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The con�ned 
ow around a square cylinder mounted inside a two-dimensional channel (blockage ratio � = 1=8) was

investigated in detail by a newly developed incompressible nonuniform lattice-BGK model. It is found that the vortex

shedding behind the cylinder induces periodicity in the 
ow �eld, and the periodicity of the 
ow will lose for Re >300.

A detailed analysis for a range of Reynolds numbers between 1 and 500 was presented. Quantitative comparisons with

other methods show that the model gives accurate results for complex 
ows.
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1. Introduction

In recent years the lattice-Boltzmann method

(LBM) has attracted much attention in the simula-

tion of a wide range of complex 
uid 
ow problems.

Typical examples are steady plane Poiseuille 
ow,[1]

thermal viscous cavity 
ow,[2] multiphase 
ows and

high-speed compressible 
ows,[3;4], etc. The success of

this method can be partly attributed to the particle-

based approach which is directly inherited from its

predecessor, the lattice gas automata (LGA). Unlike

LGA, the LBM simulates a 
ow system by tracking

the evolution of particle distributions instead of track-

ing single particles. For this reason, it overcomes some

of the inherent limitations of the LGA, such as statis-

tical noise, non-Galilean invariance. Compared with

other traditional computational 
uid dynamics meth-

ods, such as the �nite di�erence schemes, the major

advantage of LBM is that it provides a good insight

into the underlying microscopic dynamics of the phys-

ical system investigated, whereas most methods focus

only on the solution of the macroscopic equations.[5;6]

The 
ow around blu� bodies in a two-dimensional

(2D) channel has been an attraction in all kinds of


uid mechanical investigations for a long time. This


ow situation is popular not only because of its aca-

demic attractiveness but also owing to its related tech-

nical problems associated with the energy conserva-

tion and the structural design of buildings, bridges,

towers, cars, masts and wires, etc.[7�11] Much work

has been done in simulating 2D 
ow around such

blu� obstacles in the past. In particular, the 2D


ow around circular cylinders has been studied exten-

sively. In contrast to many theoretical, experimental,

and numerical data on the 
ow around circular cylin-

ders over a wide range of Reynolds numbers, there are

very few similar studies and information on the 
ow

around square bodies.[8;11] Previous investigations of

the 
ow around circular cylinders performed with the

LBM clearly show that this method is an appropriate

tool for such kinds of 
ows.[12]

In this work we investigate the vortex-shedding

phenomena and the topology of the vortex struc-

ture behind the square cylinder in a 2D duct, which

changes with Reynolds numbers, so as to understand

the dynamical behaviour of the 
ow. Again, the in-


uence of the Reynolds number on the lift and drag

forces is also the aim of this paper. Simulation results

in a range of Reynolds numbers between 1 and 500 are
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presented, and are thoroughly compared with other

numerical data with respect to the Strouhal number,

lift and drag coeÆcients.

2.Speci�cation of the problem

The system of interest is a horizontal channel with

an obstacle in the form of a square cylinder positioned

inside it. The problem domain and speci�ed boundary

conditions are shown in Fig.1. The in
ow is located

Xu units upstream of the cylinder. The out
ow is lo-

cated Xd units downstream of the cylinder. The size

of the obstacle, D, and the channel height, H, de�ne

the solid blockage of the con�ned 
ow (blockage ratio

� = D=H).

Fig.1. Computational domain and boundary conditions.

The dimensionless equations for continuity and

momentum may be expressed as

r � u = 0; (1)

@u

@t
+r � (uu) = �rp+Re�1r2

u; (2)

where Re = umaxD=v is the Reynolds number. Here

umax is the maximum 
ow velocity of the parabolic

in
ow pro�le and v is the kinematic viscosity.

The boundary conditions in this investigation are

as follows. At the inlet, a parabolic velocity in
ow

pro�le is applied. The out
ow boundary condition for

velocity is @u=@x = @v=@x = 0. No-slip boundary

conditions are prescribed at the body surfaces. At

the top and bottom surfaces of the channel, symme-

try conditions simulating a frictionless wall are used

(u = v = 0). The normal derivative for the pressure

is set to zero at all boundaries. The normal derivative

in the diagonal direction for the pressure is also set to

zero at all corners of the 
ow �eld.

3.Numerical method

For the computations, a 2D 9-bit incompress-

ible lattice-Boltzmann model (id2q9) with single time

Bhatnagar{Gross{Krook (BGK) relaxation collision

operator 
i(t) = �
1

�
(gi � g

(0)
i ) proposed by Guo et

al
[12] is used

gi(x+ cei�t; t+�t)� gi(x; t)

=�
1

�
[gi(x; t)� g

(0)
i (x; t)]; (3)

where subscript i indicates the velocity direction (i

runs from 0 to 8), and �x and �t are the lattice grid

spacing and the time step, respectively. The particle

speed, c, is de�ned as c = �x=�t. The dimensionless

relaxation time � is related to the kinematic viscosity

as v =
(2� � 1)

