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Some sufficient criteria have been established to ensure the global exponential stability of delayed cellular neural

networks by using an approach based on delay differential inequality. Compared with the method of Lyapunov func-

tionals as in most previous studies, our method is simpler and more effective for a stability analysis of delayed system.

Some previously established results in the literature are shown to be special cases of the present result.
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1. Introduction

Since cellular neural networks (CNNs) were pro-
posed in 1988, CNNs have found many applications
in static images.['=4 In order to deal with moving im-
ages, delays between signal transmission must be in-
troduced in networks. Thus, CNNs with delays (DC-
NNs) were presented in Ref.[5]. It is well known that
stability plays an important role in these applications.
For this reason, its studies have attracted much at-
tention. It is often desired that a neural network con-
verges in an exponential rate to ensure fast response
in the network. So it is interesting to investigate the
exponential stability, particularly the estimate of ex-
ponential convergence rate. Recently, some criteria
have been established for the global exponential sta-
bility of DCNNs.[6-8:12:13] Byt these results were pre-
sented by using Lyapunov functionals, which are com-
plicated for dealing with variable delays and obtain
In this letter,
based on the method of delay differential inequality,

the bounds on the convergence rate.

we provide some new results on global exponential sta-
bility and estimate the exponential decay rate for DC-
NNs.The results established here have extended those

given earlier in the literature.

2.Model description

The dynamic behaviour of a continuous time
DCNN can be described by the following state equa-

tions

’

z (t) = Az(t) + Bf(z(t — 7(t))) + u, (

—_
~—

where z(t) = [z1(t),...,z,(t)]T € R, f(z(t — 7)) =
(@1 (t = 12O fun(t — ma(®)]T € %A =
{aij}, B = {b;; } represent the delayed feedback matri-
ces, while u = [uy,...,u,]T is a constant input vector,
and time-varying delays 7;(t) are bounded nonnega-
tive functions:0 < 7;(t) < 7;(j = 1,2,...,n). The
activation functions f;(i = 1,2,...,n) satisfy the fol-
lowing condition.

(H) Each f; satisfies
|fi(&1) — fi(&2)] < Li |1 — &

for each &1,&2 € R, &1 # &a.
This type of activation functions is clearly more
general than both the usual sigmoid activation func-

tions and the piecewise linear function(PWL): f;(z) =

%(|m + 1| — |z — 1|), which is used in Ref.[9].
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In the following discussions, we will use the no-
€ R™, we
let ||z|| denote a vector norm of z, and for a matrix
A € R™*™ ||A|| denotes the matrix norm of A induced
by the vector norm ||z||. u(A) is the matrix measure

of A, defined as

tation: for any vector z = (z1,2a,...,2,)"

. |T+0A] -1
A)= lim —
#A) 50+ ) ’

where [ is the identity matrix with the same dimen-
sion as A.
We assume that system (1) is supplemented with

initial conditions of the form

zi(s) = ¢i(s),  s€

i=1,2,...,

[_7_7 O]a

n, T= 1réla<x {73},

in which ¢;(s) is continuous for s € [—7,0]. Sup-
pose that Eq.(1) has a unique equilibrium z* =

* % *
(27, 25,...,2}). We denote

el

ll¢— ™|l = sup.

—TS S

= (2§03, ... a%) is

We say that an equilibrium z*
globally exponentially stable, if there exist constants
€ >0 and M > 1 such that

lz(t) — ™| < Mll$p —a*[le”, t>0.

3. Global convergence analysis

Before analysis, we need the following lemma
which will be used to study the global exponential
convergence of Eq.(1).

Lemma [Halanay Inequality, Ref.[10] Let «
and 3 be constants with 0 < 8 < «a. Let z(t) be a con-
tinuous nonnegative function on t > ty — 7 satisfying

the following inequality (2) for ¢ > tg.

z (t) < —az(t) + f2(1), (2)
where Z(t) = tff—lils)<t{:c(5)}- Then
2(t) < T(to)e M%), 3)

where A is the unique positive solution of

A=a— fBe. (4)
Theorem For any matrix norm || - ||, if || B]| <
%, where L = diag(Ly,Lo,...,L,), then the

equilibrium 2* of system (1) is globally exponentially

stable for any given time delay 7. In particular, the
bound on exponential convergence rate A > 0 is the
unique positive solution of the following nonlinear
equation

X = —p(A) — |IL[[[|Blle*.
z(t) — z*,

= Ay(t) + B[f(y(t — 7(t)) + =) —

Proof Let y(t) = rewrite Eq.(1) as

f@@*)]. (5)

’

y (1)
From Eq.(5), we have

WLy

1
= lim = [||y(t — |11+ 8A]||Jy(t
Jm = {[ly(t+ )| —[I7+ dA[[[ly(®)]]

< lim <yt +6) — (1+5A)y (o)l
i Y +0) —y() — 5Ay(?) H
50+ )
=y (1) - Ay(0)]
= IB (e = 7(0) +2%) = f(")]|
<IBINE( )] (6)

From the previous inequality, we can obtain

% < w(A)lly@) I+ LI BIFO]

According to the above Lemma, we have
—p(A) > |[LI[]| Bl

1.e.

_mA)
1B < Nl

Thus, the result of the theorem is obtained.

In order to compare our result with those pre-
sented previously, we assume that —A = L = I (the
identity matrix) in Eq.(1).

Corollary DCNN(1) is globally exponentially
stable if one of the following conditions holds.

There exists a positive diagonal matrix D =
(dl,d2, .. .,dn) such that

b; 1;
1) max Zd‘ il <

2) max
1<i<n 4
Sisn iy

3) ID'BDI]; < 1;
n n dj 2
03 (Sl) <
i=1 j=1 ’
Z d; b1,

J=1,j#i

d;

5) di(|bii| — 1) < i=1,2,...,n
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i=1,i]
7) the matrix I — |B| is an M-matrix;

8) the spectral radius of the matrix |B| less than
1,1e. p(|B]) < 1.

Proof Since for any matrix norm || || and any
nonsingular matrix D,||B||p = ||[D !BD]| also de-
fines a matrix norm. It is easy to see that conditions
1) 2) 3) and 4) corresponds to the column norm, row
norm, spectral norm and Frobenius norm of the ma-
trix D! BD, respectively. Moreover, we see that con-
dition 2) is equivalent to that (I —|B])d > 0, in which

d = (dy,ds,...,d,)T > 0. According to the equiva-

lent conditions of an M-matrix,'* this implies that
I —|B| is a M-matrix and conditions 5)-8) are differ-
ent equivalent conditions of M-matrix I — |B|. Thus

the proof is completed.

Remark In Ref.[12], the same result as condi-
tion 1) is obtained. In Ref.[13], conclusion (i) of theo-
rem 2 is the condition 2) in this work. A condition for
global asymptotic stability in Ref.[14] coincides with
our condition 3). The same condition as our crite-
ria 7) but for global asymptotic stability in Ref.[15]
was also achieved. In Ref.[16], a condition for global
asymptotic stability was established which is consis-

tent with our criteria 8).
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