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We investigate the problem of teleportation of an M-qubit state by using an entangled qudit pair as a quan-

tum channel and show that the teleportation of a multiparticle state can correspond to the teleportation of a multi-

dimensional state. We also introduce a quantum-state converter composed of beamsplitter arrays, on/off-detectors and

cross-Kerr couplers and demonstrate that the state conversion from an M-qubit to an N-dimensional qudit and vice

versa can be implemented with this converter, where N = 2M . Based on this, an experimentally feasible scheme for the

teleportation of an M-qubit via an entangled N-level qudit pair channel is proposed.
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1. Introduction

One of the key problems in quantum communica-
tion and quantum computation is how to transmit a
quantum state from one site to another and keep the
received state exactly the same as that sent without
necessitating the movement of an information carrier.
A novel scheme proposed by Bennett et al!! solved the
problem in two steps. Firstly, the sender (Alice) “dis-
assembles” information of a quantum state into two
parts, one of which is sent through a quantum chan-
nel and the other of which is sent through a classical
channel. Secondly, the receiver (Bob) “reconstructs”
the state by information from both quantum and clas-
sical channels. Since in this process a quantum state
to be transmitted is destroyed in one place and recon-
structed in the other, it is termed as teleportation of
a quantum state.

Quantum teleportation is a cornerstone in
the developing course of quantum information and
computation. It is of essential importance for
many fields of quantum information processing,

2]

such as telecomputation,/? telecloning,[® entangle-

ment swapping[‘l’s] and quantum remote control.l[f] A
number of experimentally feasible schemes have been
suggested for the teleportation of two-level atomic
states” 14 and two-dimensional field states.[1>—18]
Recently, teleportation of multiparticle state have
attracted much attention(23=28! for the applications
mentioned above and any further applications of tele-
portation are inevitably involving multiparticle quan-
tum system.[!?) Though teleportation of multiparticle
state is always possible by using multiple quantum
channels, it is usually infeasible and uneconomical.
On the other hand, N-dimensional quantum system
(qudit) have also attracted a considerable research
effort.
investigated in.[2% Several schemes for teleportation
of qudit have been proposed in Refs.[21,22]. In the

present paper we will propose a scheme for teleporta-

Its entanglement and separability have been

tion of an M-qubit state by using an entangled qudit
pair as quantum channel. We will first describe the
scheme mathematically. After that, we will introduce
a quantum-state converter composed of beamsplitter
arrays, on/off-detectors and cross-Kerr couplers and

show how to implement the conversion from an M-
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qubit state to an N-dimensional qudit state and vice
versa with this converter, where N = 2™ . Finally, we
will demonstrate how to complete the teleportation
of an M-qubit via an entangled N-level qudit pair

channel.

2. Convert M-qubit state into N-
level qudit state by an isomor-
phic mapping
Mathematically, teleportation of a multiparticle

state can be corresponded to teleportation of a multi-

dimensional state.l27-29:30] That is, for instance, tele-
portation of the an M-qubit state can be accomplished
as follows. Firstly, the M-qubit state, which spans

a Hilbert space H, of dim(#H,) = 2™, can be con-

verted into another Hilbert space H; spanned by an

N-level system (a qudit) with dim(H;) = N = 2M.

Then, teleportation of the qudit can be completed

with the standard teleportation procedure for an N-

Finally, the state of the qudit

can be reconverted into a Hilbert space H, with

dim(Ha) =

ceiver’s side.

dimensional state.
2M spanned by an M-qubit on the re-

Let us assume that Alice wishes to teleport an
M-qubit state |1)),, to a distant partner Bob, but they
share only an entangled N-level qudit pair [¢) , 5 as
quantum channel (N = 2M) and a classical com-
munication channel. To achieve her aim, Alice has
to convert the M-qubit state into an N-level qudit
state. This can be realized by an isomorphic mapping
Z (Ha, Hsp) from Hilbert space H,, to Hilbert space Hs.
To show this explicitly, suppose the M-qubit to be

teleported are in the product state

M-1
W), =TI (eil0) +5:11). (1)
i=0
It can be rewritten as a superposition state with

N = 2M items by working out the product states in
Eq.(1)

= 3wk, 2)

where |k) = |EM_1 . -E1E0> is the decimal denotation
of the an M-qubit binary state, k and k; satisfy the
relation k = kpr_q - 2M~1 4o 4 ky - 21 + kg - 20; the

coefficient ~; is composed of «; and (; correspond-

ing to k;, = 0 and k; = 1, for i = 0,1,...M — 1,
respectively. For example, if M = 2, then [0) =
|00),]1) = |01),|2) = |10),]3) = |11) and vo = apa,

71 = aoBi,v2 = Poar, v3 = PBofi1. To teleport the
M-qubit state |¢)_ through an entangled N-level qu-
dit pair channel, Alice has to convert the state |¢),
in H, into another state |¢), in an N-dimensional
Hilbert space H; spanned by an N-level qudit sys-
tem. It can be accomplished by an isomorphic map-
ping, i.e., if {|pk)} is a set of orthonormal basis of the
N-dimensional Hilbert space H;, spanned by an N-
level qudit system, then an operation with outcome

