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We have analysed the transport eÆciency of an atomic waveguide constructed from a periodic axially magnetized

hollow tube. We took into consideration the quantized motion of the atom inside the magnetic hollow cylinder tube,

which is signi�cant for the transportation of cold atoms. We deduced the quantized motion modes of the atomic waves

in the tube by the approximation of in�nite potential, which is valid for cold atoms and strong magnetization. For the

atomic waveguide with weak magnetization, we have calculated the tunnelling e�ect of the atomic wave. The adiabatic

condition for the motion of cold atoms is discussed. A time orbit potential method for solving the \zero magnetic �eld

problem" is proposed.
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1. Introduction

Atom optics is a blossoming �eld originating from

atomic physics and optical physics.[1] In this �eld, the

atom exhibits a wave-like nature which shares simi-

larity with light waves in conventional optics. With

the rapid development of atom cooling techniques,

the wave aspect of the atom is so prominent that

many new features such as atomic di�raction, inter-

ference and Bose{Einstein condensation (BEC) are

observed.[2�4] As a result, these new properties of

atoms enable the construction of a new type of atom

optical devices. Atomic waveguide is one of such de-

vices which guide the atom along the direction re-

quired from one place to another with trivial loss.

In our previous papers,[5�7] we proposed the model

for atom waveguide using a periodic-magnetized tube

and analysed the transport eÆciency by a classical

method.

For an ultra-cold atom, its wave nature makes

the quantum e�ects (such as quantum tunnelling and

quantum re
ection) important and the classical treat-

ment fails to discuss the behaviour of this kind of

atoms.

In this paper, we employ the quantum theory

to study the properties of quantized motions inside

the magnetic tube, including the modes of the atomic

wavepacket, the tunnelling e�ect of the atoms, and

the in
uence of the change of magnetic �eld directions

on the adiabatic motion of the atom in the magnetic

�eld. Time orbit average potential (TOP) technique[8]

is �rstly used in order to overcome the zero point ef-

fect of the magnetic �eld on the adiabatic motion of

the atoms.

2. The model Hamiltonian for

the periodic magnetized tube

The periodic magnetized tube model, which we

proposed previously, is illustrated in Fig.1. The hollow

cylindrical tube, with an inner radius a and a thick-

ness of magnetic coating t, is magnetized with a period

� along the axial direction of the tube. If the mag-

netization is sinusoidal, that is, M(z) = M0 cos kz, in

which k = 2�=� is the wavenumber of magnetization,

the magnetic �eld inside the tube could be obtained

in the following form:

B� = �B1I1(k�) sin(kz); (1)

Bz = �B1I0(k�) cos(kz); (2)
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where B1 = �0M0[kaK1(ka) � k(a + t)K1(k(a + t))],

in which �0 is the magnetic permeability of free space

and K1 is the second kind of �rst-order modi�ed Bessel

function, and I� is the �rst kind of modi�ed Bessel

function of the order of �.

Fig.1. The hollow tube model of atomic waveguide

with periodic magnetization. The magnetization is si-

nusoidal along the tube axis and � is the period of the

magnetization.

The pro�le of magnetic induction lines in one of

the cross sections is illustrated in Fig.2. So the interac-

tion Hamiltonian between the atom and the magnetic

�eld is

Hm = �� �B: (3)

Assuming that the total spin of the atom is F , we

have the interaction Hamiltonian as follows when the

motion of the atom in the magnetic �eld is adiabatic:

Hm = �BgFMF jBj; (4)

where �B is the Bohr magneton, gF is Lande factor,

and MF is magnetic quantum number. Under the

condition of ka� 1, Eq.(4) becomes

Hm(�; z) =gF�BMF

�0M0

2

�
�
1�

r
a+ t

a
e�kt

�
e�k(a��): (5)

Fig.2. The pro�le of magnetic induction lines at a

cross section.

Once the atom is trapped inside the magnetic

tube, the van der Waals interaction between the wall

and atoms will exhibit e�ects near the wall of the mag-

netic tube. This interaction is the result of the atomic

dipole a�ected by its electrostatic image in the mag-

netic coating and can be described by the following

equation,

Hvdw = � cvdw

(a� �)3
; (6)

where cvdw is expected to be of the order of

1kHz�m3.[9] So the Hamiltonian for the motion of the

atom in the magnetic tube is

Ĥ =
P̂ 2

2M
+Hm +Hvdw: (7)

Here P̂ is the momentum of the atom. We assume that

the atomic motion is adiabatic in the magnetic �eld.

