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The self-de
ection of a bright solitary beam can be controlled by a dark solitary beam via a parametric coupling

e�ect between the bright and dark solitary beams in a separate bright{dark spatial soliton pair supported by an

unbiased series photorefractive crystal circuit. The spatial shift of the bright solitary beam centre as a function of the

input intensity of the dark solitary beam (�̂) is investigated by taking into account the higher-order space charge �eld in

the dynamics of the bright solitary beam via both numerical and perturbation methods under steady-state conditions.

The de
ection amount (�s0), de�ned as the value of the spatial shift at the output surface of the crystal, is a monotonic

and nonlinear function of �̂. When �̂ is weak or strong enough, �s0 is, in fact, unchanged with �̂, whereas �s0 increases

or decreases monotonically with �̂ in a middle range of �̂. The corresponding variation range (Æs) depends strongly on

the value of the input intensity of the bright solitary beam (r). There are some peak and valley values in the curve

of Æs versus r under some conditions. When �̂ increases, the bright solitary beam can scan toward both the direction

same as and opposite to the crystal's c-axis. Whether the direction is the same as or opposite to the c-axis depends on

the parameter values and con�guration of the crystal circuit, as well as the value of r. Some potential applications are

discussed.

Keywords: spatial optical solitons, photorefractive e�ects, photovoltaic e�ects, self-de
ection
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1. Introduction

Optical spatial solitons have been extensively

studied during the last three decades.[1] To date, many

topics have been researched in the areas including

Kerr solitons, photorefractive (PR) solitons, incoher-

ent solitons, quadratic solitons, Bragg solitons, dis-

crete solitons, cavity solitons and magneto-optic soli-

tons, and so on.[2] PR spatial solitons have become

a convenient playground to study soliton phenomena,

since they are observed at low light powers and exhibit

robust trapping in both transverse dimensions; and, at

present, the investigations on the PR solitons, soliton

pair and soliton interaction are concerned with a sin-

gle PR crystal.[3�19] Very recently, we have suggested

a crystal circuit in which two PR crystals, at least one

being photovoltaic-photorefractive (PV-PR), link up

in a chain by electrode leads with or without a

voltage source, and we predict that each crystal could

support a steady-state one-dimensional bright or dark

spatial soliton.[20�22] The two solitons, formed sep-

arately in the two crystals, were named a separate

spatial soliton pair. Both bright and dark steady-

state PR solitons, including screening solitons,[4]

closed-circuit photovoltaic solitons[5] and screening-

photovoltaic (SP) solitons,[6] could form in the crys-

tals. As a result, there are three possible realizations

of the separate spatial soliton pairs: bright{bright,

bright{dark and dark{dark. For the solitons sup-

ported by such a crystal circuit, although the con-

ditions for the existence of a soliton in each crystal

are not new, i.e., the conditions are same as that for

a single PR crystal, it is new that the two solitons,

supported separately by two crystals, could a�ect each

other since the linked crystals could create a paramet-

ric coupling that results from the parametric depen-

�Project supported by the National Natural Science Foundation of China (Grant No 10174025) and the Key Project Foundation

of the Education Ministry of China (Grant No 01118).
yE-mail: jsliu4508@vip.sina.com
zPresent address: Institute of Applied Physics, Xidian University, Xi'an 710071, China.

http://www.iop.org/journals/cp



No. 10 Self-de
ection of a bright soliton in ... 1125

dence on the dynamics when initial conditions change.

Such a parametric, other than dynamic, coupling ef-

fect not only could a�ect the characters of the two soli-

tons in a pair, including the spatial pro�les, dynami-

cal evolutions, stabilities and self-de
ections, but also

could bring about some new phenomena that never

occurred for those solitons or soliton pairs supported

by a single PR crystal. The coupling e�ects between

the two solitons in a pair on the intensity pro�les, dy-

namical evolutions, stabilities and self-de
ection of the

two solitons have been investigated numerically and

in detail on biased[20] and unbiased[22] PR circuits,

and many new phenomena also have been revealed, in

which the most interesting one is that the dark soliton

could a�ect the bright one by light-induced current,

whereas the bright soliton could not a�ect the dark

one in a bright{dark soliton pair in the limit that the

optical wave is in a spatial extent much less than the

width of the crystal. This unilateral e�ect may be use-

ful in some applications, such as unidirectional optical

couplers, new optical switching technology and novel

optical de
ectors.