Y (w) ~ Py = Z k) ( (3)

which is the representation of an isomorphic mapping
from H, to Hs, acting on the state [¢),

the conversion Alice desires:

will realize

N—-1
1), = Poa [$)0 = Y W k) - (4)
k=0

Note that though the state |¢)_  in Eq.(2) and the
state [1), in Eq.(4) have the same mathematical form,
the physical systems they represent are quite different.
One of them is an M-qubit system and the other is
an N-level qudit system, e.g. an N-level atom or an

(N + 1)-mode single-photon system.
3. Teleportation of an M-qubit
state via an entangled N-level

qudit quantum channel

Now Alice is ready to use the entangled N-level
qudit pair channel to teleport the state |1/), to Bob.

Suppose the channel is

) a5 = 7} S lenlalentss  ©

where both |¢,,) , and |¢,,) 5 are orthonormal basis
of the N-dimensional Hilbert space spanned by an N-
level qudit system. The total state of the system b

and A, B can be written as

N—-1N-1

ZZ%\% | om) s lem)p, (6)

kOmO

|W bAB —

with the system b, A in Alice’s lab and system B in
Bob’s lab. Then, following the original proposal of
Bennett et al,!] a generalized Bell state measurement
is performed on the system b, A by Alice. The eigen-
states of the measurement can be taken as

1 N-1

|‘pnm>bA = \/—N Z e2mjn/N |‘Pj>b “/’j b Qam>,47 (7)
=0
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where the symbol @ denotes addition modulo N. Af-
ter the measurement, the state in Bob’s lab collapses
to the result

V) = vie 2N o @ o) g - (8)

j=0
According to the information of n,m sent by Alice
through a classical communication channel, Bob per-

forms on system B the unitary transformation

2

-1

Upn = Y 2" N 100 (01, @ o] - (9)

ol
Il
o

This transformation bring system B to the original

state of system b
N-1
) =D viles)- (10)
§=0
Finely, an operation
N-1
Pho =D k) (ol (11)
k=0

is acted on the state [¢)) ;. The operation P;a, rep-
resents an isomorphic mapping from Hilbert space H,,
to another Hilbert space H, which is spanned by an
M-qubit in Bob’s lab. Hence the operation P;a, will
convert the state |¢) 5 into the desired M-qubit state

N-1 M-1
e = Y k) = T (@il0)+8i(1).  (12)
k=0 i=0

4. Implementation of M-qubit
teleportation with a quantum

state converter

We thus have seen that the key point of the
above scheme for teleportation of an M-qubit state
through an entangled N-level qudit pair channel is
whether or not the isomorphic mappings H, — Hp
That is,

to complete the teleportation, some physical actions

and Hp — Hy can be realized physically.

which can accomplish the operations P,, and P! o
have to be presented. Unfortunately, it is still a big
challenge for converting quantum states between an
M-qubit and an N-level qudit experimentally with
presently achievable techniques. However, very re-
cently, Clausen et al®! proposed a quantum state
converter composed of beam splitters and cross-Kerr

couplers and show that with this device a state |9},

in H,, which is spanned by the k-photon single-mode
states [k) = (k)72 (a))"|0),, k = 0,1,...,N — 1,
can be converted into a state|t), in H,, which is
spanned by the N-mode single-photon states |¢y) =
bz |0}y, <~ 10),_,- We will hire this device to demon-
strate how to implement the state conversion between
an M-qubit and an N-level qudit and how to com-
plete the teleportation of an M-qubit state through
an N-level qudit quantum channel.

Consider a device M composed of two 2N-port
beamsplitter arrays B, BT and N cross-Kerr couplers

K, which realize the transformations
copte ot
Kk — elnkbkbka a, (13)

where kj are the strengths of the cross-Kerr inter-
actions, bl,bk,aTand a are creation and annihilation
operators in Hilbert spaces Hp and H,, respectively,

as shown in Fig.1.1 The action of the device is

N-1
M = Bt (H KNk> B=vea'a (14)

k=0

where
N—-1
V = Blexp (i > nkblbk> B (15)
k=0

describes a 2IN-port beam splitters arrays acting in H,,

as a unitary operator

Vy = (Pabpga) 1% (PabPJa> - Nz_:lei“kBT o) (x| B.
k=0

(16)
a M
bo
Ko
b1
Ky
Bt B
by
HxvH

Fig.1. Quantum-state converter M, B and B! are two
2(N+1)-port beam splitter arrays and Ko, ..., Ky are

cross-Kerr couplers.
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Combining M with N separate beam splitters Uy,
and choosing the parameters of the beam splitters
and cross-Kerrs properly, Clausen et al have shown
in Ref.[31] that the function of the device can be rep-

resented by a transformation operator

’OCN—I’,(/}) = |<k“ z/">|min Py

] e S ) (K]
k=0

(17)