Figure 3 illustrates the magnetic interaction poten-

tial modi�ed by the van der Waals force between the

atom and the wall of the magnetic tube. The depth

of the magnetic interaction potential is reduced as the

van der Waals interaction is attractive near the wall

of the tube in a range of several tens of nanometre.

From Eq.(5), one can �nd that the magnetic �eld ex-

ists just near the wall and reduces exponentially away

from the wall. In order to simplify the calculation, we

make the following approximation to the potential:

V (�) =

8><
>:
0 (� < a��);
V0 (a�� � � < a);

�Vm (� � a);

(8)

where V0 can be de�ned by the peak value of the sum

of Hm and Hvdw, and Vm � V0, � is the width of the

potential. In the following section, we will discuss the

motion of the atom in the potential (8).

Fig.3. The magnetic interaction potential modi�ed

by the van der Waals force between the atom and the

wall of the magnetic tube.

3. The adiabatic motion of the

atom inside the waveguide

Because the potential described by Eq.(8) has a

cylindrical symmetry, it is convenient to describe the
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motion of the atom by the Schr�odinger equation in

cylindrical coordinates and the wavefunction of the

atom takes the following form:

	(�; �; z) = R(�)exp(im�)exp(i�z); (9)

where m is integral due to the natural periodic bound-

ary condition in the azimuthal direction and � is de-

termined by the atomic velocity along z direction. The

radial wavefunction satis�es the following equation:

d2R

d�2
+

1

�

dR

d�

+

�
2M(E � V (�))

�h2
� �2 � m2

�2

�
R = 0: (10)

Using the following substitutions:

Æ1 =
2Ma2

�h2

�
E � �h2�2

2M

�
;

Æ2 =
2Ma2

�h2

�
V0 � E +

�h2�2

2M

�
;

Æ3 =
2Ma2

�h2

�
Vm +E � �h2�2

2M

�
;

Eq.(10) takes diverse forms in di�erent regions of the

potentials de�ned by Eq.(8)

d2R

d�2
+

1

�

dR

d�
+

�
Æ1
a2

� m2

�2

�
R = 0 (� < a��);

d2R

d�2
+

1

�

dR

d�
�
�
Æ2
a2

+
m2

�2

�
R = 0 (a�� � � < a);

d2R

d�2
+

1

�

dR

d�
+

�
Æ3
a2

� m2

�2

�
R = 0 (� � a): (11)

The height of the potential V0 is very important for

atomic motion inside the magnetic tube. We shall dis-

cuss the atomic motion for di�erent V0 in the following

three cases.

3.1. In the case of V0 � �h2=2Ma2

The height of the potential can be treated as in-

�nity and the radial motion of the atom is discrete.

The eigenwavefunction and eigenvalue of the energy

can be determined by the following equations:

Em;n =
�h2

2M

�
�2m;n

a2
+ �2

�
; (12)

	m;n(�; �; z) = AJm

�
�m;n

�

a

�
eim�ei�z ; (13)

where �m;n is the n-th root of Bessel function of m-

order Jm(x)=0 and A is a normalization factor. From

the �rst root �0;1=2.40, the fundamental mode is de-

termined, and we can estimate the corresponding tem-

perature T = 5:76�h2=(2Ma2kB), in which a is the ra-

dius of the tube and M is the mass of the atom. For

example, the temperature about 16 nK corresponds

to the fundamental mode of 87Rb atom in a magnetic

tube with radius a=1�m.

3.2. In the case of E � �h2�2=2M < V0

The atom will be trapped inside the tube in clas-

sical sense, however, it can tunnel out as a result of

the �nite width of the potential �, analogous to the

\leaked out" mode in optical waveguide. In order

to describe the transmission and the re
ection of the

atom wave, we use the following radial wavefunctions:

R(�) =

8>>>>>><
>>>>>>:

H(1)
m

�p
Æ1
�

a

�
+ AH(2)

m

�p
Æ1
�

a

�
(� < a��);

BIm

�p
Æ2
�

a

�
+ CKm

�p
Æ2
�

a

�
(a�� � � < a);

DH(1)
m

�p
Æ3
�

a

�
(� � a);