PR solitons are promising in the application of

making an optically controlled optical de
ector or

scanner due to their self-de
ection, which can be ad-

justed by another light beam. The self-de
ection

of PR solitons in a biased PR crystal has been lu-

cubrated by many researchers experimentally and

theoretically.[23�29] The stronger the biased �eld, the

larger the de
ection range of a PR bright soliton is,

since the higher-order space charge �elds can enhance

the process of the self-de
ection when the biased �eld

is strong enough.[26;27] If a light beam is incident

upon a biased PR crystal in which a PR bright soli-

ton has formed, then variation of the input intensity

of the light beam will lead to variation in the back-

ground light of the crystal, thereby changing the self-

de
ection of the bright soliton. That is, varying the

input intensity of the light beam can control the self-

de
ection of the bright soliton. Obviously, it is ben-

e�cial to providing a strong biased �eld. However,

the stronger the biased �eld, the more diÆcult the

application of it to the crystal. Fortunately, this dif-

�culty can be overcome by use of an unbiased series

PR crystal circuit. Let a separate bright{dark soliton

pair form in the circuit, then the self-de
ection of the

bright soliton can be controlled by the dark soliton

without a biased �eld. Of course, it is bene�cial to

use a PV-PR crystal with a strong photovoltaic �eld.

In this paper, we investigate how to use the dark

soliton to control the self-de
ection of the bright soli-

ton in a separate bright{dark soliton pair supported

by an unbiased series PR crystal circuit in which the

crystals possess a strong photovoltaic �eld. Obviously,

the e�ects of the higher-order space charge �eld on the

self-de
ection of a bright soliton should be considered.

Our results show that varying the input intensity of

the dark soliton can e�ectively control the amount of

de
ection and the direction of the bright soliton.

This paper is organized as follows. In Section 2,

we expand our previous work[21] to include the di�u-

sion term and the higher-order space charge �elds in

the theoretical model for a bright soliton. A system of

two coupled dynamical evolution equations is derived

for a bright{dark soliton pair, in which the �rst-order

di�usion term and the higher-order odd perturbation

terms resulting from the higher-order space charge

�elds are included in the equation of the bright soliton.

In Section 3, some numerical results are obtained for

the dynamical self-de
ection evolution of the bright

soliton with di�erent values of the input intensity of

the dark soliton. In Section 4, these problems are

further studied using perturbation procedures. Some

analytical formulae to describe the self-de
ection of

the bright soliton are then derived. A lot of general

information is obtained from these analytical analy-

ses. The analytical results are compared with those

obtained numerically and are found to be in good

agreement. Finally, we summarize the results, dis-

cuss their signi�cance in the application of an optical

beam de
ector or scanner and draw some conclusions

in Section 5.

2. Theoretical model

Figure 1 shows an unbiased series PR crystal cir-

cuit in which two crystals, denoted by P and P̂ , at

least one being PV-PR, are connected electronically

in a chain by electrode leads. For each crystal, elec-

trodes are made on the two surfaces with their nor-

mal parallel to the c-axis of the crystal. In the limit

that the optical wave has a spatial extent �x much

less than the x width of the crystal (the x-direction

being taken parallel to the c-axis), we have predicted

that each crystal could support a spatial bright (dark)

soliton.[21] We named the two solitons, supported sep-

arately by the two crystals, a separate spatial soliton

pair.
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Fig.1. Illustration of the series PR crystal circuit consisting of two PR crystals in which at least

one crystal must be PV-PR. (a) The two crystals' c-axes are oriented in the left-handed screw sense,

denoted by "", and (b) one crystal's c-axis is oriented in the right-handed screw sense but the other

crystal's c-axis is oriented in the left-handed screw sense, denoted by "#. P and P̂ denote the two

crystals respectively. C and Ĉ denote the two c-axes. I0 and Î0 denote the incident bright or dark

soliton-like one-dimensional laser beams.

There are three possible realizations of the sepa-

rate spatial soliton pairs: bright{bright, bright{dark

and dark{dark. In this paper, we only consider the

bright{dark soliton pairs. We assume that the bright

soliton forms in the crystal P and the dark one forms

in the crystal P̂ . Each crystal is oriented with its c-

axis perpendicular to the direction of the laser beam,

which is polarized parallel to the c-axis. The optical

beam propagates in the crystal along the z-direction

and is permitted to di�ract only along the x-direction.

The theoretical model about the separate spatial soli-

ton pairs formed in such a circuit was built in Ref.[21]

in which the di�usion process and the higher-order

space charge �elds were not considered. In order to

expand the theoretical model to include the di�usion

process and the higher-order space charge �eld, at

�rst, we make a brief introduction of the results ob-

tained in Ref.[21] only for a bright{dark soliton pair

as follows.