Y (Ocos - - -

That is, if the outgoing c-modes are detected in vac-
uum states while the outgoing a-mode of device M

is detected in a state |¢), then the combined set-up
oy 1o ... 10

co (o CN a
bo
- <— |1)
b1 U|9_
<l - e O
5 0
. * . M .
by
—4 <o)
Un
(o] (o ——(] )

shown in Fig.2(a) converts a H,-input state of the
a-mode into a Hp-output state of the b-modes. We
have shown in the beginning that an M-qubit prod-
uct state |1), in Eq.(1) can be expressed as a super-
position state of N = 2M items in Eq.(2). It can
be regarded as expressing an M-photon superposition
product state in a Hilbert space H, spanned by the k-
photon single-mode states |k) = (k:!)_l/2 (aT)k 0),,
where £ = 0,1,...,N — 1.

shown in Fig.2(a) can convert it into the state |¢), in

Therefore, the set-up

H,, spanned by N-mode single-photon states |¢g) =

O 10)s, ~ 10)ay
form of the eigenstates of the N-level qudit system.

and the states |pg) are the binary

Ta
bo
2y —Dal
by |
0-1 [ 1 @(Ol
. M
b ] 9@
X o | (Ol
N
co |c1 cN T

o) 10) ... o k)

(®)

Fig.2. Quantum-state converter for (a) realizing the transformation operator Y given in
Eq.(17) and (b) the adjoint YT given in Eq.(18).

In Fig.2(b), the device runs backwards and the

transformation operator becomes

70CN717¢) = |<k| w>|min PJa

N—-1

= [kl )i D k) (o (18)

k=0

Y (1) =Y (0, - -

Now if the incoming a-mode is prepared in the state
|) and the incoming c-modes are prepared in vac-
uum states, while the state |¢o) |0), ---|0),  is mea-
sured by detecting photon presence in the outgoing bg-
channel, then a Hp-input state of the b-modes is con-
verted into a H,-output state of the a-mode. This de-
vice can be used to reconvert the state |¢) 5 in Eq.(10)
into the state |¢)_, in Eq.(12).

Equipped with the quantum state converters de-
scribed above, teleportation of an M-photon prod-
uct state through an entangled single-photon N-mode
state channel can be implemented in an experimen-

tally feasible way. In fact, a simple set-up which com-

bines two quantum state converters M, MT and a set
of beam splitters Uy as shown in Fig.3 can realize the

following transformation operation:
Y (1py, &) = N"'P] Py, (19)

Obviously, the operator Y (1p,, ) can transform
the superposition state [1)_ of k-photon single-mode
states given in Eq.(2) in Alice’s lab to the superposi-
tion state |t),, of k-photon single-mode states given
in Eq.(12) in Bob’s lab. The beamsplitter arrays and
the left-hand converter in Fig.3 can be regarded as
forming the source of entangled state with a multi-
mode output to Alice and a single-mode output to
Bob. Bob operates an optical shutter S letting his
signal prepared in the output state |¢)_, pass only if
he has received classical information from Alice con-
firming the detection of the states |®p) and |pg) in

the respective output channels of her state converter.
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| i
. o
i i
. |
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|
al
bo D |
1
(1l !
o . >0
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I (0|
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a
p

Fig.3. Scheme for quantum teleportation. Bob opens the shutter S only after having received

confirmation from Alice that proper state detection has been realized.

5. Remarks and conclusions

We would like to point out that the scheme pro-
posed above will be very useful when the qubits to
be teleported are some matter systems. In that case,
Alice first transforms the state of the M-qubit to a su-
perposition state |1)_ of k-photon single-mode states
given in Eq.(2). It can be accomplished by interact-
ing the qubits with electromagnetic field, e.g., inter-
acting two-level atoms with electromagnetic field in a
single-mode cavity.??] Then the teleportation proce-
dures shown in Fig.3 follows. It results in the superpo-
sition state [¢)_, in Eq.(12) of k-photon single-mode
states. Alice converts the state |t)_ into the super-
position state |1}, of single-photon N-mode states.
After that, the superposition state of k-photon single-

mode states can be transformed to the M-qubit state,

which Alice wishes to teleport to Bob, in Bob’s lab
by interacting M two-level atoms with the k-photon
single-mode states in a cavity.%?!

In summary, we have investigated the problem
of teleportation of an M-qubit state by using an en-

We have

shown that, mathematically, teleportation of a mul-

tangled qudit pair as quantum channel.

tiparticle state can correspond to teleportation of a
multi-dimensional state. We have also introduced
a quantum-state converter composed of beamsplitter
arrays, on/off-detectors and cross-Kerr couplers and
have shown that the state conversion from an M-qubit
to an N-dimensional qudit and vice versa can be im-
plemented with this converter, where N = 2™, Based
on this, an experimentally feasible scheme for telepor-
tation of an M-qubit via an entangled N-level qudit

pair channel has been proposed.
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