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In this paper, a variable separation approach is used to obtain localized coherent structures of the (2 + 1)-

dimensional generalized nonlinear Schrédinger equation: ip; — (a — 8) @z + (4 B)pyy — 2Ap

(a+p) </ ||z da +

y
uy (y,t)) —(a — ﬁ)(/ |g0|idy + uz(m,t)>:| = 0. By applying a special Backlund transformation and introducing

arbitrary functions of the seed solutions, the abundance of the localized structures of this model are derived. By

selecting the arbitrary functions appropriately, some special types of localized excitations such as dromions, dromion

lattice, breathers and instantons are constructed.
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1. Introduction

Because of the wide applications of the soliton
theory in many physics fields, such as the fluid dy-
namics, plasma physics, field theory, optics, etc,[!—4
the study of integrable models attracts much atten-
tion of many mathematicians and physicists. To
search for exact and explicit solutions of a non-
linear physical model, especially for new exponen-
tially localized structures like soliton solutions, is a
very significant work. Since the advent of dromions
unearthed by Botit et al,®% Fokas and Santini,(”)
there has been growing interest in (2 + 1)- and
(3 + 1)-dimensional nonlinear evolution equations.
Now several significant (2 + 1) and (3 + 1) mod-
els, such as the (2 4+ 1)-dimensional Kadomtsov—
Petviashvili (KP) equation,®] Davey-Stewartson (DS)
equation,[® generalized Korteweg-de Wries (KdV)
asymmetric Nizhnik—Novikov—Veselov

(NNV) equation, '] sine-Gordon equation,'?] the (3+
13]

equation, 1!

1)-dimensional KdV equation™® and Jimbo-Miwa-

[14] have been inves-

Kadomtsev—Petviashvili equation
tigated and some special types of localized solutions
for these models have also been obtained by means of
different approaches, for example, the inverse scatter-
ing transformation, bilinear method, symmetry reduc-
tions, Backlund and Darboux transformations and so
on.">=23] From the above studies of 24-1 and (3 + 1)-
dimensional models, one can see that there exist more
abundant localized structures than in lower dimen-
sions. This fact implies that there may exist similar
or new localized coherent structures in other (2 + 1)-

dimensional integrable models.

In this paper, we investigate the following

(2 + 1)-dimensional generalized nonlinear Schrédinger
(GNLS) equation!?4:2°]

ipr — (a — B)pae + (a0 + B)pyy
— 2\ [(a + ) </; |pl5da + m(y,t))

= [ ekt uen)] <o o
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where x and y are characteristic coordinates defined
by
y=£&-n, (2)

and A = +1, o and (3 are arbitrary real constants.

=&+,

In the above equation, the scalar function
o(z,y,t) is a complex function representing some
physical quantity and u;(y,t) and ua(z,t) are arbi-
trary real-valued functions of the indicated arguments,
and they constitute the so-called “boundary flows” of
the system.

In order to seek the solutions of Eq. (1), we in-

troduce the following transformation

Yy
L=-A / lol2dy + uz(z, 1), Ly = A2, (3)

— 00

S= -1 / loPde + ur(y, ), o= Aol (4)

in Eq. (1), where u4(y,t) and us(z,t) are boundary

terms, and convert it into a system with three vari-

ables

Ly = =Xl (6)

Se = =Agl3. (7)

Here  —a =a and B+ a =b. In Egs. (5)—(7), L

and S represent some real potentials. It is instructive

to compare the form of Egs. (5)—(7) with the NNV

equation, which is a symmetric generalization of the
(2 + 1)-dimensional KdV equation.

For simplicity, we only investigate the case of

A = 1in Egs. (5)—(7).

simple variable transformation « — —x (or y — —y),

If A = —1, we can make a

then this situation will be identical with the former
case.

This paper is organized as follows. In section 2,
we apply the variable separation approach to solve
the (2+1)-dimensional GNLS equation and obtain its
exact solution. In section 3, we give some types of ex-
otic localized coherent structures, such as dromions,
dromion lattice, breathers and instantons, etc. Sec-

tion 4 is a simple summary and discussion.

