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A subalgebra of loop algebra As is established. Therefore, a new isospectral problem is designed. By making
use of Tu’s scheme, a new integrable system is obtained, which possesses bi-Hamiltonian structure. As its reductions,
a formalism similar to the well-known Ablowitz—Kaup—Newell-Segur (AKNS) hierarchy and a generalized standard
form of the Schrédinger equation are presented. In addition, in order for a kind of expanding integrable system to be
obtained, a proper algebraic transformation is supplied to change loop algebra A, into loop algebra Aj. Furthermore,
a high-dimensional loop algebra is constructed, which is different from any previous one. An integrable coupling of the

system obtained is given. Finally, the Hamiltonian form of a binary symmetric constrained flow of the system obtained
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Keywords: loop algebra, integrable system, Hamiltonian structure, constrained flow

PACC: 0340K, 0220, 0365G

1. Introduction

Researching new integrable systems is an inter-
esting and important topic in soliton theory. Many
integrable hierarchies were obtained by the use of 2 x 2
isospectral problems.!=7) Few of them were given by
3 x 3 isospectral problems. In this paper, a new subal-
gebra of loop algebra A, is established, which has two
powers of spectral parameter margin. An isospectral
problem is thus designed. By utilizing the Tu scheme,
a new integrable hierarchy is obtained, possessing a bi-
Hamiltonian structure. As its reduction case, a cou-
pled nonlinear Schrodinger equation containing three
equations is presented. A formalism of integrable sys-
tem, which has a similar form to the well-known hier-
archy proposed by Ablowitz, Kaup, Newell and Segur,
we briefly call it AKNS hierarchy (but actually not the
original AKNS hierarchy), and a generalized standard
Schrodinger equation are given. In addition, in order
to obtain an expanding integrable system, a proper al-
gebraic transformation is assumed to turn a 3 x 3 loop
algebra into 2 x 2 loop algebra. Furthermore, a high-
dimensional loop algebra, which is different from any
one in Refs. [8-16], is constructed. We find that the

loop algebra is miracle since it is constructed only in

http://www.iop.org/journals/cp

the frame of loop algebra, not from Lie algebra. It fol-
lows that a kind of integrable coupling system, which
is of course an expanding integrable system of the hier-
archy obtained, is engendered. Finally, by establishing
a binary symmetry constraint, the Hamiltonian form

of the constrained flows is presented.
2. A new loop algebra and an in-

tegrable system

Consider the following matrices

1 0 O 0 0 1
es=l00 0 |, e=|000],

00 -1 10 0

1 0 O 0 0 -1

€3 = 0 -1 O R €4 = 0O 0 O

0 0 O 1 0 O

We find that

le1, e2] = — 2eq4,[e1,e3] = 0,[e1, e4] = —2ey,

[e2, e3] =ey, [e2, e4] = 2e1,

[63,64] = — €q.
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4 4 4

If we let a = Zaiei, b= Zbiei, c = Zciei, we
i=1 i=1 i=1

have

[[a,b],c] + [[b, ], a] + [[c, a],b] = 0, that is to say, Ja-

cobi identity holds. Hence {ej,ea,e3} constitutes a

Lie algebra. Let

e1(n) =e;\*", ex(n) = e A2,
e3(n) =e3A?™ ey(n) = egA?" L

(1)

Then we have

[e1(m), e2(n)] = —2e4(m + n),
[e1(m), ea(n)] = —2e2(m + n),
[e2(m), e3(n)] = es(m +n),
[e2(m), ea(n)] = 2e1(m +n + 1),
e3(m), ea(n)] = —ez(m +n),
[e1(m), e3(n)] =0,
degeq (n) = deges(n) = 2n,
deges(n) = degey(n) = 2n + 1. (2)
There_fore, {e1(n),ez(n),es(n)} is a loop algebra, note
it as Ag. Set
pr=Uh, X =0, 9= (p1,02,03)",
A2 +¢q 0 (r—s)A
U= 0 -2 0 (3)
(r+s)A 0 —q

In terms of Egs. (1) and (2), let

a 0 (b—o)A
V= 0 0 0 )
(b+c)A 0 —a
where
a=Y anAP b= b7,

m=0 m=0

o0
c= E CmAT2™,
m=0

Solving the stationary zero-curvature equation

v, = [U,V] (4)
q —28bp 41 + 21rcn41 Ana
ut,, = r = —Cn+1 = —Cn+1
S _bn+1 _bn+1

tn

where J is a Hamiltonian operator.

leads to the recursive relations:

bz = — Cm+1 — 2qCm + 2804,
bm+1 = — Cmz — 2¢by, + 2104,
Qg =27Crm+1 — 28b11
= — 2rbye — 4qres, + 28Chma + 4qsby,,

by =co = 0,a0 = a,a; = a(s* — r?),
by =2ar,c; = 2as,
as =4a(rs, — rys) + 3a(s? — r?)? + 8aq(r? — s%),
by = — 2as, — dagr + 2ar(s* — r?),
ey = — 2ar, — 4aqs + 2as(s? — r?),
bz =201y, + 8aqs, + 4aq,s — 2as,(s% — 1?)

