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We propose a quantum nondemolition measurement of the photon-number distribution for a weak cavity �eld

with no more than two photons. The scheme is based on the resonant interaction of atoms with the cavity �eld, and

thus the required interaction time is much shorter than that using dispersive interaction. This is important in view

of decoherence. Our scheme can also be used to generate even and odd coherent states for a weak cavity �eld with

resonant atoms.
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In order to measure a quantum observable of a

system, one should couple it to a meter or probe,

which will disturb the system in an unpredictable

manner. If the disturbance feeds back into the mea-

sured observable and a�ects its dynamics, the out-

come of further measurements of the same observ-

able becomes unpredictable. Quantum nondemolition

(QND) measurement method is designed to avoid the

back-action resulting from the coupling of the system

and the meter. The back-evasion condition is ful�lled

if the QND variable commutes with the interaction

Hamiltonian for the system and meter.

In an optical regime QND schemes have been

proposed by using nonlinear interaction of signal and

probe �elds,[1] where a quadrature phase measurement

of the probe beam gives information on the photon

number of the signal beam. Such QND schemes have

been realized in experiment.[2] In the microwave do-

main, a QND method has been proposed for measur-

ing the photon-number in a cavity,[3] where the �eld

is coupled to quasi-resonant Rydberg atoms. The

photon-number is measured by the detection of the

atomic phase shifts and velocities of atoms passing

through the cavity. Holland et al
[4] has proposed an-

other QND measurement for photon-number statis-

tics of a cavity �eld by monitoring the de
ection of

atoms after dispersive interactions with the �eld. Re-

cently, QND schemes have been presented for mea-

suring phonons[5] and the motional energy of an atom

con�ned in a trap.[6] In a very recent paper, Nogues

et al reported a QND measurement for a cavity �eld

containing zero or one photon.[7] The scheme of Ref.[7]

is to use resonant atom-�eld interaction, instead of

dispersive interaction. Therefore, the needed interac-

tion time is greatly shortened, which is important in

view of decoherence. However, the scheme cannot be

used to measure a cavity �eld with two or more pho-

tons. In this paper we propose a QND measurement

of the photon-number distribution for a cavity �eld.

Our scheme also uses resonant atom-�eld interaction.

However, our scheme is applicable to a cavity �eld

containing no more than two photons. Our scheme

can also be used to generate even and odd coherent

states for a weak cavity �eld with resonant atoms.

We assume the density operator of the cavity �eld

is

�̂f =

2X
m;n=0

�mn jmi hnj : (1)

We consider the interaction of a ladder-type three-

level atom with the cavity mode. The atomic states
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are denoted by jii, jgi ; and jei : The transition fre-

quency between the states jgi and jei is resonant with
the cavity frequency, while the transition frequency

between the states jii and jgi is highly detuned from

the cavity frequency, and thus the state jii is not af-
fected during the atom-cavity interaction. In the in-

teraction picture the Hamiltonian for the system is

given by

ĤI = g(â+ jgi hej+ â jei hgj); (2)

where g is the atom-�eld coupling constant.

The atom is initially prepared in the superposi-

tion of jii and jgi

j�ai = 1p
2
(jii+ jgi): (3)

For the vacuum state j0i the atom does not undergo

any transition. For the Fock state jni (n 6= 0) the

evolution of the system is

j n(�)i = 1p
2
[jii jni+ cos(

p
ng�) jgi jni

� i sin(
p
ng�) jei jn� 1i]: (4)

Choose the interaction time appropriately so that

cos(g�) ' 1; cos(
p
2g�) ' �1: (5)

In this case we obtain the following transformations

1p
2
(jii+ jgi) j0i ! 1p

2
(jii+ jgi) j0i ; (6)

1p
2
(jii+ jgi) j1i ! 1p

2
(jii+ jgi) j1i ; (7)

1p
2
(jii+ jgi) j2i ! 1p

2
(jii � jgi) j2i : (8)

Thus, the photon-number does not change after the

atom-�eld interaction. We now perform a transfor-

mation on the atom

jgi �! 1p
2
(jgi � jii); (9)

jii �! 1p
2
(jii+ jgi): (10)

Then we have

1p
2
(jii+ jgi) �! jgi ; (11)

1p
2
(jii � jgi) �! jii : (12)

Therefore, for the vacuum and one-photon states the

atom is �nally in the state jgi ; while for the two-

photon state the atom �nally in the state jii : For the

cavity �eld with the density operator initially given

by Eq. (1), the evolution of the system is expressed

as

�̂ =

1X
m;n=0

�mn jgi jmi hnj hgj+ �22 jii j2i h2j hij

+

1X
m=0

(�m2 jgi jmi h2j hij+ �2m jii j2i hmj hgj): (13)

Now a state-selective measurement is performed on

the atom. The detection of the atom in the state jii
collapses the cavity �eld to the two-photon state j2i :
The probability of the cavity �eld reduced to j2i is
�22:

On the other hand, the detection of the atom in

the state jgi collapses the cavity �eld to

�̂0f =
1

�00 + �11

1X
m;n=0

�mn jmi hnj : (14)

In this case a second atom is sent through the cavity

to measure the photon numbers 0 and 1.[7] The atom

is also initially in the state
1p
2
(ji0i+ jg0i): This time

the interaction is chosen in a way such that g�
0

= �:

Then we obtain

1p
2
(ji0i+ jg0i)j0i ! 1p

2
(ji0i+ jg0i)j0i; (15)

1p
2
(ji0i+ jg0i)j1i ! 1p

2
(ji0i � jg0i)j1i: (16)

Again, the photon-number does not change after the

atom-�eld interaction. We now perform a transforma-

tion of the form of Eqs.(9) and (10). Then the system

evolves to

�̂0 =
1

�00 + �11
[�00jg0ij0ih0jhg0j

+ �11ji
0ij1ih1jhi0j+ (�01jg0ij0ih1jhi0j

+ �10ji0ij1ih0jhg0j)]: (17)

And a state-selective measurement is performed on

this atom. The detection of the atom in the state ji0i
collapses the cavity �eld to the one-photon state j1i:
On the other hand, the detection of the atom in the

state jg0i reduces the cavity �eld to the vacuum state

j0i: The probabilities of the cavity �eld reduced to j0i
and j1i are �00 and �11; respectively.