(14)

where H
(1)
m and H

(2)
m are the �rst and second kinds of Hankel function, and Im and Km are imaginary Bessel

functions. And A, B, C and D can be determined by the continuity conditions of wavefunctions and their

derivatives at the boundaries � = a�� and � = a, so that we obtain the following equations:

AH(2)
m (
p
Æ1(1� x))�BIm(

p
Æ2(1� x))� CKm(

p
Æ2(1� x)) = �H(1)

m (
p
Æ1(1� x));

AH(2)0

m (
p
Æ1(1� x))

p
Æ1=Æ2 �BI0m(

p
Æ2(1� x))� CK0

m(
p
Æ2(1� x)) = �H(1)0

m (
p
Æ1(1� x))

p
Æ1=Æ2;

BIm(
p
Æ2) + CKm(

p
Æ2)�DH(1)

m (
p
Æ3) = 0;

BI0m(
p
Æ2) + CK0

m(
p
Æ2)�DH(1)0

m (
p
Æ3)
p
Æ3=Æ2 = 0; (15)
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where we use the same substitutions as those in de-

riving Eq.(11) and we de�ne x = �=a. From Eq.(15),

A and D can be obtained by Cramer's rule in linear

algebra.[10] Then the transmission coeÆcient T and

the re
ection coeÆcient R can be determined by the

input probability 
ux density ji, re
ection probabil-

ity 
ux density jr and transmission probability 
ux

density jt, which are deduced by following equations:

ji =
�h

m
Im

0
BB@H(1)�

m

�p
Æ1
�

a

�@H(1)
m

�p
Æ1
�

a

�

@�

1
CCA ; (16)

jr =
�h

m
Im

0
BB@A�H(2)�

m

�p
Æ1
�

a

�@AH(2)
m

�p
Æ1
�

a

�

@�

1
CCA ;

(17)

jt =
�h

m
Im

0
BB@D�H(1)�

m

�p
Æ3
�

a

�@DH
(1)
m

�p
Æ3
�

a

�

@�

1
CCA ;

(18)

and R = jr=ji, T = jt=ji. Figure 4 illustrates the vari-

ation of the transmission and re
ection coeÆcients of
87Rb atom versus the transverse energy of the atom

at di�erent potential V0. In the calculation, the pa-

rameters are �=a=0.1 and V0=1, 10, 100�K. It is

clear from the Fig.4 that the tunnelling e�ect of the

atomic wavepacket is more obvious at smaller V0. We

also calculate the transmission and re
ection coeÆ-

cients versus the width � of the potential V0, and �nd

that at narrower widths, the tunnelling e�ect is more

obvious.

Fig.4. The curves of the transmission and re
ection coeÆcients of 87Rb atom versus the

transverse energy of the atom at di�erent potential V0 in the case of E � �h2�2=2M < V0.
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3.3. In the case of E � �h2�2=2M � V0

In this case, the atom cannot be trapped inside

the waveguide. However, there exists re
ection due to

quantum e�ect. We can discuss the transmission and

re
ection by the same method as in Case 2. Figure 5

illustrates the calculation of transmission and re
ec-

tion coeÆcients of 87Rb atom versus the transverse en-

ergy of the atom. As shown in the Fig.5, there exists

many peaks in the curves of transmission and re
ec-

tion coeÆcients, which can be explained by quantum

resonant e�ect.

Fig.5. The transmission and re
ection coeÆcients of 87Rb atom versus the transverse energy

of the atom in the case of E � �h2�2=2M � V0.

4. The adiabatic motion condi-

tion of the atom inside the

magnetic waveguide

In the Section 3, we discussed the quantized mo-

tion of the atoms inside the waveguide. The most im-

portant assumption is that the motion of the atom is

adiabatic. However, the direction of the magnetic �eld

inside the tube varies with the position, and the mag-

netic �eld only exists near the wall. The �eld is ap-

proximately zero near the centre of the tube, which is

the reason that it is called \spin 
ip out" e�ect.[11] The

atom will transit non-adiabatically because of these

factors. In this section, we discuss how to solve the

\zero magnetic �eld" problem and estimate the prob-

ability for non-adiabatic transitions among the di�er-

ent magnetic quantum states due to the directional

variation of the magnetic �eld.
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In order to overcome the \zero magnetic �eld"

problem, a small bias magnetic �eld is needed. But in

our magnetic tube, a �xed small bias magnetic �eld

can only change the position of the \zero magnetic

�eld". So we adopt the time orbit potential technique

by using a rotational bias magnetic �eld (Fig.6). Due

to the screening e�ect, directly applying a bias mag-

netic �eld is impossible. However, the rotational bias

magnetic �eld can be created e�ectively by Raman

technique.[12]