The expressions of induced space charge �eld Esc

in the crystal P and Êsc in the crystal P̂ are

Esc = E0
Id

I + Id
� Ep

I

I + Id
; (1)

Êsc = Ê0
Î1 + Îd

Î + Îd
+ Êp

Î1 � Î

Î + Îd
; (2)

where E0 = �gÊp for the con�gurations "" and "#,
respectively,

Ê0 = ��̂ Êp;

g = Æ̂Î1Ŵ�=W;

� = 1=[ÆId + Æ̂(Î1 + Îd)];

�̂ = Æ̂Î1�;

Æ = S�si(ND �NA)=(rRNAW );

Ep = kp
RNA=(e�);

Æ̂ = Ŝ�̂ŝi(N̂D � N̂A)=(r̂RN̂AŴ ):

Here ND is the donor density, NA is the acceptor den-

sity, si is the photoexcitation cross section, 
R is the

carrier recombination rate, � and e are, respectively,

the electron mobility and the charge, kp is the photo-

voltaic constant, S is the surface of the electrodes of

the crystals, W is the distance between the two elec-

trodes, Id is the so-called dark irradiance, I = I(x; z)

is the power density pro�le of the beam, and it attains

asymptotically a constant value at x ! �1, that is,

I(x! �1; z) = I1. These parameters with a symbol

\ �̂ " for the crystal P̂ have the same physical meaning

as those without the symbol for the crystal P .

Although the expression of Esc or Êsc has the

same form as that for a single biased PV-PR crystal,[6]

Esc and Êsc are not independent of each other because

they depend on the parameters of both crystals and

the initial conditions of both solitons. In other words,

the two �elds are coupled each other by the parame-

ters g and �̂ . Since g and �̂ include the term of the

peak input intensity of the dark soliton, namely Î1,

but do not include that of the bright soliton. Interest-

ingly, varying the input intensity of the dark soliton

can a�ect the bright one, but not vice versa. In this
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paper, we pay our attention to how the variation of

the input intensity of the dark soliton a�ects the self-

de
ection of the bright soliton. In order to simplify

the problem, although the values of Æ, W and Id are

in general di�erent from those of Æ̂, Ŵ and Îd, re-

spectively, we here assume that Æ = Æ̂, W = Ŵ , and

Id = Îd. In fact, Æ = Æ̂ can be realized by adjusting

the values of S and Ŝ, and Id = Îd can be realized by

adjusting the temperature of the two crystals.[29] By

use of these simpli�cations, parameter g has a simple

expression as

g =
�̂

2 + �̂
; (3)

where �̂ = Î1=Îd is the peak input intensity of the

dark soliton normalized to the dark irradiance.

I = I(x; z) can be expressed in terms of the nor-

malized envelope U in the form I(x; z) = IdjU(x; z)j2,
and U obeys the following dynamical evolution equa-

tion:

iU� +
1

2
Uss � �

U

1 + jU j2 + �
jU j2U
1 + jU j2 = 0; (4)

iÛ�̂ +
1

2
Ûŝŝ � �̂(�̂+ 1)

Û

1 + jÛ j2 � �̂
(�̂� jÛ j2)Û
1 + jÛ j2 = 0;

(5)

where � = z=(kx20), s = x=x0, � = �E0, � = �Ep and

� = (k0x0)
2(n4er33=2). Here x0 is an arbitrary spatial

width, k = k0ne, k0 = 2�=�0, and �0 is the free-space

wavelength of the light wave employed, ne is the un-

perturbed extraordinary index of refraction. Those

parameters with a symbol \ �̂ " in Eq.(5) for the crys-

tal P̂ have the same expression and physical meaning

as those without the symbol in Eq.(4) for the crystal

P .

By expressing the beam envelope U in the usual

fashion U = r1=2y(s)exp(i��) for the bright soliton

and Û = �̂1=2ŷ(ŝ)exp(i�̂�̂) for the dark soliton, where

the positive quantity r is the peak input intensity of

the bright soliton normalized to the dark irradiance,

i.e., r = I0=Id = I(0; 0)=Id; � represents a nonlinear

shift of the propagation constant, y(s) is a normal-

ized real function bounded between 0 � y(s) � 1 and

denotes the normalized �eld pro�le. The bright and

dark soliton solutions can be derived from Eqs.(4) and

(5) as follows:

(2G)1=2s = �
1Z

y(s)

r1=2d~y

[ln(1 + r~y2)� ~y2 ln(1 + r)]1=2
; (6)

(�2Ĝ)1=2ŝ

=�
0Z

ŷ(ŝ)

d~y�
(~y2 � 1)� 1 + �̂

�̂
ln

�
1 + �̂~y2

1 + �̂

��1=2 : (7)

Here � = �(G=r) ln(1 + r) and �̂ = �Ĝ, where

G = �(�gÊp + Ep) for the con�gurations "" and "#,
respectively, and Ĝ = �̂(1� �̂ )Êp for both con�gura-

tions "" and "#.
The conditions necessary for a bright{dark soliton

pair are G > 0 and Ĝ < 0. From the two inequalities,

one can obtain four approaches to obtain the bright{

dark soliton pairs: (1) Ep > gjÊpj, Êp < 0, ""; (2)
Ep > 0, Êp < 0, "#; (3) Ep < 0, Êp < 0, jEpj < gjÊpj,
"#; (4) Ep = 0, Êp < 0, "#.