6

(�x)2

�t
. And gi(x; t) is the density

distribution function associated with the particle at

node x and time t with velocity ei; g
(0)
i (x; t) is the

corresponding local equilibrium distribution function,

which is determined by

g
(0)
i = �ip+ si(u); (4)

where �0 = �4�=c2, �i = �=c2 for i=1,2,3,4, and

�i = 
=c2 for i=5,6,7,8. Parameters �, �, and 
 sat-

isfy �+ 
 = �, �+ 2
 = 1=2. si(u) is given by

si(u) = !i

�
3
(ei � u)

c
+ 4:5

(ei � u)
2

c2
� 1:5

juj2

c2

�
; (5)

with the weight factors !0 = 4=9, !i = 1=9 for

i=1,2,3,4, and !i = 1=36 for i=5,6,7,8. The macro-

scopic velocity and pressure of the 
ow are calculated
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from the distribution function

u =

8X
i=1

ceigi; p =
c2

4�

� 8X
i=1

gi + s0(u)

�
: (6)

Although this scheme has proved to be very promis-

ing, it has some potential shortcomings compared

with the traditional state-of-the-art numerical meth-

ods, like the �nite-element method. The uniformity

of the lattice is one of them. From a computational

point of view nonuniform grids can be eÆcient for

computing 
uid 
ows because the grid resolution can

be adapted to the spatial complexity of the 
ow dy-

namics. Thus, in this work we use a newly developed

approach (DDLBM),[13] allowing lattice-BGK simula-

tions on nonuniform grids. The basic idea of DDLBM

is to decompose the whole 
ow �eld into some rel-

atively regular subdomains, and then perform simu-

lations on each subdomain using id2q9 model with

uniform grid. The interpolation between interfaces is

carried out in order to couple the subdomains consis-

tently. The DDLBM solves a 
ow problem by general

lattice-BGK model in each subdomain and does not

need to establish new model. Another distinctive fea-

ture is that the interpolation procedure is done only

at boundaries of subdomains, which can signi�cantly

reduce the computational time.

4.Results and discussions

The 
ow pattern with a Reynolds number range

1 � Re � 500 has been investigated numerically on a

80�500 lattice. For the Reynolds numbers considered

in this paper, it is known from experiments and other

numerical studies that vortex shedding is observed

and a 2D time-dependent 
ow evolves. At a Reynolds

number Re above approximately 300, the 
ow might

become three-dimensional (3D), and 2D computations

will therefore produce unphysical results.[9] In simula-

tions, all the results were normalized to allow com-

parisons between this paper and other results, i.e.

velocities were normalized with umax, physical times

with D=umax, and frequencies with umax=D. Force

and pressure coeÆcients were normalized with the dy-

namic pressure, �u2max=2. For all cases considered, the

channel length L and width H were set to 500 and 80,

respectively, and the obstacle of a size 10�10 in lat-

tice unit was positioned at L/3 downstream the en-

trance of the channel. The blockage ratio was �xed

at �=0.125. The relaxation parameter w = 1=� for

Re=1, 30, 62, 133, 300, 500 was set to be 0.3, 0.95,

1.2, 1.55, 1.8, and 1.91, respectively. The computa-

tional region 
 was divided into two subdomains 
1

and 
2 (see Fig.2). Here, 
1 was a square domain

whose left-side and right-side virtual boundaries were

BL=156 and BR=196, respectively. The lower and

upper boundaries were BD=20 and BU=60, respec-

tively. The subdomain 
2 was 
2 = 
 � 
1. The

lattice size for 
1 was 160�160. The id2q9 model

was used on 
1 and 
2. Hence, the re�nement factor

was n = �x2=�x1 = 4. In this paper, for boundary

conditions, the nonequilibrium extrapolation method

proposed by Guo et al
[14] is used.

Fig.2. Domain decomposition.

The 
ow with Re=1 was �rst simulated. The

pressure was initialized to be p=0, and the veloci-

ties at all nodes, except for the nodes at the in
ow

boundary, were set to u = v = 0. The streamline

contours are shown in Fig.3. Figure 4 shows the vor-

ticity contours corresponding to the streamline pat-

terns presented in Fig.3. As shown in Figs.3(a) and

4(a), for Re � 1, the creeping steady 
ow passes the

square cylinder, and no separation takes place. As

Re increases, the 
ow separates �rst at the trailing

edge of the cylinder and a closed steady recirculation

region is observed. The length of the recirculation re-

gion increases linearly with Re. The 
ow pattern is

perfectly symmetric with respect to the oncoming 
ow

and the vortex shedding has not started. Whereas for

Re > Rec, where Rec is between Re=60 and 62, the

symmetry eventually breaks down. With increasing

Reynolds number, after a suÆcient number of itera-

tions, the 
ow becomes periodic and evolves with a

�xed frequency f . At Re=80, the separation point

of the vortices is observed to be the rear edge of the

obstacle and moves from the rear to the front edge

of the obstacle with higher Reynolds numbers. When

Re is further increased, a von Karman vortex street

is formed and alternate shedding of vortices into the

stream becomes prominent. At Re=133, small sec-

ondary vortices can be found at the top and bottom

of the obstacle and the separation is observed at the
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leading edge of the square cylinder. The 
ow �eld in

front of the cylinder for Re=80{300 is nearly indepen-

dent of the structure of the wake. Within this range of

Reynolds numbers, the above plots also show clearly

the e�ect of the Reynolds number on the 
ow pattern,

and the 
ow can still be considered to be 2D.

