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A new generalized Jacobi elliptic function method is used to construct the exact travelling wave solutions of

nonlinear partial differential equations (PDEs) in a unified way. The main idea of this method is to take full advantage

of the elliptic equation which has more new solutions.

More new doubly periodic and multiple soliton solutions are

obtained for the generalized (341)-dimensional Kronig—Penny (KP) equation with variable coefficients. This method

can be applied to other equations with variable coefficients.
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1. Introduction

In recent years, directly searching for exact solu-
tions of nonlinear partial differential equations (PDEs)
has become more and more attractive partly due to
the availability of computer symbolic systems such
as Maple and Mathematica, which allow us to per-
form some complicated and tedious algebraic calcu-
lation on a computer as well as help us to find new
exact solutions of PDEs.!5 A number of meth-
ods have been presented, such as inverse scatter-
ing theory,l®] Hirota’s bilinear method,[” the trun-
cated Painlevé expansion,!8! the homogeneous bal-
ance method,®=13] the hyperbolic tangent function se-
ries method, ¥ the sine-cosine method,*®! the Jacobi

[16-19] and other

elliptic function expansion method
methods.!?>?!] Some (2+1)-dimensional and (341)-
dimensional models have been studied recently.[22:23]
The purpose of this paper is to present a generalized
Jacobi elliptic function method and to solve the gen-
eralized (3+1)-dimensional Kronig-Penny (KP) equa-

tion with variable coefficients.
2. Our method based on the el-
liptic equation

The main idea of our method is to take full advan-

tage of the elliptic equation that Jacobi elliptic func-
tions satisfy and to use its solutions to obtain new
doubly periodic and multiple soliton solutions of the
(34+1)-dimensional KP equation with variable coeffi-

cients. The desired elliptic equation!?¥ reads
67 = A+ B + Co*. (1)

Here

"=d/d¢, € = €&(x,y, 2,t), and A, B, C are con-

stants.

A=1,
Case 1. If ¢ B=—(1 +m2),
C =m?,
. cné
then Eq. (1) has a solution sn&, cd¢ ant )’
A=1-m?
Case 2. If { B=2m? -1,
C =—-m?
then Eq. (1) has a solutlon cné.

m—l
=92_m

i
o

Case 3. If

then Eq. (1) has a solutlon dné.
A= —m?*(1—-m?),

Case 4. If = 2m? —1

d
then Eq. (1) has a solution ds§(£>

*Project supported by the National Key Basic Research Development Program of China (Grant No 1998030600), and the
National Natural Science Foundation of China (Grant No 10072013).

tE-mail: chenhuaitang@163.com

http://www.iop.org/journals/cp



No.11 New doubly periodic and multiple soliton solutions of the ... 1203
A=1- then Eq. (1) has a solution c—nf

Case 5. If { B=2— /T—m2 +dn€’
c=1, Here m denotes the modulus of the Jacobi elliptic

. (1) has a solution cs¢ <£§)

sné
Case 6. If [ m® — 2

then Eq. (1) has a SOluth;’l . injnf'
A=C=—,
Case 7. If
m 72
then Eq. (1) has a solutlon sné + icné
dné
iv1 — m2sné + cné’ 1
A = C = Z’
Case 8. If 1 — 9m?
B = —
then Eq. (1) h luti dng ¢+
en Eq. as a solution ,msn
4 mené £iv1 — m?2
idng sng cng
idn¢,
1+l V1-—m sné:i:dn{
A=C= ,
Case 9. If ) 4
B_ m-+1
2T e
then Eq. (1) has a solution ————
:I-Qmsnf
1_
A=C= ,
Case 10. If 1 9 4
B=1""
2 cné
then Eq. (1) has a solution )
1+ sné
L mp
4 )
2
Case 11. If B:1+m
2 )
oo 1
4
then Eq. (1) has a solution mcné + dné.
1
A=,
4
2
Case 12. If { B = 1 +2m ,
o (omey
) 4 ’snf
then Eq. (1) has a scl)lution v
A=,
4
m? —2
Case 13. If { B = 5
c-™
4

functions.
For a given PDE with u(z,y, z,t) in four indepen-

dent variables x,y, z,t

) =0. (2)

H(’LL, Uty Ugy Uy y Uzy Uty Uyt y Uty Utty Uga,

We assume that the solutions of Eq. (2) can be
expressed in the form
u(wvyaz)t) :aﬂ LY, %, t Z T, Y, %, t (5)
+bi(x,y, 2, t)¢> (), 3)

where £ = £(x,y, z,t). The process take the following
steps.