Bbias(x; y; t) = B0 cos
tex +B0 sin
tey; (19)

where B0 is much smaller than the magnetic �eld at

the wall of the tube and 
 is the angular velocity of

the rotating magnetic �eld which satis�es the follow-

ing condition:

!a � 
 � !L: (20)

Here !L is the Lamor frequency and !a is the angular

velocity of the atom. By this rotational bias magnetic

�eld, the average magnetic �eld that the atom \feel"

is

Bav(�; z; �)

=



2�

Z 2�




0

B(t)dt

=
2

�

q
B2
0 +B2(�)� 2B0B(�) sin kz

� E

�
� 4B0B(�) sin kz

B2
0 +B2(�)� 2B0B(�) sin kz

�
; (21)

where E(m) =

Z �

2

0

q
1�m sin2 'd' is the elliptical

function. It is not diÆcult to test that there is no zero

point of Bav.

Fig.6. The time orbit potential technique by using a

rotational bias magnetic �eld.

Now we discuss the non-adiabatic transition

among the di�erent magnetic quantum states due to

the directional variation of the magnetic �eld that the

atom \feel". In order to simplify the problem, here we

only consider the alkali atom with total spin F=1 and

assume the Lande factor gF > 0 so that only MF=1

state corresponding to the local magnetic �eld j "i can
be trapped inside the magnetic �eld. The other two

states, namely j0i and j #i, corresponding to MF=0,

�1 respectively, cannot be trapped.

Assuming that at the initial time t0, the atom is

in state j "i, that is

 (t0) = j "i; (22)

and the Schr�odinger equation describes the evolution

of the atomic wavefunction

j (t)i = exp

�
� i

�h

Z t

t0

Ĥ(t)dt

�
j " (t0)i: (23)

Then at time t, the probability of the atom still in

state j " (t)i is

P =jh" (t)j (t)ij2

=

����h" (t)jexp
�
� i

�h

Z t

t0

Ĥ(t)dt

�
j " (t0)i

����
2

: (24)

We note that j " (t)i is di�erent from j " (t0)i unless
the magnetic �eld is uniform.

We discuss the non-adiabatic transition in the fol-

lowing two cases:

4.1. In the case of near the tube centre

In this case, the magnetic �eld can be described

by Eq.(19). So the three states at time t can be writ-

ten as

j "i =
�
e�i
t

2

1p
2

ei
t

2

�T

; (25)

j0i =
�
�e�i
t

p
2

0
ei
tp
2

�T

; (26)

j #i =
�
e�i
t

2
� 1p

2

ei
t

2

�T

: (27)

Since the distribution of the magnetic �eld near the

centre is independent of its position, we can ignore

the motion of the centre of mass of the atom in the

Hamiltonian,

Ĥ(t) =
�h!Lp
2

0
BB@

0 e�i
t 0

ei
t 0 e�i
t

0 ei
t 0

1
CCA : (28)

From Eqs.(27) and (28), we can calculate the popu-

lation evolution in states j "i, j0i and j #i. Figure 7
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illustrates the population evolution at di�erent rota-

tional frequencies of the bias magnetic �eld. When

the rotational frequency 
 � !L, there is no transi-

tion from j "i to j0i and j #i, the atom will stay in its

initial state j "i. If the rotational frequency 
 � !L,

the atom will transit among the states j "i, j0i and j #i
periodically. So the condition 
 � !L is necessary for

the atomic waveguide.

Fig.7. The population evolution at di�erent rotational frequencies of the bias magnetic �eld near

the centre of the tube. (a), (c), (e) 
 � !L. (b), (d), (f) 
 � !L.