For Re > 300, no steady solution is found (see

Fig.4(f)). The result for Re > 300 oscillates be-

tween a series of di�erent con�gurations. Flow at

these Reynolds numbers eventually becomes 3D and

turbulent.[9;10] For this reason, the results presented

in this paper are those for Re up to 500. All the


ow structures in our simulation compare well with

the previous 
ow visualization and numerical simula-

tions.

Fig.3. Streamlines around the square cylinder for di�erent Reynolds numbers.
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Fig.4. Vorticity contours around the square cylinder for di�erent Reynolds numbers.



72 Guo Wei-Bin et al Vol. 12

To quantify the results, the Strouhal number St

is plotted as a function of the Reynolds number Re in

Fig.5. Here, the Strouhal number is de�ned as

St =
fs �D

umax
; (7)

where fs is the vortex shedding frequency which is

determined by spectral analysis of the temporal evo-

lution of the v-component or u-component of the 
ow

velocity at several points in the wake behind the obsta-

cle. It can also be measured from the time evolution

plot of the lift or drag coeÆcient distribution, namely

Cl or Cd. Figure 6 depicts the time evolution of the

monitored velocity component (v) and the lift coef-

�cient at Re=100. As seen from Fig.5, the present

method yields a somewhat lower Strouhal number in

the entire range of Reynolds number compared with,

but the present Strouhal number distribution �ts quite

well with that in Refs.[8], [11] and [15]. Our method,

furthermore, shows that the Strouhal number has no

dependence on the grid resolution.

Fig.5. Strouhal numbers St for di�erent Reynolds

numbers. 4: Bernsdorf (LBA:2000�320), {�{: Berns-

dorf (FVM: 500�80), {
{: Mukhopadhyay, ||2 :

present work.

Fig.6. Signal traces of velocity component (v) in the wake and time evolution of lift coeÆcient:

(a) signal traces of velocity component (v) in the wake; (b) time evolution of lift coeÆcient.

Other important quantities taken into account in

this paper are the drag and lift coeÆcients. The drag

coeÆcient, Cd, and the lift coeÆcient, Cl, are calcu-

lated using

Cd =
1

1

2
�u2maxD

Fx; Cl =
1

1

2
�u2maxD

Fy;

where Fx and Fy are, respectively, the drag force and

lift force on the cylinder. Figures 7 and 8 show the

drag coeÆcient Cd, the variation of the drag coeÆcient

(max(Cd)-min(Cd)) and the lift coeÆcient (max(Cl)-

min(Cl)) in the Re range 1 � Re � 500, respectively.

As shown in the �gures, this paper provides reliable

and accurate results.
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Fig.7. Computed time-averaged drag coeÆcient Cd versus Reynolds number Re: (a) steady 
ow; (b)

unsteady 
ow. 4: Bernsdorf (LBA) (EQ:2000�320), {�{: Bernsdorf (FVM) (EQ: 500�80), ||2 : present

work.

Fig.8. Variation of force coeÆcient versus Reynolds number Re: (a) drag variation, max(Cd)-

min(Cd); (b) lift variation, max(Cl)-min(Cl). 4: Bernsdorf (FVM) (EQ:500�80), ||2 : present

work.

5.Conclusions

A lack of accurate and detailed data was found

in the literature for the con�ned channel 
ow past

around a cylinder, thus initiated this paper. In order

to generate reliable numerical results, a newly devel-

oped incompressible nonuniform lattice-BGK model

was applied to investigate the 2D 
ow around a square

cylinder inside a channel (� = 0:125) in the Reynolds

number range 1 � Re � 500. Strouhal numbers, drag

and lift coeÆcients were computed and compared with

the scattered data in the literature. We have shown

that our implementation of the lattice-BGK approach

yields reliable results. By employing the id2q9 model,

the compressible e�ect is eliminated eÆciently. Com-

pared with the uniform lattice-BGK model, nonuni-

form lattice-BGK model signi�cantly reduces the com-

putational time and can be used to �nd some local

details in the 
ow �elds. We will further use these

methods to simulate 3D channel 
ow around a square

cylinder in the future.

During simulation, since the maximum velocity

and the lattice size are limited, the relaxation pa-

rameter, w, needs to be large to achieve the higher

Reynolds numbers. It is found that the lowest value of

w leading to stable simulations depends on the Mach

number. The appropriate value of c is about 6.5{12.
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On the other hand, to obtain a reliable simulation, w

should not be too close to its upper limit. It must be

less than 2 to ensure positive viscosity.

It is apparent that further building up of both

suitable equilibrium distribution function and new

boundary conditions is needed. Applying the lattice-

BGK method to other complex 
ows is a challenging

work.
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