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A three-dimensional (3D) nonlinear theory of travelling wave tubes (TWTs) is developed, which includes a fun-

damental radio frequency (RF) and harmonics. When the instantaneous bandwidth exceeds an octave, the harmonic

is generated and the mutual coupling between the harmonic and the fundamental RF can be observed in TWTs due

to nonlinear interaction between the electron beam and the RF. At low frequencies the harmonic has an obvious e�ect.

Based upon Tien's disc model, a plastic 3D super-particle model is proposed to improve the nonlinear analysis of TWTs.

Numerical results employing a periodic magnetic focusing �eld are presented.
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1. Introduction

Helix travelling wave tubes (TWTs) are broad-

band, low-to-medium power, high-gain microwave am-

pli�ers that are widely used in communications, elec-

tronic warfare and radar systems.[1;2] When the in-

stantaneous bandwidth exceeds an octave, the har-

monic is generated and the mutual coupling between

the harmonic and the fundamental radio frequency

(RF) can be observed in TWTs due to the nonlin-

ear interaction between electron beams and the RF.

At low frequencies the harmonic has an obvious ef-

fect. In Ref. [3], the beam charge density �(y;�),

which is rich in harmonics, is expanded into Fourier

series in the phase variable � = �!t + �z, and the

harmonic voltages may be accounted for by retaining

�n. However, the phase constant � is a function of

frequency, which is determined by the dispersion re-

lation. When frequency changes linearly, � changes

nonlinearly, then it is not reasonable that �(y;�) is

expanded in k�. In this paper the RF voltage and

the beam charge density are expanded into Fourier

series in the electron phase �e = �!t+ �ez.

In a large-signal analysis of TWTs, the space-

charge force is both important and diÆcult to anal-

yse. There are some useful approaches to it, in which

those of Rowe[3], Tien and Walker[4] and Vainshtein[5]

are representative.

For calculating the space-charge force, a disc

model was put forward by Tien and Walker.[4] In

essence, it is a one-dimensional super-particle model

proposed by Dawson.[6] The motions of the disc and

the space-charge forces are described only in one di-

mension. In the model, the electron beam is subdi-

vided into several electron layers, which are charged

discs just like rigid bodies. When the discs approach

each other from in�nity, the forces exerted between

them remain constant, being independent of distance,

and electron overtaking is possible. In this case, the

discs can be treated as transparent meshes. For the

three-dimensional (3D) case the entering beam charge

can be divided into 3D super-particles, each possess-

ing the same charge, which should be trailed through

the interaction region.

In the following, 3D large signal working equa-

tions, including space harmonics and employing a pe-

riodic magnetic focusing �eld, are developed; and a

detailed calculation for the 3D space-charge forces is

given.

2. 3D large-signal working equa-

tions

For the 3D nonlinear analysis of the beam-wave

interaction of TWTs, the RF circuit structure can be
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treated as an equivalent-circuit transmission-line. The

continuous beam can be subdivided into de�nite dis-

crete super-particles. So, the 3D large-signal working

equations are obtained by means of a nonlinear La-

grangian hydrodynamic analysis treatment.[3;7;8]

2.1.Circuit equations

Including the contribution of the space harmon-

ics, the circuit equation is given by
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The RF voltage is expanded into Fourier series in �e

V (z; r; t) = Re

�X
[A1k(r; z) + jA2k(r; z)]e

�jk�e

�
:

(2)

The normalized RF voltage is

V (y; x;�e) =
Z01I0
C1

Re

�X
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j�kxe�jk�e

�
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RF voltage along the circuit (x = xa) is

Vk(y; x;�e)

=
Z01I0
C1

Ref[A1k(y) + jA2k(y)]e
�jk�eg

=
Z01I0
C1

[A1k(y) cos(k�e) + A2k(y) sin(k�e]: (4)

In Eqs. (1){(4), r and z are the radial and axial

directions, respectively; x and y are the normalized

radial and axial directions, respectively.

