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1. Introduction

It is well known that when a particle moves in

a strong potential �eld the relativistic quantum me-

chanics can give more precise result than the non-

relativistic quantum mechanics. Perhaps owing to

the diÆculties in mathematics, except for a few ex-

amples, such as the hydrogen atom and electrons in

a uniform magnetic �eld, the problems that can be

exactly solved in relativistic quantum mechanics for

Klein{Gordon or Dirac equations are seldom. In re-

cent years, some authors have assumed the equality

of scalar potential and vector potential and solved

the Klein{Gordon, as well as Dirac, equations for

some typical potential �elds.[1�4] We have also solved

the Klein{Gordon and Dirac equations for the equal

scalar and vector harmonic oscillator potentials, and

obtained a non-s-wave solution, but not the exact so-

lution of a relativistic harmonic oscillator.[5] We have

also solved the Klein{Gordon equation for a ring-

shaped harmonic oscillator potential.[6] In this paper,

we shall solve the Klein{Gordon and Dirac equations

for a combined potential of a Coulomb and an in-

verse square potentials.[7�9] This potential can de-

scribe the electrons in the outer shell of an alkaline

metal atom.[8;9] We will present the normalized wave-

functions and energy equation, in the next sections.

2. Bound-state solution of the

Klein{Gordon equation with

scalar and vector potentials

equal to each other

According to Ref.[10], the Klein{Gordon equation

for equal scalar and vector potentials is (�h = c = 1)
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where P is the momentum operator, E and � are the

energy and rest mass of the particle respectively. For

the potential[7�9]

V (r) =
A

r2
� B

r
; (2)

in spherical coordinates, the radial part of Eq.(1) is
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where

�1 =
p
��E;

�2 =
p
�+E;

� =

q
(1 + 2 l)2 + 4A�2

2: (4)

To solve Eq.(3) we �rst study the asymptotic be-

haviour of R(r) for small r and large r. It is easy

to see that for large r, R(r)! e��1 �2 r, and R(r) be-

comes zero when r !1. On the other hand, for small

r, the solution of Eq.(3), which satis�es the necessary

condition of �niteness, is R(r)! r(��1)=2. The above

analysis suggests that if we let

R(r) = r(��1)=2e��1 �2 r u(r); (5)

then we can obtain the equation of u(r) as

r u00(r) + (1 + � � 2�1 �2 r) u
0(r)

� �(1 + �) �1 �2 � �2
2B
�
u(r) = 0: (6)

Now letting

�(r) = 2�1 �2 r; (7)

we obtain

� u00(�) + (1 + � � �) u0(�)

� 1

2

�
1 + � � �2

�1
B

�
u(�) = 0: (8)

This is a con
uent hypergeometric equation,[11] its so-

lution is

u (�) = F

�
1

2

�
1 + � � �2

�1
B

�
; 1 + �; �

�
; (9)

where F represents the con
uent hypergeometric func-

tion F[�; 
; z]:[11] For bound states, the con
uent hy-

pergeometric function F[�; 
; z] will become a polyno-

mial, which demands

1

2

�
1 + � � �2

�1
B

�
= �n (n = 0; 1; 2; � � �): (10)

Combining Eqs.(10) and (4) yields the energy equa-

tion �
1 + 2n+

p
(2 l + 1)2 + 4A (E + �)

�
�
p
��E �B

p
�+E = 0: (11)

Although we can exactly solve Eq.(11) for E, the ex-

pression of E is too complicated to see its meaning.

So we rewrite Eq.(11) as

�B
p
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and expand it as a power series of �1
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�4
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If we only take the terms of �1 as an approximation,

and solve the energy equation, we have

E0 =E � � = ��2
1

=� 2�B2�
1 + 2n+

q
(2 l + 1)

2
+ 8�A

�2 : (14)

In the above equation, E0 is just the non-relativistic

energy.[7] Finally, using the relation of the con
u-

ent hypergeometric function with Laguerre polyno-

mial and the normalization condition of Laguerre

polynomial,[11] we obtain the normalized radial wave-

function

R(r) = C r
��1
2 e��1 �2 r F [�n; 1 + �; 2�1 �2 r] ; (15)

where the normalization constant is

C =
(2�1 �2)

�
2
+1

�(1 + �)

s
�(1 + n+ �)

(1 + 2n+ �) �(1 + n)
: (16)

3. Bound-state solution of the

Dirac equation with scalar and

vector potentials equal to each

other

The Dirac equation with scalar potential s(r) and

vector potential v(r) is (�h = c = 1)

f� � P + �[�+ s(r)]g = [E � v(r)] : (17)

In relativistic quantum mechanics, the complete set

of the conservative quantities of a particle in a central

�eld can be taken as (H;K; J2; Jz), the eigenfunctions

of which are[8]

 =
1

r

2
4 F (r)�Ajmj

iG(r)�Bjmj

3
5 (K = j + 1=2); (18)
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2
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3
5 (K = �(j + 1=2)); (19)

where

�Ajmj
=

1p
2 l + 1

2
4 p

l +m+ 1Yl;mp
l �mYl;m+1

3
5 ;

�Bjmj
=

1p
2 l + 3

2
4 �pl �m+ 1Yl+1;mp

l +m+ 1Yl+1;m+1

3
5 : (20)