2_ rz)z + 8aqg?r + 8ar(rsy — r;8)

—2as(s
+ 6ar(s? — r?)? 4+ 20aqr(r? — s?),
3 =205, + 8aqr, + daqer — 2ar, (5% — 12)

2

—2ar(s® — 7‘2)3,3 + 8aq®s + 8as(rsy — r48)

+ 6as(s? — r?)? 4 20aqgs(r? — s).

(5)

Note that

n

V+(n) = Z (ame1(n —m)

m=0

+ bea(n —m) + cpea(n —m)),

(n) _y2n (n)
Vi =ary — v,

then Eq. (4) can be written as

Vo v = vl o ve ()
It is easy to verify that the terms on the left-hand
side of Eq. (6) are of degree > 0, while the terms on
the right-hand side are of degree < 1. Therefore, the
terms of both sides are of degree 0, 1.

Thus,

~V 4 [U,VIV] =(25boss — 2renin)en (0)
+ Cn+1€2 (O) + bn+1€4(0).

Taking V(™) w7, then the zero-curvature equation

U - v + U, v =0 (7)

determines the Lax integrable system as follows:

9 0 (1) 2a,
0 _1 0 —2cp41
2
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From Eq. (5), we have

—207140 —20"1r0
G, = 0 —2q — 4r0~1rd 4 8r0~1qo
0 —0 4 8s071qs — 4507 1r0

Hence, Eq. (8) can be written as

q 2a
Ug, = r =JL" 4ar . (9)
S —4as

tn
Some reduction cases of Eq. (9) are as follows.
Case 1

a coupled nonlinear Schrodinger equation with three

Taking n=2 in Eq. (9) gives rise to

equations

Ty = — 20840 — S8Qqry, — daq,r + 2ar,(s2 — r?)

+ 2ar(32 — rz)x — 8ag’s — 8as(rsy — ry8)
—6a(s? — %)% — 20aqs(r? — s?),
Sty = — 204y — 80q8, — 4Gy + 205, (5% — 1?)
+ 2a(s® — 1), — 8ag’r — 8ar(rs, — )
— 6ar(s* — r?)? — 20aqr(r? — s?),
—rry)

qt, =40(7Sze — TzaS) + 12a(32 — 1"2)(332

+ 8aq, (r? — 82) + 16aq(rr, — s54).

Case 2 Taking ¢=0 in Eq. (9) yields the for-
malism of the AKNS hierarchy as follows:

- T <= 4ar
ug,, = =JL 5 (10)
s —4as
tn
where
0o 1
i=| oz,
—— 0
2
i —4rd~'rd —9+4r9~1s9
—9 — 4507 1rd 450150

Remark 1 Here L is different from L in AKNS
hierarchy,!] hence the system (10)is not AKNS sys-

tem.
Case 3 Taking n=2 in Eq. (10) yields the fol-

lowing nonlinear generalized Schrodinger equation:

Ty = — 20840 + 207, (5% — 12) + 2ar(s? — 1?),
— 8as(rs, — T48) — 6as(s? — r?)?,
Sty = — 207 4p + 208, (5% — 12) + 2as(s? — 1?),
— 8ar(rs, — 148) — 6ar(s® — r?)2. (11)

20150
—0 — 8r0 Lqr + 4r01s0 Gn_1=LG,_1.
—2q — 8507 1qr 4+ 4507150
Let Q =r+s=r+isy, to =t, a = —i, where r and s;

are all real functions. In terms of Eq. (11), we obtain

a generalized standard form of Schrodinger equation

1Q:+2Q. —2Q|Q12+6Q|Q|* +2Q. Q> —4Q°Q, =

A direct calculation reads

oU U

— V=2a,{V,=— ) = 2b)\2
<v,3q> a,<,ar> ,
U

— ) = —2¢)\?
<v,as> o,

oUu
<V, 5> =2(a+rb— sc).

