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This paper presents a form invariance of canonical equations for systems of generalized classical mechanics. Ac-

cording to the invariance of the form of differential equations of motion under the infinitesimal transformations, this

paper gives the definition and criterion of the form invariance for generalized classical mechanical systems, and estab-

lishes relations between form invariance, Noether symmetry and Lie symmetry. At the end of the paper, an example is

given to illustrate the application of the results.
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1. Introduction

The method of symmetry or invariance is a mod-
ern method of research in the conserved quantities of
mechanical system, and there are mainly the Noether

(1—4] (3-8] Recently,

symmetry and the Lie symmetry.
Meil®! presented an invariance for mechanical system
which is called form invariance. The form invariance
is a symmetry which makes the dynamical functions
appearing in the differential equations of motion still
satisfy the former equations after undergoing infinites-
imal transformations. The form invariance is differ-
ent from the Noether symmetry, and also different
from the Lie symmetry. Some results!®=15 have been
This pa-

per further studies the form invariance for the system

obtained in the study of form invariance.

of generalized classical mechanics in high-dimensional
extended phase space, discusses the relations between
the form invariance and the Noether symmetry and
Lie symmetry, and gives the condition under which a
form invariance can lead to a conserved quantity and

its form.
2. Form invariance of differential

equation of motion of a system

Consider a system of generalized classical me-

chanics with n degrees of freedom. Suppose the config-
uration of the system is determined by n generalized
coordinates ¢*(i = 1,---,n), and the Lagrangian of
the system is

L:L(t7q20)7q21)77qzw)) (’L:]_,,’I’L), (]‘)

where

i &
9G) = qu ¢ (t)

The generalized Euler-Lagrange equations of the sys-

tem arel?]
- ~di OL )
SV g =0 (=1m) @)
=0 (4)

Introduce the generalized momenta and the gen-

eralized Hamiltonian function,

w—s—1

() _ B ;& 9L
P = DPi/(s+1) = Z (1)
§j=0 dt/ aq(j+s+1)
(i:]-7"'7’”;5:07]—)"'7(*}71)7 (4)
H(t,q,),p")) = pﬁs)qfsﬂ) - L

(i:17"',7’1,;8:0,1,"'7&}—1), (5)
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and assume the Lagrangian of the system is regular,
then the equations of motion of the system, Eq.(3),

can be expressed in the canonical form as follows:?

y o0H
4ty = —(375
(s) 3p,-)
(s OH
pg) _81'
9(s)
(i=1,---,n;s=0,1,---,w—1) (6)

In high-dimensional extended phase space, we take the

infinitesimal transformations

t" =t+ At,
qi (") = 4,y (8) + Adf,),
() =p7 (1) + 297 (")

and their expanded formulae

t* =t+er(t, q(s),p(s))

q(s) = sy T 00 (t,q( )719 ),

(
El) _pg ? 1( )(taq(s)ap(S))’ (8)
(s)

and 7,

K2

p +en

where ¢ is an infinitesimal parameter T, {ES)
are generators of the infinitesimal transformations. In-

troduce the infinitesimal generator vector

15] s O
XO =ro s )
dq.) Ip;
and its first extended vector
15]
XMW =xO 4 (&, - q(s)T)a 7
9(s)
(5) _ () 9
+ (" = T) : (10)
o5\

Suppose that under the infinitesimal transfor-
mations (8), the generalized Hamiltonian function
H{(t, q(s),p(s)) becomes H* = H (t*, qz‘s),p(s)*).

Definition 1 Under the infinitesimal transfor-
mations (8), if the form of the equations of motion (6)

preserves an invariance, i.e. the following equations

hold:
Vi oOH* (s) oOH*
q s s)? pz - 7
O o) 94,
(i:1,---,n;s:0,1,---,w71), (11)

then the invariance is called a form invariance of the
equations of motion for systems of the generalized
classical mechanics.

Expanding H*, we have

H* = H{(t, q(s),p(s)) +eXO(H) +o0(e?), (12)

therefore, we obtain the following theorem.
Theorem 1 For a system of generalized classi-

cal mechanics expressed by Eqgs.(6), if the infinitesimal

(s)

generators T, fés) and 7; "’ satisfy the following rela-
tions:
0XO(H) oXO\(H)
(i=1,---,n;s=0,1,-- ,w—1), (13)

then it is form invariant under the transformation (8).
Proof Substituting formula (12) into Egs.(11),
using Eqgs.(6), and ignoring 2 and the higher infinites-

imal terms, we will obtain Eqs.(13).
3. Form invariance and Noether

symmetry

According to the Noether theory, if there exists a
gauge function G = G(t,q(s),p(s)), such that the in-
finitesimal generators 7 and fzs) satisfy the generalized
Noether identity,

PO 38_?7 - ;q—iggs) CHi+G=0, (14)
then the corresponding symmetry is a Noether sym-
metry of the generalized classical mechanical system
(6). Therefore, we have