In order for the scheme to be valid we should sat-

isfy the condition of Eq.(5). Setting g� = 2:07�; we

have j cos(g�)j ' 0:98; j cos(p2g�)j ' �0:97: There-
fore, this condition can be well approximated.
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We note that this idea can also be used to gen-

erate even and odd coherent states for a weak cavity

�eld. It has been shown that such states may ex-

hibit various nonclassical properties, such as squeez-

ing and sub-Poissonian statistics.[8] Brune et al
[9] have

shown that such states can be generated using disper-

sive atom-�eld interaction. Liu et al
[10] have shown

that such states can be generated via the interaction

of the �eld with a three-level atom. Here we show

that such state can be generated with resonant atom-

�eld interaction. We consider a cavity �eld initially

in a small coherent state. The coherent state can be

expanded in terms of Fock states

j�i = e�j�j
2=2

1X
n=0

�np
n!
jni: (18)

Assume that � is small enough so that the terms with

n > 3 are negligible. In this case the coherent state

j�i is approximately given by

j�i ' e�j�j
2=2

3X
n=0

�np
n!
jni: (19)

We now send a resonant atom, initially in the

state jgi through the cavity. After an interaction time

� the state of the whole system is

j (�)i =e�j�j2=2
�
jgij0i

+
3X

n=1

�np
n!
[cos(g

p
n�)jgijni

� i sin(g�)jeijn� 1i]
�
: (20)

The detection of the atom in the state jgi collapses
the cavity �eld on to the state

j f(�)i = N

�
j0i+

3X
n=1

�np
n!

cos(
p
ng�)jni

�
; (21)

where N is a normalization factor. Choose the inter-

action time appropriately so that

cos(g�) ' cos(
p
3g�) ' 0; cos(

p
2g�) ' 1: (22)

This leads to

j f(�)i ' Nfj0i+ �2

p
2!
j2ig: (23)

We can rewrite j f(�)i as

j f(�)i ' j ei = cosh�1=2 j�j2fj�i+ j � �ig: (24)

Therefore, we obtain an even coherent state for the

weak cavity �eld.

We assume that � = 1: Then the probability of

the initial cavity �eld containing more than 3 photons

is approximately 0.02. Thus Eq.(19) is a well approx-

imation. Setting g� = 1:46�, we have

cos(g�) ' �0:125; cos(
p
2g�) ' 0:979;

cos(
p
3g�) ' �0:09: (25)

Eq. (22) can also be approximately satis�ed. In this

case the �delity is

jh f(�)j eij2

'

�
1 +

1

2
cos(

p
2g�)

�2

cosh 1

�
1 +

3X
n=1

1

n!
cos2(

p
ng�)

� ' 0:96: (26)

Now we turn to the problem of generating odd

coherent states of a cavity �eld. In order to do so

we send an atom initially in the state jei through the

cavity, also initially in the coherent state j�i approx-
imately given by Eq.(19). Then after an interaction

time � , the system evolves to the state

j (�)i =e�j�j2=2
� 3X
n=0

�np
n!
[cos(g

p
n+ 1�)jeijni

� i sin(g�)jgijn+ 1i]
�
: (27)

The detection of the atom in the state jei collapses
the cavity �eld on to the state

j f(�)i = N

� 3X
n=0

�np
n!

cos(g
p
n+ 1�)jni

�
; (28)

where N is a normalization factor. Setting g� =

1:46�, we have

cos(2g�) ' �0:968: (29)

From Eqs.(25) and (29) we can approximately rewrite

Eq.(28) as

j f(�)i ' N 0

�
�j1i � �3

p
3!
j3i
�
; (30)

where N 0 is a normalization factor. We can rewrite

j f(�)i as

j f(�)i ' j oi = sinh�1=2 j�j2fj � i�i � ji�ig: (31)
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Therefore, we obtain an odd coherent state for the

weak cavity �eld. The �delity is

jh f(�)j oij2

'

�
cos(

p
2g�) +

1

3!
cos(2g�)

�2

sinh 1

3X
n=0

1

n!
cos2(g

p
n+ 1�)

' 0:97: (32)

In conclusion, we have proposed a scheme for

QND measurement of the photon-number for a cavity

�eld containing no more than two photons. Compared

with the schemes of Refs.[3] and [4], our scheme uses

resonant atom-�eld interaction, instead of dispersive

atom-�eld interaction. Therefore, the interaction time

can be greatly shortened, which is important in view of

decoherence. Unlike the scheme of Ref.[7], our scheme

is applicable to a cavity �eld with no more than two

photons. Furthermore, our scheme can be used to gen-

erate even and odd coherent states for a weak cavity

�eld with resonant atom-�eld interaction.
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