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The evaluation of the applicability of a retrospective multi-time-level scheme (RT scheme) is carried out on the

basis of comparison with the common leapfrog scheme (LF scheme) and its derivatives, and modified BOTT’s positive-

definite schemes used in atmospheric models. Two rational flow field tests confirm that at least the BOTT scheme

tested may be applied, but apparently the best results are obtained by the RT scheme. The results of wavelet analysis

show that the RT scheme can better extract the useful information from the initial fields, i.e. to memorize many main

initial characteristics, such as periods, thus offering a new approach to the short-term climate numerical prediction.
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1. Introduction

An important domain of numerical analysis is the
solution of the linear pure advection equation, which
describes the transport of particular quantities in a
given field, and plays a major role in the numeri-
cal modelling of atmospheric processes and other geo-
physical phenomena. Because this problem is linear,
the hyperbolic property and initial condition disconti-
nuities and other non-smooth features are retained, !
which imposes serious numerical computational prob-
lems such as the creation of numerical diffusion and/or
dispersive waves (dispersion). Most existing numeri-
cal approximations tend to smear and smooth such
discontinuous features, therefore an important task
faced is to reduce or eliminate the numerical disper-
sion problem while keeping computational economy
in numerical calculation and analysis. In applications
such as in atmospheric or water pollution models, the
advection plays a major role in mass transport. The
search for an efficient scheme has been an important

and active topic in the domain of numerical compu-
tation. Numerous articles on this subject have been

2l and Feng et all34

published; for example, James,
Liu et alB put forward a lattice Boltzmann method
for two-dimensional (2D) convection. Cao et all® dis-
cussed the conditions of stability and convergence of
the six-point weighted difference scheme for the gen-
eralized nonlinear Schrodinger equation. In terms of
statistical physics, a fluid such as air is a many-body
system; it has a vast amount of degrees of freedom
and thus obeys the second law of thermodynamics.
Liu et al[™® made a notable improvement in prognos-
tic outputs by reconstructing the terms of horizon-
tal diffusion in a nested grid version of PSU/NCAR’s
mesoscale model (MM5) according to the principles of
the second law of thermodynamics; besides, the com-
putational noise was effectively and significantly sup-
pressed since the physical dissipative technique in the
reconstruction was based on the physical law rather
than on the computational method such as the artifi-
cial viscosity.
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A wide range of numerical schemes has been de-
veloped to solve nonlinear differential equations.[:1%!
In addition to the well-known schemes based on dif-
ference approximation, new methods have been de-
veloped over the past decade. These methods en-
able the solution of specific problems in hydrody-
namics, aerodynamics, and astronomy as they pro-
vide an accurate description of discontinuous solu-
tions. In past decades, a large variety of different
methods has been developed for the numerical solu-
tion of the transport equation in atmospheric models,
such as the Crowley conservative advection scheme, "]
which was popular in the domain of numerical com-
putation because of its second-order accuracy in both
space and time and its storage requirement of only one
time-level,'?l and the common leapfrog scheme (LF
scheme) and its derivatives, the non-positive-definite
numerical scheme was completed by the flux trans-
port limiter as formulated by BOTT, hereafter BOTT
schemes!'3~16] and so on. However, many of these
advection schemes show different disadvantages, and
sometimes produce large computational errors. For
instance, the upstream method on the one hand is
known to be very diffusivel'3] and on the other hand,
multi-time values before the initial time are required
in solving the ordinary differential equation with lin-
ear multi-step method; and these values are still com-
puted from the given initial value by using one of
above-mentioned schemes. That is to say, the one
initial value principle is invariably abided in numer-
ical computation. Namely, the numerical integration
uses only one time-level initial value of past obser-
vational data. The retrospective multi-time-level in-
tegral scheme (RT scheme), which we have proposed
and discussed in detail,'7=2% has overcome the above-
mentioned defects.

Based on the atmospheric self-memorization prin-
ciple, the RT scheme has been adopted in MMS5, the
concrete expression of model is derived, and called the
self-memory MM5 model (hereafter SMM5), for the
purpose to apply the scheme to MM5 and to validate
the efficiency of the scheme, and the experimental re-
sults have been compared with those of kernel model
MM5. The comparison showed that because of ex-
tracting the information of several time-level history
fields, SMM5 improved the prediction accuracy. As to
the rainfall field, both the areas and intensities of pre-

cipitation in SMM5 were more similar to the observed
field than those in MM5.121]

This paper presents the accuracy and computa-
tional efficiency of the RT scheme in comparison with
the several common difference schemes used in mete-
orological models to investigate and evaluate its per-
formance. The relations between the computational
time consumption and their accuracy determine the
efficiency of the schemes which is expressed in com-
monly defined norms and other skills such as correla-
tion coeflicients, rates of same sign. Two commonly
used simple rotational flow-field tests are applied to
compare the schemes in this paper. The LF2, LF2C
and BOTT schemes are referred to Ref.[22], and the
RT scheme to Ref.[17], respectively.