Theorem 2 For the generalized classical me-
chanical system (6), if the infinitesimal transforma-
tions (8) are the transformations of form invariance,
and there exists a gauge function G = G(t, q(s),p(S))
such that the infinitesimal generators 7 and fzs) satisfy
the generalized Noether identity (14), then the form
invariance of the system is also a Noether symmetry;

otherwise it is not a Noether symmetry.
4. Form invariance and Lie sym-

metry
The basic idea of the Lie method is to keep the

differential equation of motions (6) invariant under in-
finitesimal transformations (8). Eqs.(6) are rewritten

as
d(s) = 905 (2, a(s),p™),
pY = w, q(5),P")
(i=1,---,n;5=0,1,---,w—1). (15)
Definition 2 If the differential equations (15)

remain invariant under the infinitesimal transforma-

tion (8), i.e. the following equations hold:
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dp(.s)* (s) , and the infinitesimal generators 7, fés) and 1755) satisfy
L =1 (", g, p")) »
de* ¢ (s) the conditions
(1:1,,TL,S:0,1,,W—1), (16) 61 B 8H or OH
then the invariance is called the Lie symmetry of the () ap(-s) T+ (9p(-s) ot
eneralized classical mechanical system (6). ot ‘
Bener ystem (6) ocl, om o om
Since : : 5 =0, (24)
i* i i apis) 8‘1&) 3101(5) 3105‘ :
dgfy _dggy) +edgg,)
dt*  dt+edr
=q(s) +e(Es) — 4(T) +o(e?), (A7) (), OH . 0t 0H
Mt o T agi ot
(s 9U(s)
p®" apt® + edn® ¢ am '™ am
P; _ap; 1y IS ~on; —0, (25)

dt* = dt+edr
=\ + (i) — pV1) +o(?),  (18)

gfs) (t*qus)jp(s)*)
=9g(s)(t, (s, p) + X (9{)) +0(e?), (19)
W (gt )
=hi" (1,410, p) +eXO () 4 0(e%), (20)
we have
Theorem 3 For the generalized classical me-

chanical system (6), if the infinitesimal generators 7,

.f(is) and n(s) satisfy the following relations:

‘ff a_Hq'—:X(O)< 8H>7

s) apgs) 6])55)
a4 OH . _ yw (90
b 9gg, 94,

(i=1,---,n;5=0,1,- -, w—1), (21)

then the system (6) is Lie symmetric.

From formula (9), it is easy to see that

oX ) (H) _x(o 9H or OH
8pgs) B Bpl(-s) 8p£s) ot
och, om o™ am 2
op” oafyy  op” op}”
0X(H) 5© < OH > or OH
94 Ui/ 94, O
o), o on\" om
(k) n] (23)

i ] i k)"
94,y dq(,,  94(,) op{

Therefore, we have
Theorem 4 For the generalized classical me-
chanical system (6), if the infinitesimal transforma-

tions (8) are the transformations of form invariance,

(s, 3p§-k)

g, 3‘1&)
then the infinitesimal transformations (8) are also the

transformations of Lie symmetry of the system.
5. Form invariance and conserv-
ed quantity

In general, a form invariance does not always lead
to a conserved quantity, and the following theorem
gives the condition under which a form invariance can
lead to a conserved quantity and its form.

Theorem 5 For the generalized classical me-
chanical system (6), if the infinitesimal transforma-
tions (8) are the transformations of form invariance
of the system, and there exists a gauge function
G = G(t,q(s),p(s)) such that they satisfy the struc-
ture equation

OH (s $) i :
—H7+ o (s)m( )+ )f(s) - XO(H)+G =0, (26)

K2

then the system has a conserved quantity of form in-

variance as follows:

I=—-Hr +p§s)fés) + G = constant. (27)

6. Example

Suppose the Lagrangian of a generalized classical
mechanical system is
1 1

1
L= 5041((1(11))2+§042(Q(2))2 (01 > 0,02 > 0). (28)

We study its form invariance.

The generalized momenta and the generalized

Hamiltonian function are

pi” = aigly — azdly, Pt = azqly, (29)
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1 1 851
_ 0.1 (e L 1 12 ]
H=pidn + 55, 00— gal) - (0) — ar(y) + aqg Ll — aghy)
The differential equations of motion of the system are (0)(1) )
© , O ony 1 @
-1 oOH 1 + +al Q(1)+61 .a_pl —0. (32)
90y = 5@ ~ 4 1) 9q) 2
P1
OH 1
q(ll) T m _pgl)’ Equations (32) have a solution as follows:
op; Qs
(0)_ OH _ 1
b1 = 3q(10) ) T=-1, 50)_5(1 —ﬁl)—ng)ZO. (33)
0 _ _9H o) | (31)
S 9y - TPt ety The generators (33) correspond to the form invariance

Equations (13) give

of the system.

Obviously, if we take G=0, then the generators
(33) satisfy the generalized Noether identity (14), and
therefore they correspond to the Noether symmetry of
the system.

It is easy to prove that the generators (33) satisfy
the conditions (24) and (25
Theorem 4, the generators (33) also correspond to the

), therefore, according to

Lie symmetry of the system.

From Theorem 5, we obtain a conserved quantity

of form invariance of the system as follows:

1 1 1
I Zpg gt ( ) 50 ( § )) - 5@1((1(11))2 = constant.
(34)
Here the expression (34) is also a conserved quantity

of Noether symmetry of the system.

85 o
'5(11) (pg )~ alq(11))
3;05)
ol oY 1 g
+ 3 (0) d(1) + 9 (0) P = 0,
P1 Py
o€ (0)
(1)( (0) 1 1
P — aiqy) + q
apgl) 1 (1) §1) (1)
1 1 6’17(1) 1 1
+ i+ s St =,
2 3p1 Qg
O¢!
(1), (0) 1
8q(10) (p1 Q(l))
Lo o 1w
Oafy " " Oafgy a2t
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