The linear charge density is de�ned as

� = �

Z b0

0

Z 2�

0

� (r)rdrd': (5)

Conservation of charge is expressed as

�rdrd'dz = �0r0dr0d'0dz0: (6)

In Eq. (6), � is the volume charge density, �0 =

I0=(�b
02u0) is the DC charge density of the entrance.

Substituting Eq. (6) into Eq. (5) and normalizing

gives the following result:
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Expanding Eq. (7) into Fourier series in �e, we have
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Substitute the derivatives of Eqs. (4) and (8)

into Eq. (1). Since the coeÆcients of sin(�k�) and

cos(�k�) on each side of the equality sign are inde-

pendent of k�, and sine and cosine are orthogonal, we

equate coeÆcients and evolve the following 2k circuit

equations:
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where k = 1; 2; � � � ; n represents the kth harmonic,

(k=1 represents the fundamental RF), C1 is the gain

parameter of fundamental RF. bk, dk and Z0k are the

relative injection velocity parameter, circuit loss pa-

rameter and impedance of the RF circuit, respectively.

�e0 is the entrance phase of an electron.
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2.2.Force equations

The motion of charged particles in the presence of

electric and magnetic �elds is described by the Lorentz

force equation. The beam velocity and wave phase

velocity are assumed to be small compared with the

velocity of light. As a result, non-relativistic mechan-

ics are applicable, and the force due to RF magnetic

�elds and the magnetic �eld generated by the mo-

tion of electrons are negligibly small, thus equations

of electrostatics can be used to calculate the space-

charge �eld.

Under these conditions, in an axially symmetric

system, by using periodic magnetic �elds, the elec-

trons force equations should be as follows:
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Radial force equation:
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Angular force equation:
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Velocity-phase equation:
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Super-particle position equation:
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Super-particle angular position equation:

@'

@y
=

2C1u'
x(1 + 2C1uy)

: (16)

Calculations of space-charge forces by using Eqs.

(11){(13) will be discussed in the next section.

3. Calculation of space-charge

forces
A large-signal analysis for TWTs requires the fol-

lowing individual super-particles. We use the �nite

size particle model (Dawson 1983), in which the con-

tinuous beam is represented by the limited discrete

3D super-particles. Thus, the research on bunching

is simpli�ed to the analysis of motion status of these

super-particles.

In a cylindrical coordinate system, the Green's

function is written as
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where Æ0s =

(
1; s = 0

0; s 6= 0
, and vls is determined from the

successive zeros of Js(vls), i.e. Js(vls) = 0. Js(0) is an

sth-order Bessel function. a is the RF circuit radius.

"0 is the permittivity of free space.

Assume that the radial subdivision number for

the beam is M , the angular subdivision number is N ,

the total charge is Q. For the initial input beam ra-

dius b0, �b02=(MN) is the transverse section area of

a super-particle. Thus the potential produced by the

super-particle at (r0; '0; z0) is

Vsc =
Q

�S

Z r0+�r0=2

r0��r0=2

Z '0+�=N

'0��=N

Gr0dr0d'0; (18)

where �r = b02=(2Mr0), and �r = b02=(2Mr), which

are used in the following. �r0 and �r represent the
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radial dimensions of the exerting and accepting super-

particles respectively. This expression indicates that

a super-particle should be `plastic', and its radial di-

mension can change dynamically to keep the volume

constant; in other words, its charge quantity remains

the same as the other super-particles.

Accordingly, the average potential of the super-

particle at (r0; '0; z0) is

VMsc =
1

�S

Z r+�r=2

r��r=2

Z '+�=N

'��=N

Vscrdrd': (19)

Assuming the instant volume charge distribu-

tion for the bunched exerting super-particles be

�(r0; '0; z0), we obtain the total space-charge poten-

tial at (r; '; z).
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Making use of conservation of charge, and trans-

forming space distribution of charges to time distribu-

tion of them, the normalized space-charge potential

can be obtained. And the three components of the

space-charge �elds at (r; '; z) can be derived from the

partial di�erence.