(1) LF2 — the common leapfrog scheme of the
second order (centred in time and in space) completed
by an Asselin filter 8¢ = (1 — 2y)a’ +y(a!Tt + g1,
where the upper index denotes the time-level and the
The filter
parameter v was set to 0.10 in the calculations.

(2) LF2C — the same method as in (1) com-
pleted by the flux transport limiter derived by

variable 3 denotes the smoothed values.

Smolarkiewicz. 23]

(3) BOTT — a modification of the original
BOTT’s positive-definite scheme with polynomial ap-
proximation to the fourth order.['3] The original ver-
sion appeared slightly unstable in the deformational
flow-field test integrated for a long time interval.
The scheme was later modified by Bott!'4=16 and
Easter.?4 In our tests, we used another simple mod-
ification of the original scheme, which uses Easter’s
equations?¥ for calculation of Cit1 /2[13],

At At
Cit1/2 = Eui+1/2 1+ 0-55(%“/2 - uifl/Z) )

where At, Ax, u and ¢ represent time increment, grid
step, advection velocity and grid-point index, respec-
tively. This modification is very simple and improves
the results of the deformational flow-field test integra-
tion for a long time interval.

(4) RT — a new multi-time-level scheme includ-
ing the past observational data, which has both the
integration and filtering functions. This is a very sim-
ple method and improves the results of the numerical
regional climate model integrated for a long-term, due
to its better memory of initial field information.
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2. Numerical tests

We need to define an error between the predicted
and actual trajectories of a system so as to measure
the accuracy of the prediction model within the range
of locality assumption. The correlation coefficients
(CRr) between predicted and actual/ ideal fields, and
the rate of same sign (R) are adopted in this paper,

L
Z(Iz‘ - Z)(yi — 7)

Cr = . (D)

1= =

B ST
N ! Ni=1 !

R= ZT" x 100%. (2)

If the sign of predicted value coincides with that of
the ideal value, n;=1, otherwise n;=0. N is the total
number of grid points in the space.

The tests were performed in a square domain with

an equidistant grid step in both directions. Their
norms were used as a measure of accuracy,
lelloo =, max e,
;X
lell = 575 3 leisl
i,j=1
1 N , 0.5
lelo= (> ¢2,) 3)
i,j=1

Similar to Ref.[21], the numerical tests were used to
compare the accuracy and computational efficiency of
the schemes. In this paper, the efficiency is deter-
mined by evaluating the computational time required
by a scheme to reach a prescribed accuracy, which de-
pends on the computational platform used, construc-
tion and optimization of the code, and on the test
formulations. Our tests were performed on a personal
computer (PC) with a single central processing unit
(CPU) (Pentium Pro 933 MHz), the program codes
were programmed without special optimization and

single precisions was used in numerical computation.

2.1. Rotational flow-field test for the initial sine
waves
A rotational flow-field test of initial sine waves
serves as a comparison of the accuracy and computa-
tional efficiency of the schemes. The linear advection
equation is written as

ou ou ou
@JFC%JFC(‘T@/ =0,

1<a<1, 1<y<l, (4)

and its analytic solution takes the form

2
u(z,y,t) = Asin T—ﬂ(a: +y) +2Ct|, (5)
p

where z; = Az, y; = jAy, Az = Ay = 0.01;
t; = 0.017; C=1.0, and T}, is the period of the ini-
tial sine wave.

Obviously, Eq.(5) is composed of sine and cosine.
If x, y are given, u varies with time ¢. The series of
the first 50 time-steps generated by Eq.(5) were taken
as a dependent sample, i.e. a real time series, and
the memory coefficients of the RT scheme were ob-
tained from the real time series which served as the
initial fields. The time-step was At=0.1Ax=0.001 in
the LF2, LF2C and BOTT schemes so as to satisfy

the conditional stability under the initial condition
2
u(z,y,tg) = Asin T—W(ac +y) + 2Cto |, to=0.49, how-

ever, the time-step iri3 the RT scheme was 0.01, which
was ten times that in the other schemes. In the numer-
ical experiments, the computational domain was cov-
ered by N x N grid points, and the numerical solutions
of Eq.(4) were obtained using the respective above-
mentioned schemes. In order to evaluate the schemes’
applicability, the ideal field was obtained from Eq.(5),
and the variable curves for C'g, R and three error
norms from t=0 to t=1.0 were calculated according
to formulae defined by Eqgs.(1)—(3). The main results
obtained in the first test for V=21 are given in Fig.1.

