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New amplitude equation of single-mode laser*
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The white-gain model and the white-loss model of a single-mode laser are investigated in the presence of cross-

correlations between the real and imaginary parts of quantum noise as well as pump noise. It was found that, like the

white cubic model (2001 Chin. Phys. Lett. 18 370), the amplitude equations are all decoupled from the phase equations

for the two models, and the same novel term appears in the amplitude equations of the two models. So we can put the

amplitude equations of all the models into a general form, that is, the new amplitude equation. We further use this

new amplitude equation to study speci�cally the stationary properties of the laser intensity for the white-gain model.
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1. Introduction

From the late 1980s to the early 1990s the statis-

tical properties of a single-mode laser with quantum

noise and pump noise had been widely studied. But

the quantum noise and the pump noise in the laser

�eld were usually taken as uncorrelated.[1�3] With the

appearance of new phenomenon in the laser �eld, peo-

ple began to explore the new statistical properties by

taking into account the correlation between the quan-

tum noise and the pump noise.[4�7] Zhou et al assumed

the cross-correlation between the real and imaginary

parts of the quantum noise,[8] but in their speci�c cal-

culation the amplitude equation was not decoupled

from the phase equation, and they dealt with it in the

two-dimensional case. Soon afterwards Ke et al
[9] also

considered the cross-correlation between the real and

imaginary parts of quantum noise, but they adopted

a new method to make the amplitude equation de-

coupled from the phase equation, whereby they de-

rived the amplitude equation of the cubic model for

single-mode laser, in which a novel term
Q(1� j�qj)

2r
appeared. Fox and Roy have already proved that the

laser equation has a novel term
R

2y
,[10] and pointed

out that the amplitude equation without this term

was uncorrected. However, the amplitude equation of

Ref.[9] not only contained a novel term, but also the

term can be changed by adjusting the value of the

cross-correlations coeÆcient �q(0 � j�qj � 1) between

the real and imaginary parts of the quantum noise.

In the present paper, based on the investigation

of Ref.[9], we extend the study to two more accurate

models. We �nd that the amplitude equations of both

models can be decoupled from the phase equations of

the models, and the term in amplitude equations is

the same as that in the cubic model. What is more,

the cross-correlation coeÆcient �p between the real

and imaginary parts of the pump noise is not con-

tained in the amplitude equation, therefore we can

write the amplitude equations of all kinds of models in

a general form, namely, the new equation obtained in

section II. In section III we calculate speci�cally the

stationary intensity distribution (SID) of white-gain

model on the basis of the new amplitude equation,

and the result shows that there exists a �rst-order-like

phase transition. Then the mean, normalized variance

and skewness of the laser intensity are calculated, and

some new phenomena appear, which the cubic model

does not have. Section IV are our conclusions and

discussions.

2.The new amplitude equation

We consider two more accurate laser models,

which do not ignore the high order e�ect, namely

the white-gain model and white-loss model. They
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can be described by Langevin equations with cross-

correlation between the real and imaginary parts of

the quantum noise as well as the pump noise

_E =

�
Ag

1 + jEj2 � al

�
E +

E

1 + jEj2 p(t) + q(t); (1)

_E = �kE +
�E

1 + �jEj2 + Ep(t) + q(t): (2)

Electric �eld E in Eqs.(1) and (2) is the complex laser

�eld, real parameters Ag and al in Eq.(1) denote gain

and loss coeÆcients, real parameters k and � in Eq.(2)

are loss and gain coeÆcient, � is a positive parameter.

The random variable p(t) and q(t) represent the

complex pump and quantum noise, the noise terms are

assumed to be Gaussian white noises with zero mean

and correlations

< qi(t)qj(s) >

=[Æij + �q(1� Æij)]QÆ(t� s) (i; j = I;R);

< pi(t)pj(s) >

=[Æij + �p(1� Æij)]Q
0Æ(t� s) (i; j = I;R);

< qi(t)pj(s) >= 0 (i; j = I;R); (3)

where I and R denote the real and imaginary part,

respectively. �p and �q are the cross-correlation coef-

�cients, which give a measure of the degree of cross-

correlation between the real and imaginary parts of

the pump noise as well as quantum noise, respectively,

and j�pj � 1; j�qj � 1. Q and Q0 are the quantum and

pump-noise strengths.

