30)

and (31) at u=0, we obtain

dv0
du

����
u=0

=

V0[(1 + 
)� 4� + !(R0 � 1)] +
I2;0
I1;0

[(
 � 1)� !(R0 � 1)]

1

V0

�
1

�
+

1

(1� V0)

� ; (45)

dI1
du

����
u=0

=
1

2
I1;0 � I1;0

2V0
� dv0
du

����
u=0

�
�
1

�
+

R0 � 1

R0

1

1� V0

�

� I1;0
2
� R0 � 1

R0
[4�V0 + 1� V0(1 + 
) + ! � !V0(R0 � 1)]

+
1

2
I2;0[(
 � 1)� !(R0 � 1)]; (46)

dI2
du

����
u=0

=
1

16
I1;0

�
3 +

3� V0 � 2V 2
0

�

�
[
 � 3� !(R0 � 1)]� 1

2

dv0
du

����
u=0

�
I1;0
�

+
R0 � 1

R0V0(1� V0)
I2;0

�

+
1

2
I2;0

�
3� R0 � 1

R0
[4�V0 + 1� V0(1 + 
) + ! � !V0(R0 � 1)]

�
: (47)

When
d2g

du2

����
u=0

> 0, the value of g is greater than zero in the vicinity of u=0. So the condition for the �rst-order

transition is
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dI1
du

����
u=0

�
4(I1;0 � I2;0)� e

I2;0
I21;0

�
+

dI2
du

����
u=0

�
e

I1;0
� 4I1;0

�

+ 2�
dv0
du

����
u=0

+ 2�V0[(1� V0) + �V0] +
e!

8

�
1� 3� V0 � 2V 2

0

�

�
> 0: (48)

For a given LC cell, the parameters �, �, !, e are

known, and we can judge the threshold behaviour by

Eqs. (48) and (41){(47).

In order to understand well the condition for the

�rst-order transition, we consider � and � as variables,

and plot the Fr�eedericksz phase diagram for !=0.2,

e=6.0, 
=0.25. The result is illustrated in Fig. 4.

Fig.4. The Fr�eedericksz phase diagram for 
=0.25,

!=0.2, e=6.0, l=d=0.15, which is determined by an-

choring parameters � and �.

In Fig. 4, the curve represents
d2g

du2

����
u=0

= 0. It

divides the space into two areas, one is for the �rst-

order transition; the other is for the second-order one.

It means that, under given conditions, when the ex-

ternal electric and magnetic �elds are together applied

to the cell and the values of anchoring parameters �,

� are taken in the second-order transition area, the

second-order transition would occur at the threshold

point, such as the case of taking parameter (a) in

the preceding section. When the values of �, � are

taken in the �rst-order transition area, the �rst-order

Fr�eedericksz transition is induced by surface anchor-

ing, such as the case of taking parameter (b) in the

preceding section.

5. Conclusion

The �rst-order modi�ed RP formula has been

adopted to describe the surface anchoring energy. The

weak anchoring NLC cell under external electric and

magnetic �elds, which perpendicular to each other, is

investigated by strict analytic derivation and numer-

ical calculations. The equation and boundary condi-

tion of the director in equilibrium state are obtained.

The threshold behaviour has been discussed. Results

obtained show that, for the investigated system, there

exists the usual second-order Fr�eedericksz transition.

But under an appropriate condition, the �rst-order

Fr�eedericksz transition can occur. The condition for

the �rst-order transition to occur is given in this pa-

per, which is related to the material elastic coeÆcients

k11, k33, the thickness of the liquid crystal cell, the

external �elds, and the strength of surface anchoring,

etc.

At present, weak anchoring can be obtained ex-

perimentally in two ways.[22] One is by spray of SiO or

other organic compound on the substrates. The other

is by rubbing the surface in di�erent degrees. Di�er-

ent surface treatment can provide di�erent anchoring

parameters. So, the adoption of suitable anchoring

technique can induce the �rst-order Fr�eedericksz tran-

sition.

|||||||||||||||||||||||||||
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