In order to describe the self-de
ection of the

bright soliton, we need to expand the above formu-

lae about the bright soliton to include the terms of

di�usion and higher-order space charge �elds. When

they are taken into account, the induced space charge

�eld in the crystal P can be expressed as follows:[27]

Esc = Esc0 +E
 +E

1
+ E


2
+E


3
+ E


4
; (8)

Esc0 = E0
Id

I + Id
�Ep

I

I + Id
; (9)

E
 = �kBT

e

1

I + Id

@I

@x
; (10)

E

1
= � "0"r

eNA
E0(E0 +Ep)

I2d
(I + Id)3

@I

@x
; (11)

E

2
= � "0"r

eNA
Ep(E0 +Ep)

IId
(I + Id)3

@I

@x
; (12)

where kB is Boltzmann's constant, T is the absolute

temperature, "0 is the free space permittivity, "r is the

relative static dielectric constant. Because the higher-

order �elds E

3
and E


4
are much smaller than any of

E
 , E

1
and E


2
, we can ignore the e�ects of the two

�elds on the evolution and self-de
ection of the soli-

tons. Thus, the dynamical evolution equation about

the normalized envelope U should be modi�ed from

Eq.(4) to the following form:[27]

iU� +
1

2
Uss � �

U

1 + jU j2 + �
jU j2U
1 + jU j2 + 


(jU j2)sU
1 + jU j2

+ 
1
(jU j2)sU
(1 + jU j2)3 � 
2

jU j2(jU j2)sU
(1 + jU j2)3 = 0: (13)

Here � = �Ep, � = �E0, 
 = �� , 
1 = �1(� + �),


2 = �2(� + �), �1 = �E0, �2 = �Ep, � =

(k0x0)
2(n4er33=2), � = kBT=(ex0), � = "0"r=(eNAx0),
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U� = @U=@�, Uss = @2U=@s2. 
 is the �rst-order dif-

fusion term, 
1 and 
2 are the higher-order odd per-

turbation terms which will have odd e�ects (such as

beam-de
ection) as 
 does. Since the even pertur-

bation terms produce an even e�ect such as spatial

broadening and play a negligible role on the process of

the self-de
ection,[26;27] they are omitted in our anal-

ysis in the paper.

The sign of Ep or Êp depends on the charac-

teristics of the crystal and the polarization of the

light. Since all the observations[7] indicate a nega-

tive perturbation in the index for LiNbO3, Ep or Êp

is always negative for LiNbO3. Some photovoltaic

materials (such as BaTiO3), however, possess pho-

tovoltaic constants that change sign during polariza-

tion rotation.[30] This change results in an equivalent

change of sign in the refractive-index perturbation and

means that whether Ep or Êp is positive or negative

depends on the polarization of the light.[7] Therefore,

either a positive or a negative sign of Ep or Êp is pos-

sible for BaTiO3.

The characteristics of the self-de
ection of the

bright soliton depend strongly on the signs of 
1 and


2.
[27] The sign of 
1 is determined by the sign of Êp

and the con�guration of the crystal circuit, and the

sign of 
2 is determined by the sign of Ep. As de-

scribed above, there are four approaches to obtain a

bright{dark soliton pair in an unbiased series PR crys-

tal circuit, and the signs of Ep and the con�guration

of the circuit are di�erent for di�erent approach; as a

result, the signs of 
1 and 
2 are di�erent for di�erent

approach and they are summarized in Table 1.

Table 1. The signs of 

1
and 


2
for di�erent approaches.

Approaches 1 2 3 4

Conditions
Ep > gjÊpj;

Êp < 0; ""

Ep > 0;

Êp < 0; "#

Ep < 0; Êp < 0

jEpj < gjÊpj; "#

Ep = 0;

Êp < 0; "#

E0 E0 = gÊp < 0 E0 = �gÊp > 0 E0 = �gÊp > 0 E0 = �gÊp > 0

Crystals
P : BaTiO3

P̂ : LiNbO3

P : BaTiO3

P̂ : LiNbO3

P : BaTiO3

P̂ : LiNbO3

P : SBN

P̂ : LiNbO3

Signs of 

1
and 


2


1
< 0; 


2
> 0 


1
> 0; 


2
> 0 


1
> 0; 


2
< 0 


1
> 0; 