With increasing integration time the correlation
coefficient C'r for the RT scheme decreases slowly from
0.82 at t=0 to 0.24 at t=1.0 (see Fig.1 (a)). The Cg
curve for the BOTT scheme increases from 0.42 to the
maximum 0.50 in the integration interval [0.0, 0.20],
then drops slowly to —0.35 at ¢=1.0. The variation
tendency of the curve for the LF2C scheme is oppo-
site to that of the BOTT, it drops slowly from 0.24
at t=0.0 to the minimum -0.18 at ¢=0.60, then in-
creases slowly up to 0.004 at the end of integration
t=1.0. The Cpg for the LF2 scheme is the same as
that for the RT scheme at the beginning, but drops
rapidly to the minimum —0.60 at the end of integra-
tion t=1.0. A very interesting thing is that the Cg
for the BOTT, and LF2 intersect with that of LF2C
scheme at t ~ 0.70 when their values are about —0.10,
then the curve for the LF2C scheme slowly rises, while
the others continue to drop. The difference between
BOTT and LF2 schemes is that the down slopes of
correlation coefficient curve for the former is smaller
than that for the latter.
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Figure 1(b) shows the variation of the rate of same
sign between predicted and ideal fields for the four
schemes, and all of them show obviously the character-
istic oscillation phenomenon. At t=1.0, the accuracy
of the RT, BOTT, LF2C and LF2 schemes is 65%,
45%, 45% and 25%, respectively. Without doubt, the
RT scheme is most accurate, while the worst is the LF2
scheme. The close resemblance of the results of the
LF2C and BOTT schemes is a general feature. Their
curves are relatively close, and nearly overlap in the
time interval [0.68, 1.00]. Figure 1(c) shows that the
greatest error norm of the RT scheme constantly main-
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tains the value of about 1.0, but increases sharply from
1.0 to 1.74 in the last 50 time steps from ¢=0.50 to
t=1.0. The greatest error curve of the BOTT scheme
shows a variable tendency of three obvious different
sections in the integration interval: it maintains the
values of about 1.25 in the interval [0.001,0.450], and
increases from 1.25 to 1.85 rapidly in [0.450,0.650],
then oscillates around 1.85 in [0.650,1.00]. The vari-
ation tendencies of the LF2C and LF2 schemes are
similar to the BOTT scheme, but the greatest error of
the former increases faster than the latter.
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Fig.1. Temporal variations of prediction skills (correlation coefficients (a), and rates of same sign

(b)), and errors expressed in || ® ||co (c), and || @ ||1 (d) norms in the first test, their initial field being
given by Eq.(5). The time increment is 0.01 for the RT scheme, and 0.001 for the others. —l— RT,

— +— BOTT, —e— LF2C, —A— LF2.

The temporal evolution of the minimum errors
|| 1 (Fig.1(d)) is similar to that of the root-mean-
square errors || e]|2 (figure omitted) defined by Eq.(3).
The minimum error of the LF2 scheme increases
most rapidly, and finally stays at about 0.85. For a
short-term integration, the || @ ||; and || @ || norms
of the LF2C scheme are larger than those of the

BOTT scheme, and according to the norm definitions,
the BOTT scheme has an advantage over the LF2C
scheme; but for a long-term integration, the || o |
norm of the former continues rising, while that of the
latter starts dropping.

The results obtained from the first test for N=21

are summarized in Table 1.
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Table 1. Results of the first rational field test for N=21 with the four schemes.
Scheme | At Unin®~ Umax  Cr  pc R pr  [ollc P llelli  p1 lellz  p2 te/s
RT 0.010 0 8.18 1.00 1 1.00 1 7.18 1 0.60 1 0.67 1 5.11
LF2 0.001 0 6.43 0.04 4 0.93 3 8.19 4 0.79 4 0.89 4 0.36
LF2C 0.001  -0.02 6.08 0.44 3 0.90 4 8.17 3 0.67 3 0.76 2 0.39
BOTT 0.001  -0.47 5.83 0.84 2 0.99 2 7.86 2 0.71 2 0.83 3 1.03

Table 1 contains the time step (At), minimum
(Umin) and maximum (Upax) values, errors expressed
in the norms (|| @ ||, || ®|]1 and || @ ||2) and the time
consumption (¢.) of the integration. The columns p,
PR, Poos P1 and ps denote the relative performance of
the scheme in the corresponding prediction skills and

€ITor norms.