Writing Eqs. (1) and (2) in polar coordinates,

E = rei�, r being the amplitude of the laser �eld, �

the phase of laser �eld, Eq.(1) then reads

dr

dt
=

�
Ag

1 + r2
� al

�
r +

pR(t)r

1 + r2
+ "r(t); (4)

d�

dt
=

pI(t)

1 + r2
+
"�(t)

r
; (5)

where

"r(t) = qR(t) cos�+ qI(t) sin�; (6)

"�(t) = �qR(t) sin�+ qI(t) cos�: (7)

Since < "r(t) >6= 0; < "�(t) >6= 0, applying the

techniques developed in Ref.[1], "r(t) and "�(t) can be

changed to

"r(t) =
Q

2r
(1� �q sin 2�) + ~"r(t); (8)

"�(t) = �Q

2r
�q cos 2�+ ~"�(t); (9)

where pure noise ~"r(t) and ~"�(t) are zero mean with

correlations

< ~"r(t)~"r(s) >= Q(1 + �q sin 2�)Æ(t� s);

< ~"�(t)~"�(s) >= Q(1� �q sin 2�)Æ(t� s);

< ~"r(t)~"�(s) >= Q�q cos 2�Æ(t� s): (10)

Inserting Eqs.(8) and (9) into Eqs.(4) and (5), respec-

tively, we have

dr

dt
=

�
Ag

1 + r2
� al

�
r +

pR(t)r

1 + r2

+
Q

2r
(1� �q sin 2�) + ~"r(t); (11)

d�

dt
=

pI(t)

1 + r2
� Q

2r2
�q cos 2�+

~"�(t)

r
: (12)

From Eq.(12) we can see clearly that the presence of

a new drift term, �(Q=2r2)�q cos 2�, arising from the

nonzero cross-correlation coeÆcient �q, leads the laser

phase to be locked. Equation (12) is then given by

d�

dt
= � Q

2r2
�q cos 2�+ f(t); (13)

and the statistical properties of f(t) is

< f(t)f(s) >=

�
Q0

(1 + r2)2
+
Q(1� �q sin 2�)

r2

�
Æ(t�s):

(14)

The condition of phase lock is: < d�=dt >= 0, the

most stable lock is subject to

@(d�=dt)

@�
� 1

2

@2 < f2(t) >

@�2
< 0: (15)

Both the condition of phase lock and the term of the

most stable lock determine that the phase will be

locked at a stable value �s, satisfying the following

equation

�q sin 2� = j�qj: (16)

From Eq.(16), we have

�s = (2n+ 1)�=4; n = 0;�1;�2; � � �

Inserting Eq.(16) into Eq.(11), we have

dr

dt
=

�
Ag

1 + r2
� al

�
r +

pR(t)r

1 + r2

+
Q

2r
(1� j�qj) + ~"r(t): (17)

In the same way, we can obtain the white-loss model,

namely, Eq.(2) also meet the phase lock Eq. (16), the
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phase will be locked, the amplitude equation is decou-

pled from the phase equation, too. The corresponding

amplitude equation is

dr

dt
= �kr + � r

1 + �r2
+ rpR(t) +

Q(1� j�qj)
2r

+ ~"r(t);

(18)

the value of the phase lock �s is the same as that of

the white-gain model.

The amplitude equation of white cubic model in

Ref.[9] is cited as follows

dr

dt
=a0r �Ar3 +

� r

1 + �r2
+ rpR(t)

+
p(1� j�qj)

2r
+ ~"r(t): (19)

Depending on the deriving of the amplitude equa-

tions for the above two models and the conclusion of

cubic model in Ref.[9], we can draw a conclusion: if

the noise has the characteristic of Eq.(3), then what-

ever models we choose, they all ful�l the phase lock

equation, the value of phase lock is the same, the am-

plitude equations possess the same new term. So we

can have the amplitude equations of all kinds of laser

models written in a general form, that is the new am-

plitude equation

dr

dt
= f(r) + g(r)pR(t) +

Q(1� j�qj)
2r

+ ~"r(t); (20)

where

< ~"r(t) >= 0;

< ~"r(t)~"r(s) >= Q(1 + j�qj)Æ(t� s): (21)

In what follows, we investigate speci�cally the sta-

tistical properties of the laser intensity for white-gain

model on the basis of the above analysis, and some

new phenomenon is obtained.