2
= 0

Ep/V� m�1 2� 106 1:5� 106 �5� 104 0

Êp/V� m�1 �1:2� 106 �8� 105 �5� 105 �105


 0.204 0.204 0.204 0.56

�/m�V�1 3.16�10�4 3.16�10�4 3.16�10�4 8.82�10�4

�/m�V�1 1.86�10�9 1.86�10�9 1.86�10�9 3.04�10�8

� 632 474 {15.8 0

In Eqs.(6) and (13), G, �, 
1 and 
2 depend

on parameter g; as a result, they depend on Î1 or

�̂ = Î1=Îd. By use of Eq.(3), G, �, 
1 and 
2 can be

expressed as

G = �

�
Ep � �̂

2 + �̂
Êp

�
; (14)

� = � �̂

2 + �̂
�Êp; (15)


1 = � �̂

2 + �̂
��Êp

�
Ep � �̂

2 + �̂
Êp

�
; (16)


2 = ��Ep

�
Ep � �̂

2 + �̂
Êp

�
; (17)

where the signs + and � correspond to the con�gura-

tions "" and "#, respectively.

3. Numerical results

In this paper, we always take �0=0.5�m,

x0=40�m and T=300K. Because Êp is always neg-

ative for every approach, we choose LiNbO3 as the

crystal P̂ . For approaches 1 to 3, we choose BaTiO3

as the crystal P with the following parameter values:

ne=2.365, 
33 = 80 � 10�12m/V, NA = 1017 cm�3,

"r=135. For approach 4, we choose SBN (strontium

barium niobate) as the crystal P with the following

parameter values: 
33 = 237 � 10�12m/V, ne=2.33,

NA = 4� 1016 cm�3, "r=880, Ep=0. The chosen val-

ues of Ep and Êp as well as the corresponding calcu-

lated values of �, 
, � and � are listed in Table 1.
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Dynamical evolutions of the bright and dark

solitons in a bright{dark pair were investigated in

Ref.[22]. In this paper, we are only concerned with

how the variation of the input intensity of the dark

soliton a�ects the self-de
ection of the bright soliton;

as a result, we only investigate the dynamical self-

de
ection evolution of the bright soliton when the dif-

fusion term and the higher-order space charge �elds

are taken into account. We give one example for each

approach. If a bright soliton is incident upon the crys-

tal P , its dynamical evolution can be obtained by nu-

merically solving Eq.(13) when the values of r, �̂, �,

�, 
, 
1 and 
2 are given. If we assume r=10 and

�̂=10, and take the values of � and 
 from Table 1,

as well as the calculated values of �, 
1 and 
2 from

Eqs.(15){(17) with the values of �, �, Ep and Êp from

Table 1, we have the following results: (1) approach

1, �=632, � = �316, 
=0.204, 
1 = �0:5895, and

2=1.179; (2) approach 2, �=474, �=211, 
=0.204,


1=0.851, and 
2=1.92; (3) approach 3, � = �15:8,
�=131, 
=0.204, 
1=0.09, and 
2 = �0:011; and

(4) approach 4, �=0, �=73.5, 
=0.57, 
1=0.186, and


2=0. The input bright soliton for each approach is

Uj =
p
10yj(s) (j=1,2,3,4), in which yj(s) can be ob-

tained from Eq.(6) with r=10 and G = �+�, that is,

(1) G=316; (2) G=685; (3) G=115; and (4) G=73.5.

The dynamical evolution of Uj (j=1,2,3,4) is shown

in Fig.2. The corresponding spatial shift of the beam

centre (denoted by �s) of Uj (j=1,2,3,4) as a func-

tion of � is shown in Fig.3 (solid curves a{d). From

Figs 2 and 3 we can see that the bright soliton ex-

periences approximately adiabatic self-de
ection and

moves approximately on a parabolic trajectory for

each approach; however, sometimes it bends left and

sometimes right (bending left or right means the de-


ection of the soliton bending in the same direction as

the crystal's c-axis or in an opposite direction). Like a

bright solitons in a single biased PV-PR crystal, bend-

ing right or left depends on the sign and strength of

the two photovoltaic �elds and the incident optical in-

tensity of the bright soliton.[27] For approach 4, the

crystal P is non-PV-PR; therefore, the bright soli-

ton is a screening soliton[4] and then can only bend

right.[25�27] For approaches 1 and 2, because the crys-

tal P is PV-PR and Ep > 0, the bright soliton is a

screening-photorefractive soliton[6] and then can bend

both right and left, however, whether it bends right

or left depends on the incident intensity of the bright

soliton.[27] Furthermore, for approach 3, although the

crystal P is PV-PR and then the bright soliton is

a screening-photorefractive soliton, the bright soliton

can only bend right because Ep < 0.[27]

Fig.2. The dynamical evolution of a bright soliton in crystal P for each approach. (a){(d)

correspond to approaches 1 to 4, respectively.
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Fig.3. The spatial shifts of the beam centre of a bright

soliton as a function of � in crystal P for each approach cor-

responding to the results shown in Fig.2. The solid curves

are obtained using the numerical method and the dashed

curves are obtained using the perturbative procedure.