Substituting the above formulae into trace identity

yields
2a
i2((1 +7rb—sc)A = /\JVE/\V 2b)\2 (12)
du o
—2c\?
Comparing the coefficients of A72"~! gives
2(ant1 +7bpsr1 — scpy1) = (—2n+v)G,.  (13)

Su

Taking n=0, inserting the initial values of Eq. (5) into
Eq. (13) leads to y=0. Therefore,

0H S$Cpt1 — Tbhpt1 — an,
"G, H, = +1 +1 +1
du n
are Hamiltonian functions. Thus, we obtain the

Hamiltonian structure of the system (9) as follows:

§H, _6H, .
U, = J (Su =K (5u .

(14)

It is easy to verify that J; = ¢;J+co K is also a Hamil-
tonian operator, where ¢; and ¢y are constants. Hence,
Eq. (14) is a bi-Hamiltonian structure of the system
(9). Furthermore, we can test that JL = L*J. Thus,
the system (9) is integrable in the Liouville sense.

3. Integrable coupling of the sys-
tem (9)
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Regarding the concept of the integrable couplings,
one can refer to Ref. [17]. Using the method proposed
in Refs. [8-16] cannot obtain integrable couplings of
the system (9) since this system is given with basis on
loop algebra flg, not basis on loop algebra A;. There-
fore, we must take a proper algebraic transformation
to turn the loop algebra (1), (2) into its equivalent
loop algebra like the form of A;. For this purpose, we
take a Lie algebra Aq:

€3 =¢€1,64 =
-1 0

[61762] = 2647 [éla é4] = 2é27
[€2,€4) = —261,[61,63] = 0. (15)

Remark 2 We take é3 = €; in Eq. (15) so that
Eq. (15) may correspond to the relations in Egs. (2).
Let us make the scalar transformation: e; — «;é;,
1=1,2,3,4, where a; are to be determined. Solving the
following algebraic equations
—20 —2a

= 2’ = 2’
102 10y
(e %} 20(1 —Q2
Qo203 Qa0 Q304
yields a set of solutions: a3 = —1l,as = a4 = 1,

1
a3 = ——.

Thus, we have a subalgebra of Lie algebra Aq:

B 10\ _ 0 1
€] = , €2 = )
0 1 1 O

o1 =10 L 0 1
€3 =7 y€4 = ’

2\ 0 1 -1 0
[€1,82] = —2€y,[e1,€3] = 0, [e1,€4] = —2€,
[€2,€3] = €4, [€2,€4) = 261, [€5,€4] = —€2.  (16)

Obviously, Eq. (16) has the same communicative rela-
tions as the loop algebra A,. Therefore, by making use
of loop algebra (16), one also deduces the system (9).
For simplicity, we omit the bars in Eq. (16). Now we
expand Eq. (16) into the following high-dimensional
loop algebra G, which is different from any one in Refs.
[8-16]:

A2 0 0
€1 (n) = 0 )\Zn 0 ’
0 0 0O

0 A2ntl oo
es(n)=1 A1 0 0
0 0 0
A" 0 0
e3(n) = % 0 A o0 |,
0 0 0
0 A2ntl oo
esn)=1] =t 0 0
0 0 0
0 0 A
es(n)=1 0 0 X\t |,
00 0
0 0 A"
es(m)=1 0 0 X1 |,
0 0 0
0 0 A
erf(n)=1 0 0 \t!
00 0
0 0 A
es(n)=] 0 0 —)\2t1
0 0 0
[e1(m), e2(n)] = —2ea(m + n),
le1(m), e3(n)] =0,
[e1(m), ea(n)] = —2ez(m + n),
[e2(m), e3(n)] = es(m + n),
[e2(m),eq(n)] = 2e1(m +n+ 1),
[es(m), ea(n)] = —ea(m +n),
le1(m), e5(n)] = —es(m +n),
le2(m), es5(n)] = ez(m + n),
[e3(m), e5(n)] = —-€s(m + n),
lea(m), e5(n)] = —ez(m + n),
[e1(m), eg(n)] = —es(m + n),
[e2(m), es(n)] = —es(m + n),
les(m). ca(n)] = - es(m + ),
lea(m), es(n)] = —ez(m + n),
[e1(m), ez(n)] = —es(m + n),
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[ea(m), e7(n)] = es(m +n+ 1), Solving the auxiliary equation similar to Eq. (4) yields
1
[es(m), ez(n)] = Z-es(m +n), Az =2U2Cm 11 — 2uzbm 1,
[ea(m), ez(n)] = es(m +n + bz = — Cmy1 — 2U1Cm + 2U3am,
er(m)es(n)] = —extm +), S,
lea(m), es(m)] = —eg(m +n+1), |
1 A = — 5f’m+1 — U1 frm + U2gm+1
[ea(m), es(n)] = _567(m +n), —uzhpi1 + Us@m — Uebmy1 + UrCmy1,
eq(m),eg(n)] = —es(m+n+1), 1
ea(m),es(r)] = —es( ) P P
[e5(m), es(n)] = les(m), er(n)] + U3Ggm41 + Uslr — UGCm41 + Urbimy 1,
=les(m), es(n)] = [es(m), e7(n)] 1
Imz = — shms1 —urhm + uad,, — uzd,,
=les(m), es(n)] = [e7(m), es(n)] = 0, 2
- u3fm - u4bm + UsCm + UsCpy + Uz Gy,
dege (n) = deges(n) 1
:dege5(n) — degeg(n) — 2n, hm:c = - 5gm+1 —U19m — u?fm + u5bm + U A,
deges(n) = degeq(n) by =co = do = fo = go = ho = 0,a0 = a,
— 2 _ 2 — —
=deger(n) = degeg(n) = 2n + 1, (17) a1 =o(u — u3), by = 20z, €1 = 20us,
g1 =2aug, f1 = 2aus,d; = 2auy, hy = 2auy. (20)
Let
Gy =span{ex (n), ea(n), e4(n)} Similar to Eq. (6), here we have
G =span{es(n),es(n),er(n),es(n)}, _ _ﬁz) +[U, V—l(—n)]
then :(2U3bn+1 — 2U26n+1)61 (0)
G = G1+G27 (18) + Cn+1€2(0) + bn+164(0)

é’l is isomorphic to A

In what follows, we use Egs. (17) and (18) to de-

1
+ <§fn+1 — UnGn41 + Ushnyt

duce integrable coupling of the system (9), which is 4 ugbnit — ure +1>e5(0)

also a kind of expanding integrable system of Eq. (9).

Set

Vo

U =e3(1) 4+ uies(0) + +uzez(0) + uszeq(0)

Let

:U’(,ZJ, At = 0,

1
+ <§dn+1 +uzhpi1 — Uzgnit

+ ueCniy1 — u7bn+1> es(0)

1
+ uges(0) + uses(0) + uger(0) + ures(0). (19) n % hns167(0) + 50ns1es(0).

V= Z (ame1(—m) + bea(—m)

m>0

Set V(") = V_ﬁ"), then the zero-curvature equation

U - VM + U, v =0 (21)

+ emes(—m) + des(—m) + fres(—m)

+ gmer(—m) + hpes(—m)).

Uy
U2
us
Utn = Uy =

Us

Ue

uy

determines the Lax integrable system as follows:

2upcny1 — 2usbnyq
—Cn41
7bn+1

1
_?fn-&-l + Uzgnt1 — Ushnip1 — Ugbni1 + UrChia
_§dn+1 — Ughy 1 + U3Gnt1 — UsCrg1 + Urbyp

1
_7hn+1

1

—59n+1
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— Q 0 0 0 0 0
2 1 2a, 2a.,
0 01 3 0 0 0 i W1
0 -3 0 0 0 0 —2Cni1 —2¢p11
= 0 —% *% *% —uy —u3 dny1 =J dny1 (22)
0 % % 0 —us —ug frta fata
0o 0 0 0 0 f% —nt1 s
1 R+t R+t
0 0 0 0o 5 0
From Eq. (20), we obtain
—207 1wy 0 —207tuy0 —20"1uzd
2a,, 0 —2u; — 4us0 tugd + 8usd lujus —0 — 8uxd tugug + dusd tusd
2b, 41 0 —0 — 4uz0" U000 + Sus0 tugus  —2uy + duz0  us0 — Suzd Tugusg
—2¢p11 g0 1w 4ugd — duquy + 4uguy duqug — 2ur0 — dusuy
drt1 = +4usus — dugd " usd —dugus + 4ug 0 tuzd
fr+1 Cdusd 'y duqus — dus 0 tusd ! 4us 0 tuzd + 2ugd
—On+1 +4uqug + dusuy — 2u70 —4uiuy — 4dusuy — 4dusus
hpt1 —4ugd 'u, 0 2us — 4dugd tugd 4ugd tuzd
—4u; 070 —2uy — dur; 0" Tus0 2uyg + 2ug + 4u70"tugd
0 0 0 0
0 0 0 0
0 0 0 0
—2uy — 4ud + duguz  —20 — 4u2 — dugus 4uqo0uqus 4uiug — 4usd
—20 + duguz + 4u?  —2u; —4ud +4ud  —dujuy + 4uzd  —4und + dujug
0 —2us —2u, —20
2uy — 2us —2ug —-20 —2u,
2a, 1 2,1
2b,, 2b,,
—2c, —2c,
d, =L dn
fn fn
—Gn —9n

hn, hn,
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Therefore, Eq. (22) can be written as