3.The SID and the moment of

laser intensity for white-gain

model

Combining Eq.(17) and r =
p
I, we can obtain

the Langevin equation for the laser intensity

dI

dt
=2

�
Ag

1 + I
� al

�
I +

2pR(t)I

1 + I

+ p(1� j�qj) + 2
p
I~"r(t): (22)

The Fokker{Planck equation of the intensity

probability distribution Q(I; t) corresponding to

Eq.(22) is given by

||||||||||||||||||||||||||||
j

@Q(I; t)

@t
=� @

@I

��
2

�
Ag

1 + I
� al

�
I +

8I

(1 + I)3
Q0 + 5Q+ 3Qj�qj

�
Q(I; t)

�

+
1

2

@2

@I2

��
4I2

(1 + I)2
Q0 + 4IQ(1 + j�qj)

�
Q(I; t)

�
: (23)

The SID Q(I; t) is obtained, and reads

Q(I) =
N0s

I2Q0

(1 + I)2
+ IM

I
W
2M [MI2 + (2M +Q0)I +M ]

alQ
0+MAg

2M2 exp

�
� al
M

(1 + I)

+
8MQ0al + 4Q02al + 4MAgQ

0 � 2WM2 + 3WMQ0

4M2
p
Q02 + 4MQ0

arc tan

�
2MI + 2M +Q0p

Q02 + 4Q0M

��
; (24)

j||||||||||||||||||||||||||||

where W = Q(1 � j�qj), M = Q(1 + j�qj), N0 is the

normalization constant. Further �q appears as an ab-

solute value j�qj, in order to simplify the calculation

we assume �q not to be negative.

The mean < I >, normalized variance �2(0) and

skewness �3(0) of the intensity I are de�ned, respec-

tively, as

< I >=

Z
1

0

IQ(I)dI; (25)

�2(0) =
< I2 >

< I >2
� 1; (26)

�3(0) =
< I3 >

< I >3
� 3�2(0)� 1: (27)

4.Conclusions and discussions

Based on the above calculations, we will discuss

the following �ve aspects.
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4.1. �p, the cross-correlation coeÆcient be-

tween the real and the imaginary parts

of the pump noise is not contained in

the amplitude equation

In Eqs. (1) and (2), although we simultaneously

take into account the cross-correlation between the

real and imaginary parts of the quantum noise (de-

noted by �q) as well as the pump noise (denoted by

�p), after being decoupled, the amplitude Eq. (20)

only contains �q, �p is not included. Why? It is

because that before writing Fokker{Planck equation,

we have used the method of functional[1;11] to have

the Langevin equation decoupled about phase, which

leads to the absence of �p in the amplitude Eq. (20).

This shows though the method of decoupling in this

paper has the virtue of simplicity, it needs to be

mended in order to re
ect the e�ect of �p on the sta-

tistical properties of laser intensity.

4.2. The SID of white-gain model

Figure 1 shows the distribution function Qst(I) as

a function of the intensity I, where �q is a parameter.

It is seen that the curve of distribution function Qst(I)

exhibits three di�erent shapes for di�erent value of �q:

no-extremum (�q = 1), single-extremum (�q = 0), and

two-extremum (�q = 0:5), this means the SID has a

\�rst-order-like phase transition". In order to under-

stand the situation of three cases fully, we discuss the

extreme values of SID. Let @Qst(I)=@I = 0, we obtain

the extremum equation from Eq.(24),�
Ag

2M
+

alQ
0

2M2

�
(2M +Q0 + 2MI)

M + (2M +Q0)I +MI2

�

�
M � 2Q0I2

(1 + I)3
+

2Q0I

(1 + I)2

�

2MI +
Q0I2

(1 + I)2

+
W

2MI
� al
M

+
(8alMQ0 + 4AgMQ0 � 2M2W + 3MQ0W )

2M(4MQ0 +Q02 + (2M +Q0 + 2MI)2)
=0:(28)

This is a high power function of the intensity I. If

we de�ne the parameters Ag, al and Q0 as �xed val-

ues, and calculate the number of the extrema, we can

plot the regions of the extrema in the parameter plane

(�q; Q), as shown in Fig.2. I represents the single-

extremum region, and, in fact, it is a straight line

with �q = 0. II and III represent the two-extremum

region and no-extremum region, respectively; both be-

ing divided into two equal parts by the straight line

�q=0. It also can be found that when the strength

of the pump noise Q0 increases (the dotted line), the

two-extremum region (II) expands and no-extremum

region (III) contracts. In order to testify the correct-

ness of the parameter �gures, we plot the curves of

Qst(I)-I in the three phase regions, respectively, as

shown in Figs.3{5.