We then investigate the e�ects of the input inten-

sity of the dark soliton on the � dependence of �s.

To do so, we take four values of �̂ as 1,10,100, and

1000 for each approach. The corresponding values of

G, �, �, 
, 
1, and 
2 are listed in Table 2 for all

the four approaches. Thus we have four bright{dark

soliton pairs in which the four bright solitons have the

same value of the normalized peak input intensity, i.e.,

r=10; whereas the four dark solitons have the value of

�̂ as 1,10,100, and 1000, respectively. Figure 4 gives

the � dependence of �s for di�erent values of �̂ for all

the four approaches. Each curve in Fig.4, its corre-

sponding parameter values being listed in Table 2, is

obtained by numerically solving Eq.(13) with a bright

solitary state as the input beam pro�le that is ob-

tained from Eq.(6) with a set of values of r and G.

Here r is always set at r=10, but G takes di�erent

value for di�erent case, as listed in Table 2. These

results show that, for a given value of �, such as �=1,

�s is a nonlinear function of �̂.

Fig.4. The spatial shifts, �s, of the beam centres of the four bright solitons in crystal P .

(a){(d) correspond to approaches 1 to 4, respectively.

Table 2. The parameter values used for Fig.4.

Approach 1 Approach 2

�̂ G � � 
 

1



2

�̂ G � � 
 

1



2

1 506 632 {126 0.204 {0.377 1.886 1 558 474 84 0.204 0.278 1.56

10 316 632 {316 0.204 {0.589 1.18 10 685 474 211 0.204 0.85 1.92

100 260 632 {372 0.204 {0.57 0.971 100 722 474 248 0.204 1.056 2.02

1000 253 632 {379 0.204 {0.566 0.946 1000 726 474 252 0.204 1.081 2.03
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Table 2. (Continued)

Approach 3 Approach 4

�̂ G � � 
 

1



2

�̂ G � � 
 

1



2

1 37.9 {15.8 52.7 0.204 0.0115 {0.0034 1 29.4 0 29.4 0.57 0.03 0

10 115.2 {15.8 131 0.204 0.09 {0.011 10 73.5 0 73.5 0.57 0.186 0

100 139.2 {15.8 155 0.204 0.127 {0.013 100 86.5 0 86.5 0.57 0.258 0

1000 142 {15.8 157.8 0.204 0.132 {0.0132 1000 88.1 0 88.1 0.57 0.267 0

4. Perturbative procedure

Although from Fig.4 we can see that for a given

value of �, �s is an increasing or decreasing function

of �̂, it is diÆcult to obtain a comprehensive image by

use of the numerical method. Therefore, we will use a

perturbative procedure to derive an approximate an-

alytical expression for �s varying with �̂, from which

we can obtain more comprehensive information than

that from the numerical results. The perturbative pro-

cedures were previously employed within the context

of nonlinear �bre optics[31;32] and have been used to in-

vestigate the self-de
ection process of bright screening

solitons with[26] and without[25] higher-order terms,

as well as the bright screening-photovoltaic solitons

with[27] and without[6] higher-order terms.

The solution of Eq.(13) is obtained as the follow-

ing ansatz:[6;25�27]

U =r1=2y[s+ u(�)]

� expfi[�� + !(�)(s+ u(�)) + �(�)]g; (18)

where U = r1=2y(s)exp(i��) is the steady-state bright

soliton of Eq.(13) with 
=0 and 
i=0 (i=1,2). In

Eq.(18), u(�) represents a shift of the position of the

beam centre, !(�) is associated with the angle between

the central wavevector of this beam and the propaga-

tion axis �, and �(�) is a phase factor which is allowed

to vary during propagation. The equations of motion

of these real variables can be obtained by substitut-

ing Eq.(18) into the two complex conservation laws of

Eq.(13) and have the following forms:[27]

du(�)=d� = �!(�);

d�(�)=d� = !2(�)=2;

d!(�)=d� = 4(� + �)[
K(r) + 
1K1(r)� 
2K2(r)];

where the dimensionless functions K(r), K1(r) and

K2(r) are given by

K(r) =

+1Z
�1

ds
2y2(s)

1 + ry2(s)
� fy2(s)ln(1 + r)

� ln[1 + ry2(s)]g
� +1Z
�1

dsy2(s)

��1
; (19)

K1(r) =

+1Z
�1

ds
2y2(s)

[1 + ry2(s)]3
� fy2(s)ln(1 + r)

� ln[1 + ry2(s)]g
� +1Z
�1

dsy2(s)

��1
; (20)

K2(r) =

+1Z
�1

ds
2ry4(s)

[1 + ry2(s)]3
� fy2(s)ln(1 + r)