Axial space-charge �eld:
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Radial space-charge �eld:
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Angular space-charge �eld:
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In Eqs. (21){(26), we have
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Here, � is the instantaneous phase of the RF wave

along the circuit. ! is the radian frequency of the RF

wave. u0 is the average initial axial velocity compo-

nent of electrons in the beam, � is the charge-to-mass

ratio, �b0 is the normalized initial beam radius, �a is

the normalized mean circuit radius. The plasma fre-

quency !2p = j�jI0=(�"0b
2u0), I0 is the dc beam cur-

rent, �00 is the normalized radial position of an electron

on the input plane, '00 is the angular position of an

electron on the input plane and �0
e0 is the entrance

phase of an electron. �s0 = ��2b0=(MN), 2�=N is the

angular width of the super-particle, �b0=M is the nor-

malized radial thickness, � and �0 are the normalized

radial positions of the exerting and accepting super-

particles.

4. Numerical results

It is a boundary-value problem to solve the 3D

large-signal working equations of the TWTs. An iter-

ative solution, using the Runge{Kutta algorithm, from

the input would be required since the RF conditions

are not known at the output. Four-dimensional linear

interpolation is used to calculate space-charge forces.

Calculation precision is guaranteed during estimating

conversation of energy at every calculating step.

4.1.E�ects of harmonic

When the instantaneous bandwidth exceeds oc-

tave, the harmonic is generated and the mutual cou-

pling between harmonic and fundamental RF can be

observed in TWTs due to the nonlinear interaction

between electron beam and RF. The second harmonic

would probably have a higher output power, if special

harmonic suppression technique is not used.[9;10] Fun-

damental RF has shorter saturation length and lower

output power, because the harmonics absorb electron

energy, if special harmonic suppression technique is

not used. Figures 1 and 2 represent this result. Dis-

persion shaping technique is used to suppress harmon-

ics, Figs. 3 and 4 represent this result. Moreover, the

second harmonic's saturation length is shorter than

the fundamental RFs at any frequency. This is valu-

able for choosing available length of TWTs.

Fig.1. RF �eld amplitude versus normalized axial dis-

tance unused harmonic suppression technique.

Fig.2. Fundamental RF and harmonics output power

ratio versus normalized axial distance unused harmon-

ics suppression technique.
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Fig.3. RF �eld amplitude versus normalized axial dis-

tance used harmonics suppression technique.

Fig.4. Fundamental RF and harmonics output power

ratio versus normalized axial distance used harmonics

suppression technique.

4.2.E�ects of the space-charge force

In the numerical solution for the 3D large-signal

working equations of TWTs, most of the time should

be used to calculate space-charge forces. The solutions

of TWTs are obtained, using the 3D super-particle

model and considering the e�ects of the space-charge

forces. It is shown that (1) the calculated results ob-

tained by employing only the axial and radial space-

charge forces have a slight di�erence in saturation

length and saturation gain, compared with the full 3D

computation results including the axial, radial and an-

gular space-charge forces, but the calculating time is

saved beyond 90%. So it is safely bartered for calculat-

ing time with the ignored angular space-charge force.

(2) Numerical results, calculated by employing only

the axial space-charge force, are equivalent to those

without considering space-charge force. We will study

this phenomenon in our future work.

5. Conclusions

A 3D nonlinear theory of TWTs, including space

harmonics, has been developed. When the instanta-

neous bandwidth exceeds an octave, the harmonic has

an obvious e�ect on the performance of tubes at low

frequencies. And the harmonic has a shorter satura-

tion length than the fundamental RF.

A 3D super-particle model is used to calculate

the space-charge force. The numerical results show

that (1) the space-charge forces cannot be ignored be-

cause of their signi�cant e�ects on the electron phase

bunching; (2) because the angular electron bunching

results from the axial spatial bunching in the helical

3D electron motions, there exists an angular space-

charge force, despite the RF potentials and magnetic

focusing �elds being symmetrical around the axis; (3)

the angular space-charge force can be safely ignored,

so as to reduce computation time largely, whereas the

radial and the axial space-charge forces must be in-

cluded in the 3D calculation. More accurate results

can be gained using 3D code based on the improved

3D nonlinear theory of TWTs from this paper.
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