Generally, the smallest errors were obtained by
the RT scheme. For the retrospective order p > 3, the
RT scheme provided the smallest error in all norms
and the greatest correlation coefficients and rate of
same sign, and its preference increases with p. This
may be attributed to its filtering function in compar-
ison with the other schemes. The second best results
were obtained by the BOTT scheme, which uses the
high polynomial approximation. The LF2 and LF2C
schemes were the worst, which is due to their smaller
diffusion and greater dispersion in comparison with
the RT scheme.

Spool?? suggested that the test could be applied
in two ways. Short-term integration may be used to
evaluate the accuracy of the schemes. Long-term inte-
gration serves as a strength test of nonlinear instabil-
ity of the scheme because, after a certain integration
time, the analytic solution produces bounded effect on
the given grid.

However, for a long-term integration, e.g. t=500,
we found that the correlation coefficient and same sign
rate between the predicted field obtained by the appli-
cation of the LF2, LF2C, BOTT and RT schemes and
the ideal field yielded by Eq.(5) show a quasi-periodic
wave phenomenon. The relations between the periods

of the initial field and the oscillations of the curves ob-
tained by the RT and LF2 schemes, respectively, are
carefully studied in this paper. In the test, the period
T, of the initial field of Eq.(5) was given as 4, 6, 8,10
and 20, respectively, and the numerical solutions of
Eq.(4) from t=0 to t=500 were obtained by using the
RT and LF2 schemes. And then the analysis period of
the time series of the correlation coefficient defined in
Eq.(1) was obtained by the wavelet analysis method.

The periods of the numerical solutions obtained
by the LF2 scheme have hardly any relation with the
initial fields, because the effect of computational solu-
tion has made the numerical solutions lose the most
of the initial information (see Fig.2).

However, Fig.3 shows that the analysis periods of
the time series obtained by the application of the RT
scheme have a very fine correspondence to those of
the initial fields, which are due to its utilization of the
past initial information. It may be the reason that the
long-term forecast may be made with the RT scheme.

2.2. Rotational flow-field test

The initial flow-field of the second test is one of
exponential type. The analytical solution of Eq.(4)
takes the form

u(x,y,t) = Aexp|B(z + y) + 2Ct], (6)

where z; = Az, y; = jAy, Az = Ay = 0.01,
t, = 0.017, C=1.0, and A, B are constants. In the
second experiment, the main features of the results
obtained by the four schemes are similar to the first
test for N=21, and summarized in Table 2.
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Fig.2. Temporal variations of the correlation coefficients (time series) from t=0 to =500 (corresponding to 500000 time-
steps) obtained by the application of the LF2 scheme, and the corresponding analysis periods of the time series obtained by
the wavelet analysis method. T}, and Tr/> denote the periods of the initial field and the time series, respectively. The abscissa
units of (b), (d), (f), (h), (j) are 1 x 5, and the ordinate represents various analysis periods; the other abscissa (a), (c), (e),
(g), (i) denotes the integration time ¢ and the other ordinate the correlation coefficient. (a) for Tp=4, (b) for T, =12, (c)
for T, =6, (d) for T, =18, (e) for Tp=8, () for T,=70, (g) for Tp=10, (h) for T},=100, (i) for Tp=20, (j) for T},=190.
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Fig.3. As in Fig.2, except obtained by the RT scheme and with the time increment being 0.01,
corresponding to 50000 time steps in the total. (a) for Tp=4, (b) for T)=4, (c) for T,=6, (d) for
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Table 2. Results of the second rational flow-field test for N=21 with the four schemes.

Scheme At Unin =~ Umax Cr  pc R pr el P llelli  p1 el p2  te/s
RT 0.010 -0.09 13.5 0.89 1 0.95 1 7.19 1 1.59 4 2.04 3 3.11
LF2 0.001 -11.9 32.1 0.45 4 0.76 3 8.23 4 1.49 2 2.08 4 0.26
LF2C 0.001 —7.67 21.9 0.41 3 0.79 4 8.25 3 1.49 1 2.03 2 0.31