� ln[1 + ry2(s)]g
� +1Z
�1

dsy2(s)

��1
: (21)

The values of K(r), K1(r) and K2(r) are always neg-

ative and tend to be zero when r tends to be zero or

in�nity.[27] Although K(r), K1(r) and K2(r) mainly

rely on r and are insensitive to G = � + � (hence

to �̂),[27] it is necessary to depict the behaviour as

a function of �̂ for K(r), K1(r) and K2(r) as shown

in Fig.5, for the main aim of this paper is to inves-

tigate the �̂ dependence of �s at �=1. The results

show that, compared with the wide variation range of

�̂, i.e., �̂ 2 [0:01; 1000], the variation in the values of

K(r), K1(r) or K2(r) is quite small. For approach 3,

the range of �̂ is limited, i.e., it cannot be taken too

small or else the conditions necessary for a bright{

dark soliton pair will not be satis�ed. In other words,

the value of �̂ must be taken large enough so that the

value of g can ensure gjÊpj > jEpj.
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Fig.5. The dependence of K(r), K1(r) and K2(r) on

�̂ for all the four approaches with r=10 and the val-

ues of Ep, Êp, and � being taken from Table 1. (a)

K(r)-�̂; (b) K1(r)-�̂; and (c) K2(r)-�̂.

Because the spatial shifts �s(�) = �u(�) and u(�)
can then be directly integrated,[27] we can obtain

�s(�) = 2G[
K(r) + 
1K1(r)� 
2K2(r)]�
2: (22)

By use of this equation, we recalculate the � depen-

dence of �s with the parameter values the same as

those solid curves shown in Fig.3, from which we

can see that the results obtained from the analytical

method are in good agreement with those obtained

from the numerical methods.

We assume that the normalized length of crystal

P is �=1, thus �s0 � �s(� = 1) denotes the spatial

shift of the beam centre of the bright soliton at the

output surface of crystal P . In fact, �s0 denotes the

amount of de
ection when a bright solitary beam is

incident on the crystal, and an expression for �s0 as

a function of �̂ can then be derived from Eqs.(14){(17)

and (22) as follows:

�s0 =2�

�
Ep � �̂

2 + �̂
Êp

�

�
�

K(r)� �̂

2 + �̂
��Êp

�
Ep � �̂

2 + �̂
Êp

�
K1(r)

� ��Ep

�
Ep � �̂

2 + �̂
Êp

�
K2(r)

�
; (23)

where the signs + and � correspond to the con�gu-

rations "" and "#, respectively. Obviously, �s0 is a

nonlinear function of �̂. Although all of the values

of K(r), K1(r), K2(r) are negative, either a positive

or a negative sign of �s0 is possible because either a

positive or a negative sign of Ep is possible. This fact

means that when a bright solitary beam is incident

upon crystal P with its propagation direction normal

to the direction of the c-axis of the crystal, the output

beam can bend both in the same direction as and in

the direction opposite to the c-axis, and which direc-

tion it will bend to depends on the values of r and

�̂, the sign and strength of Ep and Êp, as well as the

con�gurations "" and "#.
Figure 6 gives the �̂ dependence of �s0 calculated

from Eq.(23) as well as Eqs.(19){(21) under di�erent

values of r, i.e., r=1,10, and 100 for all the four ap-

proaches. The results in Fig.6 show that �s0 is a

nonlinear function of �̂. When �̂ increases from its ini-

tial to the �nal value, for approach 1 with r=100 and

approach 2 with r=10, the bright solitary beam scans

toward the same direction as the crystal's c-axis, while

in the other cases toward the direction opposite to the

crystal's c-axis. For all the four approaches, when

�̂ is weak or strong enough, �s0 is kept unchanged

with increasing �̂, whereas �s0 increases or decreases

monotonically with �̂ in the middle range of �̂. If we

de�ne Æs = j�s0(�̂ ! 0) � �s0(�̂ ! 1)j as the de-


ection range of the bright solitary beam, from Fig.6

we can see that Æs depends strongly on r in each ap-

proach. Taking approach 1 as an example, from Fig.6

(a) we can see that, Æs(r = 10)� Æs(r = 100). These

results indicate that under some conditions varying �̂

can adjust the value of �s0 in a wide range, but under

the other conditions only in a narrow range. Whether

the de
ection range is wide or narrow depends on the

value of r, the sign and strength of Ep and Êp as well

as the con�gurations "" and "#. For a given approach,

the value of r is a crucial factor. Taking approach 2

as an example, if we want a large de
ection range, we

should take r=1 whereas we should take r=100 if we

want a small one.
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Fig.6. The dependence of �s0 on �̂ with r=1,10, and 100 for all the four approaches. The values of

Ep, Êp, � and � are taken from Table 1. Here (a){(d) correspond to approaches 1 to 4, respectively.