4.2. In the case of near the wall

We can ignore the bias �eld in this case. And the

magnetic �eld takes the following form:

B =�B(a)e�k(a��) cos(kz)ez

�B(a)e�k(a��) sin(kz)e�: (29)

And the three eigenstates related to the local magnetic

�eld are

j "i =
�
e�i� sin2(kz=2) � sin kzp

2
ei� cos2(kz=2)

�T

;

(30)

j0i =
�
sin kzp

2
e�i� � cos kz � sin kzp

2
ei�
�T

; (31)

j #i =
�
e�i� cos2(kz=2)

1p
2
sin kz ei� sin2(kz=2)

�T

:

(32)

So near the wall the states j "i, j0i and j #i depend on

their positions. The Hamiltonian of the atom in the

magnetic �eld can be expressed as

Ĥ =� �h2

2M
r2 + gF�B

� (FxB� cos�+ FyB� sin�+ FzBz): (33)

In the (F 2; Fz) representation, the Hamiltonian has

the following matrix form:
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V̂ = �h!L(�)

0
BBBBB@

� cos kz � 1p
2
e�i� sin kz 0

� 1p
2
ei� sin kz 0 � 1p

2
e�i� sin kz

0 � 1p
2
ei� sin kz cos kz

1
CCCCCA
; (34)

T̂ = � �h2

2M
r2; (35)

where

!L(�) =
gF�BB(a)e

�k(a��)

�h
(36)

is the Lamor frequency.

Now we will change the representation to j "i, j0i and j #i, the transformation matrix is

U =

0
BBBBB@

e�i� sin2(kz=2)
sin kzp

2
e�i� e�i� cos2(kz=2)

� sin kzp
2

� cos kz
1p
2
sin kz

ei� cos2(kz=2) � sin kzp
2

ei� ei� sin2(kz=2)

1
CCCCCA

(37)

and the form of Hamiltonian in j "i, j0i and j #i representation is

V̂ 0 = �h!L(�)

0
BB@

1 0 0

0 0 0

0 0 �1

1
CCA ; (38)

T̂ 0 = UyT̂U: (39)

The kinetic energy function can be expanded as[13]

T̂ 0 = T̂ +
1

2M
(p̂ � Â+ Â � p̂) + 1

2M
Â � Â; (40)

where p̂ is the momentum operator �i�hr and Â = �i�hU+(rU).
So in j "i, j0i and j #i representation the Hamiltonian describing the atomic motion near the wall can be

expressed as

Ĥ 0 =

0
BBBBB@

� �h

2M
r2 + �h!L(�) 0 0

0 � �h2

2M
r2 0

0 0 � �h2

2M
r2 � �h!L(�)

1
CCCCCA

+
1

2M
(p̂ � Â+ Â � p̂) + 1

2M
Â � Â: (41)

The �rst term is the Hamiltonian for adiabatic

motion, and the non-adiabatic transitions among j "i,
j0i and j #i are the results of the last two terms,

which we named non-adiabatic Hamiltonian. The

non-adiabatic Hamiltonian is related to the momen-

tum of the atom. This is because the momentum

is small for the cold atom. We estimate the non-

adiabatic transition by method of perturbative analy-

sis, and the probabilities for the non-adiabatic transi-

tion can be estimated by the following equations:

P"!0(t) =
1

�h2
jh0; '0(r)jH 0

1j "; '"(r)ij2
sin2(!Lt=2)

(!L=2)2
;

(42)

P"!#(t) =
1

�h2
jh#; '#(r)jH 0

1j "; '"(r)ij2
sin2(!Lt)

!2L
;

(43)
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where '"(r), '0(r) and '#(r) are the wavefunctions

describing the atomic motion, and we use the average

value of !L near the wall for estimation. For exam-

ple, if the wavefunction describing the atomic motion

is ' � exp(im�zz=�h), we can obtain the probabilities

in the following form:

P"!0(t) =
1

�h2

����i �hk�zp
2

+
17�h2k2

64
p
2M

sin 2kz

����
2
sin2(!Lt=2)

(!L=2)2
;

(44)

P"!#(t) =
1

�h2

�����h
2k2

64M
(11 + 8 cos kz

� 2 cos 2kz � cos 4kz)

����
2
sin2(!Lt)

!2L
: (45)

Finally, we �nd the condition for the adiabatic motion

of the atom to be

k�z � !L; (46)

�hk2

M
� !L: (47)

This means that in order to prevent the non-adiabatic

transition, the motion of the atom should be slow and

the period of the magnetization cannot be too small.

5. Discussion and Conclusion

In this paper we have discussed the quan-

tized motion of the cold atom inside the mag-

netic atom waveguide we proposed before. We

discussed in detail the motion of the atomic

wavepacket, including the mode, quantum tunnelling

e�ect, and probability for the non-adiabatic tran-

sition. These discussions are essential for the es-

timation of the atomic transport eÆciency and

will shed light on the design of the atomic wave-

guide devices.
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