BOTT 0.001 —6.08 13.3 0.81 2 0.92 2 7.93 2 1.51 3 1.99 1 1.23

1.00 8.40r1
0.80 8.00
0.60 8
& o 7.60
© 0.40 =
0.20 7.20
0.00 P RPN RPN SEPENN PR SRR SEPU SRR S | 680 Lt ot o0 0 18111
0.00 0.20 040 0.60 0.80 1.00 0.00 0.20 040 0.60 0.80 1.00
t t
160 212
2.08
1.56
) =
o o 2.04
152 -
2.00
8 1 1 1 | PR TR TR B PR T | 196
0.00 0.20 040 0.60 0.80 1.00 0.00
t t

Fig.4. Temporal variations of correlation coefficients (a), and errors expressed in ||® || (b), || ®]|1 (c), and ||e||2

(d) norms in the second test, their initial field being given by Eq.(6). The time increment of the RT scheme is
0.01; those of the other schemes are 0.001. —B— RT, —+— BOTT, —e— LF2C, —A— LF2.

The remarkable difference of the two test results is
the values of the grid minimum and maximum, which
are generally used to indicate the influence of the nu-
merical dispersion and diffusion upon the total error.
The grid minimum values of the second experiment are
all negative, and opposite to the analytic values, thus
indicating that the numerical solutions are strongly
divergent, but the absolute grid minimum value ob-
tained by the application of the RT scheme are the
smallest, meaning that the RT scheme has the small-
est diffusion among the four schemes.

Table 2 shows that the corresponding norms, cor-
relation coefficients, same sign rates and greatest er-
rors are the same in comparison with Table 1. The

temporal variation tendencies of the correlation co-
efficient of various schemes are the same too (see
Fig.4(a)). The maximum errors increase rapidly with
time except that for the RT scheme, it maintains con-
stant at 7.20 or so and among them the maximum
error of the LF2 scheme increases fastest (Fig.4(b)).
The temporal variation tendencies of minimal errors
|le]|1 and root-mean-square errors || e ||z are opposite to
the first rotational flow-field test: except for the RT
scheme, which maintains constant at 1.59 and 2.04,
respectively, the minimal errors for other schemes re-
duce rapidly (Fig.4(c)), and the || e ||2 errors oscillate
with time (Fig.4(d)). The predicted fields of the ad-
vection equation obtained by the RT, LF2, LF2C and
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BOTT schemes respectively at the end of the inte-
gration t=1 are given in Fig.5, which shows that the
prediction fields with the RT and BOTT schemes are
rather consistent with the ideal field (REF) at this mo-

ment, and only have some differences in details. But
for the LF2C and LF2 schemes, the prediction fields
have hardly any relation with the ideal field, and un-
fortunately many negative values have appeared.

Fig.5. The analytical solution (REF) and the results of the short-term integration of Eq.(4) in the second
rational flow field test integrated by using the RT, BOTT, LF2C, and LF2 schemes at the time ¢t=1.0,
representing the 1000th time step, for the RT scheme (100th time step).

The resultant numerical solutions of Eq.(4) ob-
tained by using the four schemes at the end of inte-
gration t=500 and the analytic solution are shown in
Fig.6. By comparing the analytic solution with the
numerical solutions obtained by the RT and BOTT

schemes, we see that they differ in details in describ-
ing the main features of the fields. The quantitative
difference expressed in errors suggests that the LF2
and LF2C schemes have a significantly greater diffu-
sion in comparison with the RT and BOTT schemes.
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Fig.6. The analytical solution (REF) and the results of the long-term integration of Eq.(4) in the second
rational flow field test integrated by using the RT, BOTT, LF2C, and LF2 schemes at the time ¢t=500,
representing the 500 000th time step, for the RT scheme (50 000th time step).

3. Conclusion

In order to evaluate the RT scheme’s applicabil-
ity, the LF2, LF2C and BOTT schemes used in at-
mospheric models were selected for comparison, and
two frequently used rational flow-field tests were per-
formed to compare the schemes’ accuracy measured by
the commonly used norms, the predict skills such as
the correlation coefficients, the rate of same sign, and
to compare their computational efficiency expressed
in the time consumption. The two tests show that
the worst results were obtained by the LF2 and LF2C
schemes, and the BOTT scheme provided the better
results due to using the highest polynomial approxi-
mation. Although the number of time steps of the RT
scheme in the integration was ten times those of the

other schemes, it still gave the best results in the nu-
merical tests due to its filtering and integrating func-
tions, and due to its utilization of the past observa-
tional data. It was found from the wavelet analysis
that the periods of the predicted field obtained by the
RT scheme were rather consistent with those of the
initial field, indicating that the RT scheme is able to
memorize the initial information. Unfortunately, the
RT scheme required more computational time than
the other schemes. However, in most cases, it pro-

vided more accurate results.
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