2x
daus
—4aus

ug, = JL" 204 (23)
20us

—2aug

20u7

3) with
(9) and according to the definition of

Comparing the structures of J and L in Eq. (2
those in Eq.
integrable couplings, we conclude that Eq. (23) is an
integrable coupling of the system (9). Let u; = g,
Up =7, Uz = 8, Ug = uz = ug = uy = 0, then Eq. (23)
reduces to Eq. (9). Therefore, the system (23) is also
a type of expanding integrable system of Eq. (9).
Remark 3

high-dimensional loop algebra G in order to obtain in-

Here we have constructed a new

tegrable couplings of the system (9). Two open prob-
lems still remain. As we know from the above, the
system (23) is Lax integrable. How can we prove the
system (23) is Liouville integrable? How can we obtain
the Hamiltonian structures of the system (23) and the
infinite conserved laws? These problems will be dis-
cussed or solved in future by the author or together

with other researchers who are interested in them.

4. Binary symmetry constrained

flows
Consider the conjugate isospectral problem of the
system (3):
1/}93 - U*1/)7/\t - Oa,(/} = (¢17¢27¢3)Ta
“A2—q 0 —(r+s)A
U = 0 A2 0 (24)
(s—=mA 0 q

We restrict ¢; ¥; (i=1,2,3) and their derivatives in
Egs. (3) and (24) tending to zero when |z| — co. A

direct calculation shows that
s 1 P1¥1 — @33
Su 1 | M@ —esn) |
A(p1¥3 — 03¢1)

+oo

E=- / [2Ap191 — 2Xp21)2

+ (r+ 8)e19s + (r — 5) 3¢ ]de

For N distinct A; (j =1,2,---
teger k (k =0,1,2,--

in general be expressed as!'!

,N) and some fixed in-

-), bi-symmetry constraint can

H
J‘S’“

where (3, is a constant to be determined, E; are nor-

(25)

mal constants.
As far as Eq. (14) goes, Eq. (25) can reduce to

2ay (91, U1) — (D3, ¥3)
2br11 =Pk | (APy, ¥3) + (AP3, V1) |,
—2¢)41 (401, ¥3) — (AD3, ¥1)
(26)
where @; = (@il,---,tpiN)T, = (i1, - ,T/JiN)Ta

1=1,2,3. When k=0, 8; = 2a, E (

following constraint

6) reduces to the

2r = <A¢1, W3> + <A¢3, W1>,

2s = </1¢3, W1> - <A¢1, ':p3> (27)

Here ¢ is arbitrary, without loss of generality, we set it
to 1. Inserting Eq. (27) into Egs. (3) and (24) yields

the space symmetry constrained flows as follows:

P1j P1j

PY2j = U|A ¥2j )

Y35/, P3j

P15 Y1

o =U"a| v | (28)
7/’3; wi’)]

xr

where the symbol | 4 denotes substitution of Eqgs. (27)
into corresponding isospectral problems.

Letting

Ho =(A%®y + &1, U)) + (AP, U3)(AP3, Uy)
— (A% @y, Uy) — (D3, Us),

then we obtain a Hamiltonian form of the constrained
flows (28) as follows:

oH,
Pz'z = an )
Qm=—§EJ=Lz& (29)
where P; = (¢i1, - ,T/JiN)T, Qi = (i1, -, Yin)
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Remark 4

tonian form of the z-constrained flows when k=0.

Here we only deduce the Hamil-

By similar discussion, we can obtain the Hamilto-
nian form of the temporal constrained flows. When
k=24, - -, we must introduce Jacobi—Ostrogradsky co-
ordinates to obtain the Hamiltonian forms of Eq. (28)
by making use of the approach in Refs. [18-20]. When
k = 1,3,---, we only obtain nonregular constrained

flows from Eq. (25).2Y Using the method proposed

in Ref. [21], we can construct the Hamiltonian struc-
tures. Since such calculations are more complicated,

we shall discuss them in another paper.
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