Step 1. Determine n in Eq. (3) by balancing the
linear terms of the highest order with the nonlinear
terms in Eq. (2).

Step 2. Substituting Eqgs. (3) and (1) into Eq.
(2) yields a set of PDEs for ag(z,y, 2,t), a1(z,y, 2, 1),

-+, an(2,9,2,t) because all coefficients of ¢* have to
vanish.

Step 3. From the relations in step 2, ag(z,y, 2, t),
ai(z,y,z,t), -+, an(z,y,2,t) can be determined by
solving the set of PDEs.

Step 4. Substituting the obtained coefficients
ap(z,y, z,t), a1(z,y, 2,t), - - -, an(z,y, z,t) into Eq. (3)
and using special solutions of Eq. (1), we obtain the
explicit and exact solutions of Eq. (2).

In the following we illustrate the method by con-
sidering the generalized (3+1)-dimensional KP equa-

tion with variable coefficients.

3. The generalized (3+41)-
dimensional KP equation with

variable coefficients
The KP equation reads

[ut + s(t) vty +p(t) Uswa e + h(E)Uyy +9(t)u.. = 0, (4)

where s(t), p(t), h(t) and g(t) are arbitrary functions
of t with s(t) #= 0, p(t) #= 0.
The special cases of Eq. (4) have been studied by
If g(t)=0, Eq. (4) becomes (2+1)-
dimensional KP equation. If g(¢t) = h(t) = 0, Eq.
(4) becomes Korteweg-de Vris (KdV) equation. When
s(t), p(t), h(t) and g(t) are arbitrary constants with
(t) = p(t) = 6, Eq. (4) has been studied recently by
Lj.[29]

several authors.
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In order to obtain exact solutions of Eq. (4), we 4asaBf'y + 4gas By? + 4ayaBy'z

first balance ., With uu,, to gain n=2. Therefore, + dayaBw + 63a§Aa2 n 16pagB2a4
we choose the following ansatz:

+ 23afBa2 + 72pay Aa*C + 4hay B3?
u=ao + arp(ax + B(t)y + v(t)z + wt)

b + 4sagaza®B =0, (6g)
1
+
plaz + B(t)y +v(t)z + wi]

+ axd*[az + B(t)y + v(t)z + wt] 6asaCy'z + 85a§Ba2 + 120pasCa*B

by

5 2 / 2

+ Slaz + B0y + 107 + ot (5) + 6sagasa”C + 6ayaCpB'y + 6gasCry

3sa;Ca’ + 6ha;CB° + 6azal
where 3(t) and v(t) are arbitrary functions of ¢; o and T 3sa;Ca” + 6ha; OF° + BazaC

w are arbitrary nonzero constants. + 3sb] Aa® + 8sb3 Ba® + 6sagba” A
Substituting Eq. (5) into Eq. (4) along with Eq. + 120pbya® AB + 6gby Ay + 6hby AB?