Figure 7 gives the r dependence of Æs for all the

four approaches by solving Eq.(23) and Eqs.(19){(21),

as well as Æs = j�s0(�̂ = �̂0)��s0(�̂ = 1000)j in which
�̂0=0.01 for approaches 1, 2 and 4, and �̂0=1 for ap-

proach 3. From Fig.7 we can see that Æs will tend to

zero when r is small or big enough for all the four ap-

proaches; however, in the middle range, the di�erent

approach possesses di�erent characteristic. For ap-

proaches 3 and 4, Æs has only one peak point. When

r=4.92 and 7.1, Æs reaches its maximum value 5.13

and 11.53, respectively. For approaches 1 and 2, Æs

has several peak and valley points. For approach 1,

when r=0.23, 4.92 and 300, Æs reaches its peak values

0.65, 29.9 and 1.71, respectively; when r=0.38 and 76,

Æs reaches its valley values 0.15 and 0.31, respectively.

For approach 2, when r=1.15, 12.2 and 158, Æs reaches

its peak values 16.97, 3.6 and 1.47, respectively; when

r=5 and 44, Æs reaches its valley values 0.48 and 0.02,

respectively. Such a character of Æs varying with r per-

mits us to select the self-de
ection of the bright soliton

to be sensitive or insensitive to the input intensity of

the dark soliton by selecting the value of the input in-

tensity of the bright soliton. Taking approach 2 as an

example, if we want to have a large de
ection range,

we should take r near 1.15, whereas we should take r

near 5 or 44 if we want to have a small range. In fact,

when r=44, Æs comes near zero, indicating that the

de
ection amount of the bright soliton barely varies

with the input intensity of the dark soliton.

Fig.7. The r dependence of Æs. The values of Ep, Êp,

� and � are taken from Table 1. Curves 1{4 correspond

to approaches 1 to 4, respectively.

From Eqs.(22) and (23) we can see that coactions

of K(r), K1(r) and K2(r) cause Æs to have several

peak and valley points for approaches 1 and 2, al-

though there is only one peak point in the curves of

jK(r)j, jK1(r)j and jK2(r)j versus r.[27] However, for
approaches 3 and 4, from Table 1 we can see that, Ep

and Êp are not strong enough; as a result, the abso-

lute values of the higher-order odd perturbation terms

(i.e., 
1 and 
2) will be smaller or much smaller than

that of the �rst-order di�usion term (i.e., 
). Further-

more, the absolute value of K(r) is much larger than
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that of K1(r) or K2(r).
[27] Thereby, the r dependence

of Æs will be mainly determined by 
K(r), other than

by the coactions of 
K(r), 
1K1(r) and 
2K2(r) if Ep

and Êp are not strong enough. Hence, Æs has only

one peak point for approaches 3 and 4. Obviously,

the higher-order space charge �elds play an important

role in the r dependence of Æs when Ep and Êp are

strong enough.

5. Conclusion

In conclusion, we have investigated by both nu-

merical and perturbation methods the self-de
ection

of the bright soliton as a function of the input intensity

of the dark soliton in a separate bright{dark soliton

pair supported by an unbiased series PR crystal circuit

when the e�ects of higher-order space charge �elds are

taken into account. Four possible approaches to re-

alize a bright{dark soliton pair in the crystal circuit

are considered. Numerical and analytical results show

that varying the input intensity of the dark soliton

(�̂) can e�ectively adjust the de
ection amount and

direction of the bright soliton. The de
ection amount

(�s0), de�ned as the value of the spatial shift of the

bright solitary beam centre at the output surface of

the crystal, is a monotonic and nonlinear function of

�̂. When �̂ is weak or strong enough, �s0 is, in fact,

unchanged with �̂, whereas �s0 increases or decreases

monotonically with �̂ in a middle range of �̂. The cor-

responding variation range (Æs) depends strongly on

the value of the input intensity of the bright solitary

beam (r). There are some peak and valley values in

the curve of Æs varying with r for two approaches,

whereas there is only one peak point for the other

two approaches. When �̂ increases, the bright soli-

tary beam can scan toward both the same direction

as and the direction opposite to the crystal's c-axis.

Whether the direction in the same or in the opposite

direction will depend on the value of r, the param-

eter values and con�guration of the crystal circuit.

The di�erent approach possesses di�erent character

in the self-de
ection of the bright soliton as a func-

tion of the input intensity of the dark soliton. A novel

optically controlled beam de
ector or scanner can be

possibly made up based on the principle presented in

this paper. Such a passive device possesses the follow-

ing character, namely, to use di�erent values of the

input intensity of the controlled beam can obtain the

di�erent scanning direction and range.

|||||||||||||||||||||||||||
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