Substituting Eq.(18) or Eq.(19) into Eq.(17), we ob-

tain the radial part of Dirac equation as

dF

dr
� K

r
F = [�+ E + s(r)� v(r)]G;

dG

dr
+
K

r
G = [�� E + s(r) + v(r)]F: (21)

Taking s(r) = v(r) =
1

2

�
A

r2
� B

r

�
in Eq.(21) leads to

the following equations:

dF
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� K

r
F = (�+ E)G;
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+
K

r
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�
�� E +

A

r2
� B

r

�
F: (22)

Eliminating G from Eq.(22), we obtain

F 00(r)� K (K � 1)

r2
F (r)

� �2
2

�
�1

2 +
A

r2
� B

r

�
F (r) = 0; (23)

where �1 and �2 are the same as in Eq.(4). Using the

same procedure for solving Eq.(3) and letting

F (r) = e��=2 �(�+1)=2 f(�);

� = 2�1 �2 r;

� =

q
(2K � 1)2 + 4A�2

2; (24)

we obtain a con
uent hypergeometric equation again

from Eq.(23)

� f 00(�) + (1 + � � �) f 0(�)

�
�
1 + �

2
� �2B

2�1

�
f(�) = 0: (25)

The solution of Eq.(25) is the con
uent hypergeomet-

ric function

f(�) = F

�
1 + �

2
� �2B

2�1
; 1 + �; �

�
: (26)

For bound states, the con
uent hypergeometric func-

tion F[�; 
; z] must be turned to a polynomial, i.e.

1 + �

2
� �2B

2�1
= �n (n = 0; 1; 2; � � �): (27)

This equation together with Eqs.(4) and (24) deter-

mines the energy equation

�
1 + 2n+

q
(2K � 1)

2
+ 4A (E + �)

�
�
p
�� E �B

p
�+ E = 0: (28)

Although Eq.(28) has an analytic solution for E, yet

as in the case of previous section, the expression of

E is too complicated to be understood, so we expand

Eq.(28) as a series of �1, and only take the �rst two

terms, then we have

E0 =E � � = ��2
1

=� 2�B2�
1 + 2n +

q
(2K � 1)

2
+ 8�A

�2 : (29)

Here E0 is just the non-relativistic energy.[7]

Now, we can use n to express F (r), and substitute

Eqs.(24) and (26) into the �rst equation of Eq.(22) to

gain G(r). According to the normalization condition

Z 1

0

 y  dr =

Z 1

0

�jF (r)j2 + jG(r)j2� dr = 1; (30)

and by carrying out very tedious calculations, we

�nally obtain the normalized F (r) and G(r)

F (r) =Ce��1 �2 r r(�+1)=2 F [�n; 1 + �; 2�1 �2 r] ; (31)

G(r) =� C (2�1 �
2
2)
�1e��1 �2rr(��1)=2

� f2n�1 F [1� n; 1 + �; 2�1 �2 r]

+ (2�1K �B �2 + 2�2
1 �2 r)

� F [�n; 1 + �; 2�1 �2 r]g; (32)

where the normalization constant is

C =
�2 (2�1�2)

1+�=2
p
�(1 + n+ �)

�(�)
p
� n!(A1 �2

1 � A2 �1 �2 + A3 �2
2)
; (33)

and

A1 =4 (K + n)2 + � (1 + 4K + 6n+ �);

A2 =2B [2 (K + n) + �] ;

A3 =B
2 + � (1 + 2n+ �): (34)

Substituting F (r) and G(r) into Eqs.(18) and (19)

yields the spinor wavefunction of Dirac equation.
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4. Discussion

For A = 0 in Eq.(2), the potential we used be-

comes Coulomb potential. Letting A = 0 in Eqs.(11)

and (28) and solving the corresponding energy equa-

tions, we obtain respectively

E =�

 
1� 2B2

B2 + 4 (1 + l + n)
2

!
; (35)

E =�

 
1� 2B2

B2 + 4 (K + n)
2

!
: (36)

Equations (35) and (36) are di�erent from the rel-

ativistic energy formulae of hydrogen atom usually

given by Klein{Gordon equation or Dirac equation.

To further reveal this di�erence, We expand Eqs.(35)

and (36) as series of parameter B,

E =�� �B2

2 (1 + l + n)
2 +

�B4

8 (1 + l + n)
4 +O(B)6; (37)

E =�� �B2

2 (K + n)
2 +

�B4

8 (K + n)
4 +O(B)6: (38)

The �rst terms on the right-hand of Eqs.(37) and (38)

are the rest energy of the particle, the second terms are

just the non-relativistic energy, but the third terms are

not the same as the corresponding terms in the series

expansion of relativistic hydrogen atomic energy.[10;12]

This di�erence comes natural, because one usually

considers the total Coulomb potential composed only

of the vector potential and the scalar potential as zero.

But in this paper we consider both the vector poten-

tial and the scalar potential equal to half of the total

potential separately. And this equal vector and scalar

potential model can eliminate some higher powers of

r and makes it easier to solve relativistic quantum

mechanics equations for some complicated potentials;

however, whether this model can give more exact re-

sult for a relativistic quantum mechanics system needs

further study in theory and experiment.
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