(1) and using Maple yields a system of equations in

¢, Setting the coefficients of ¢ in the obtained sys-

tem of equations to zero,we can deduce the following

+ 6bya Ay z + 6bsaAw + 6byaAB'y = 0, (6h)

set of equations with the respect unknowns ag, a1, as, 9say Ba2as + 2ga, CH? + 20pa; a* BC

by, by, namely: ) )
+ 2a1aC By + 2saga;a“C + 2a;aCw

12sa;Ca’ay + 24para’C* = 0, (62) +2sb1Ca’ay + 2ha1 CB% + 2a:aC+'z = 0, (6i)
24pb;a* A% + 12sb; Aa?by = 0, (6b)

10sb2 Aa® + 120pbya A% = 0, (6¢) 2hb1 AB? + 2bia A~z + 20pbi* AB

10sa2Ca? + 120paC?a* = 0, (6d) + 9sby Ba?by + 2biaAB'y + 2sa; Aaby

+ 2gb1 Ay? + 2sagbia® A + 2bjaAw =0,  (6j)
2sapbea®C + 2byaCy'y + 2sapasa’A

+ 2byaCy' z + saonz2 + 2byaCw
, , pb1a4B2 + bjaBw + gblB'y2 + sagbia®B
+ 2a2a A% 'z 4+ 2a2a Ay + 2a30Aw

+ 8paza*BA + sb2Ca? + 8pbya’ BC

+ h(2b2C B2 + 202 AB?)

+ 12pb;a*AC + byaBp'y + 6sb Cab,
+ sa1 Ba?by + bijaBy'z + hby B3? = 0, (6k)

+ g(2b2Cv* + 2a3A?) = 0, (6e)
4byaBw + 4bsaBY'z + 72pb2a4AC
sbyBo’as + 6saq Aa’ay + hay B2 + 4sagbsa®B + 65b§Coz2 + 4hby BB
+ ga1By? + a10Bw + a1aBY'z + 2sb§Ba2 + 16pbya* B? + 4by,a By
+ pa1a*B? + 12pa;a*CA + a1aBp'y +4gbyBy? = 0. (61)
+ saga;a’B = 0, (6f)

With the aid of Maple, we find

1.
ay = by = ay = 0,by = —%S)OP,
dp(t)a’B + af' (t)y + av'(t)z + aw + h(t) B%(t) + g(t)7*(t)
ag = — O . (7)
2.
ay =by =by=0,ay = — 1221255)“2,

Ap(t)a*B + af' (t)y + ay'(t)z + aw + h(t) B*(t) + g(t)7*(t) (8)
s(t)a? '

ag = —
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3.
b = Oas — — 12Cp(t)a? _ 12Ap(t)a?
B ()
L ap(0)atB +af 0y + oy ()2 + 0w + ADF () + gD o)
0 s(t)a? '

Substituting Egs. (7)—(9) into Eq. (5) and using the special solutions of Eq. (1), we obtain the following
doubly periodic solutions of Eq. (4)

—4p(t)at(1+m?) + af'(t)y + o' (t)z + aw + h(t)3%(t) + g(t)v2(t)
s(t)a?

Uy = —

_ 12a%p(t)( + nm*sn€)

s(t)sn2¢ '

Y14+ m?) + af (t)y + ay'(t)z + aw + h(t) 5%(t) + g(t)¥*(t)

s(t)a?

120 2p(t)(edn*é + nm cn4§).

(t)cn2€dn?¢

2m? — 1) + aB(t)y + a7’ (1)2 + aw + h(OF(L) + g()7()

s(t)a?
B 12a2p(t)[e(1 — m?) — nmZeni¢]
s(t)en2€ '

Ap(t)at(2 —m?) + af'(t)y + ay'(t)z + aw + h(t)B*(t) + g(t)7*(t)
s(t)a?

12a2p(t)[e(1 — m?) + ndn*¢]

s(t)dn?¢

dp(t)at(2 — m?) + af'(t)y + ay'(t)z + aw + h(t) 3% (t) + g(t)¥2(t)
s(t)a?

_ 12a%p(t)[e(L — m?)sn’¢ + nen'e]

s(t)sn2cn?é

dp(t)at(2m? — 1) + af'(t)y + ay'(t)z + aw + h(t) 52 (t) + g(t)v*(¢)
s(t)a?

3 12a2p(t)[edn*e — nm?(1 — m?)sn*¢] .

s(t)sn2&dn’¢

2p(t)at(m? — 2) + af'(t)y + ay'(t)z + aw + h(t)3%(t) + g(t)¥2(t)
s(t)a?