Fig.1. Stationary intensity distribution of the single-

mode laser with Q=1, Q0=0.5, Ag=3, al=1; || for

�q=0, - - - for �q=0.5 and ��� for �q=1.

Fig.2. Parameter plane of the single-mode laser with

Ag=3, al=1. Two critical curves are shown forQ
0=0.5

and Q0=2. Region I indicated by the dotted line

(�q=0) corresponds to the single-extremum structure

of the stationary intensity distribution, and region II

and region III correspond to the two-extremum and

no-extremum structure, respectively.

Fig.3. Stationary intensity distribution for Q=2,

�q=0, with Q0=0.5, Ag=3 and al=1, corresponding

to region I in Fig.2.
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Fig.4. Stationary intensity distribution for Q=1.2,

�q=0.5, with Q0=0.5, Ag=3 and al=1, corresponding

to region II in Fig.2.

Fig.5. Stationary intensity distribution for Q=5,

�q=0.5, with Q0=0.5, Ag=3 and al=1, corresponding

to region III in Fig.2.

4.3. The mean laser intensity

We plot the mean laser intensity < I > as a func-

tion of the pump parameter Ag in Figs.6 and 7. Fig-

ure 6 shows, when �q is a parameter and Q < Q0, the

mean intensity < I > increases linearly with Ag, the

lines with di�erent �q are parallel to each other, and

the line moves down ward as �q increases. In Fig.7,

when Q > Q0, the curves of < I >-Ag almost over-

lap at the beginning, without showing the e�ect of �q.

With increasing Ag, the curves are slightly dependent

on �q. Figure 8 shows the dependence of the mean

laser intensity < I > on al, indicating that < I >

monotonically decreases with al, and the parameters

�q, Q and Q0 have no obvious e�ect on the < I >-al

curves.

Fig.6. Mean steady-state laser intensity < I > as a

function of the pump parameter Ag with Q=1, Q0=2

and al=1; || for �q=0, - - - for �q=0.5 and ��� for

�q=1.

Fig.7. Mean steady-state laser intensity < I > as a

function of the pump parameter Ag with Q=3, Q0=0.5

and al=1; || for �q=0, - - - for �q=0.5 and ��� for

�q=1.

Fig.8. Mean steady-state laser intensity < I > as a

function of the loss coeÆcient al with Q=1.5, Q0=1

and Ag=3; || for �q=0, - - - for �q=0.5 and ���

for �q=1.
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4.4. The normalized variance of the laser in-

tensity

Figures 9 and 10 show the dependence of normal-

ized variance �2(0) on the pump parameter al for dif-

ferent values of Q0. It can be seen that the curves ex-

hibit two shapes: one is the curve having a peak before

decreasing to zero, and with decreasing Q0 the mag-

nitude of �2(0) increases and the peak position shifts

to the right. The other one is, when Q0 increases, the

curve decreases monotonically as al increases. More-

over, we can see for either �q = 0 or �q 6= 0, the

curves of �2(0)-al always have the above two shapes.

One may conclude that this phenomenon originates

from the change of Q0. However, for the same Q0, the

magnitude of the correlated curve is greater than that

of the uncorrelated, and the correlated curve changes

more quickly than the uncorrelated. Figure 11 shows

the �2(0)-Ag curves. It is clear that the normalize

variance �2(0) decreases monotonically with Ag, and

the curve goes up as �q increases or Q0 decreases.

Fig.9. Normalized variance �2(0) of the laser inten-

sity as a function of the loss coeÆcient al. The param-

eters are Q=4.5, Ag=2 and �q=0; || for Q0=0.3, - - -

for Q0=1 and ��� for Q0=4.

Fig.10. Normalized variance �2(0) of the laser inten-

sity as a function of the loss coeÆcient al. The param-

eters are Q=4.5, Ag=2 and �q=0.5; || for Q0=0.3,

- - - for Q0=1 and ��� for Q0=6.

Fig.11. Normalized variance �2(0) of the laser in-

tensity as a function of the pump parameter Ag. The

parameters are Q=1.5, al=1; || for �q=0 with Q0=1

and Q0=3, - - - for �q=1 with Q0=1 and Q0=3.

4.5. The skewness �3(0) of the laser intensity

The relationship of the skewness �3(0) against the

pump parameter Ag as well as al are the same as that

of the normalized variance �2(0), so we need not re-

peat the discussions here.

|||||||||||||||||||||||||||
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