]

(10)

—4p(t)a

Uy = —

(11)
4p(t)a’(

uz = —

Uy = —

Uy = —

(14)

ug = —

Uy = —

B 3a?p(t)[em?sné + n(1 £ dnf)*
S(E(1 £ dng)?
2p(t)at(l — 2m?) + af'(t)y + ay'(t)z + aw + h(t)B(t) + g(t)7*(t)
s(t)a?

ug = —

B 3ap(t)[esn*é + n(1 £ cné)?
s(t)sn2&(1 £ cné)?
2p(t)at(1 — 2m?) + af'(t)y + o' (t)z + aw + h(H)B*(t) + g(t)7*(t)
s(t)a?
_ 3a 2p(t)[ecn*€ + n(v/1 — m2sn€ & dn€)?]
s(t)en2é(v/1 — m2sné + dné)? ’
b et (1+m?) +af )y + ay'(t)z + ow + A1) (E) + g(1)1*(1)
10 s(t)a?
3 3a2(m? — 1)p(t)[edn’€ + n(1 £ msné)?]
s(t)dn?¢(1 £ msné)? '

(17)

ug = —
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2p(t)a’(1+m?) + af'(t)y + ay'(t)z + ow + h(t)5°(t) + g(t)v*(t)
s(t)a?
| 302(1 - m)p(t)[een* + n(1 + sne)?)
s(t)en2€(1 £ sné)? '
2p(t)a’ (1 +m?) + af'(t)y + ay'(t)z + aw + h(t) B*(t) + g(t)¥*()
s(t)a?
3a%p(t)[e(1 — m?)” + n(men = dng)’]

* s(t)(mené + dng)? ’ (21)
2p(t)at(1+m?) + af' (t)y + ay/'(t)z + aw + k() B2(t) + g(t)¥* ()
s(t)a?

B 3a?p(t)[e(1 — m?)%snt¢ + n(dné + cné)?]
s(t)sn2&(dng £ cné)? '
2p(t)at(m?® —2) + af'(t)y + ay'(t)z + aw + h(t)B2(t) + g(t)7*(t)
s(t)a?(m? — 2)
3 3a2p(t)[em*enté + n(v/1 — m2 £ dng)?)
s(t)en2é(v/1 — m? £ dn¢)? '

If m — 1,then sn¢ — tanh ¢, cné, dng — seché. Thus we can obtain the following multiple soliton solutions
of Eq. (4)

Uil = —

(20)

U2 = —

U3 = —

U4 = —

(23)

—8p(t)a’ + af'(t)y + o' (t)z + aw + h(t)B%(t) + g(t)y*(t)

U5 = —

s(t)a?
_ 120p(0)(e + nianh ) 2
s(t) tanh? ¢ ’
we — _ 200t +af (t)y + ay'(8)z + aw + A(H)B%(1) + 9(1)7*(2)
16 s(t)a?
3 3a?p(t)[e tanh® € + (1 % seché)?] (25)

s(t) tanh? £(1 + seche)?

Where £ = az + B(t)y + 7(t)z + wt, € and 71 are arbitrary elements of {0,1}.

Remark 1 Egs. (24) and (25) are only part of 4. Conclusion
special cases of Egs. (10)—(23). The others are omit-

ted.

Remark 2 If m — 0,then sn{ — sin§, cn{ —
cos¢, dné — 1. We can obtain triangular periodic
solutions of Eq. (4). (omitted)

Remark 3 The above solutions are essentially
those solutions on a curve in (34+1)-dimension. They
can be regarded as the generalized travelling wave so-

lutions.

We have presented a generalized Jacobi ellip-
tic function method and used it to solve the (341)-
dimensional KP equation with variable coefficients. In
fact, we have obtained not only the exact solutions
of KP equation, but also the exact solutions of KAV
equation as h(t) = g(t) = 0. This method can be
applied to many other nonlinear PDEs.
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