2.Exact (2 +
1)-dimensional GNLS equation

solution of the

from variable separation ap-

proach

To find soliton solutions of an equation, we can
use different kinds of methods. One of the powerful
methods is the variable separation approach, which
was recently presented and successfully applied to
some (2+1)-dimensional models.?5~33] Now we would
use this method to investigate the (24 1)-dimensional
GNLS equation. To solve the system (5)—(7), we first

take the following Bécklund transformation

4 ?+‘P07 L:(lnf)mz+L07

S= (lnf)yy + So,
(8)

which can be obtained from the standard Painlevé
truncated expansion, where f is a real function, g is a
complex one and (g, Lo, Sp) is an arbitrary seed so-
lution. Substituting Eq. (8) directly into the system
(5)—(7) and integrating Egs. (6) and (7) once with
respect to the arguments x and y, respectively, yields

its bilinear form

(aD2 4+ bD; +iD¢)gf + po(aD2 + bD2)f f
+ 2fg(aLo + bSo) + 2f*po(aLo + bSo)
+ f2(a900mz + bQDOyy) + i.f2900t = 07 (9)

D.Dyff+2(g9" + fg"vo + fgvy
+ P00 + 2f2(8; ' Lo)y) =0, (10)

D,Dyff+2(g9" + fg"¢o + fgvg
+ 2008 +2f%(89,'S0).) = 0, (11)

where 0 1,8; I are integration symbols with respect

to the argument z or y, and D, D,, D, are defined as
DyDyD; ff

_ li 9 o \"
- zf:m,ylfrgy,t':t dx O’
a a\'[a o\
22 (=== 12
8 <3y 8y’> <8t at') 5 (2)
which are the usual bilinear operators introduced first
by Hirota.[1?]

To discuss further, we take the seed solution
(()007L07SO) as

o =0, Lo=ug(z,t), So=vo(y,t), (13)
then Egs. (5)—(7) can be simplified to
(aD3 + D} +iDi)gf + 2fg(auo + bug) =0,  (14)

D,D,ff+2gg* =0. (15)
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In order to find some interesting solutions of Egs.
(14) and (15), we can use the variable separation

ansatz
[ =au+av +azuv, g=ujviexp(ir +1is), (16)

where a1, as and az are arbitrary constants; and u =
u(z,t), v=v(y,t), ur =ui(z,t), vi =vi(y,t), r=
r(z,t), s = s(y,t) are all real functions of the indi-
cated variables. Substituting Eq. (16) into Eq. (15),
we have

uivy — ajazu,v, = 0. (17)

Since the functions w, w; are only functions of {z,t}
and the functions v, v; are only functions of {y,t},
Eq. (17) can be solved by the following variable sep-

arated equations

Uy = 51\/a1a260_1u,3, (18)

v = 52‘/60’03’ (5% = (5% = 1) (19)
Similar to the above procedure, inserting Eq. (16)
with Egs. (18) and (19) into Eq. (14) and separating
the real and imaginary parts of the resulting equation

yields the following variable separated equations

uy = —2ar,u, +c1(az + ag,u)2 + co(as + azu) + ajaqcs,
(20)
vy = —2bsyv, — c3(ar + agv)2 —ca(ay + azv) —ajasey,
(21)

4(5t+bsz—2bv0)v§—2bvyvyyy—|—bviy+c4U§ =0, (22)

the real conditions of v and v require
alagco_luz >0, (24)

covy > 0. (25)

Although it is not an easy task to obtain general
solutions of Egs. (20)—(23) for any fixed ug and vy, we
can treat the problem in an alternative way. Since ug
and vy are arbitrary seed solutions, we can regard u
and v as arbitrary functions of {z,¢} and {y,t} under
the conditions (24) and (25) respectively. The func-
tions r and s can be expressed in terms of u and v
simply by integrations from Eqgs. (20) and (21). Then
the seed solutions ug and vy can be fixed by Egs. (22)
and (23).

Finally, substituting Eq. (16) with Egs. (18)—(23)
into Eq. (8), we obtain a quite general solution of the
(2 + 1)-dimensional system (5)—(7)

0109, /arazuzvexp(ir + is
wzlzJTTi;m ) (26)

a1y + asv + azuv ’

a1 Ugy + aA3VUgy
a1u + asv + asuv

a1 Uy + a vuz2
L:uo+< (@ 30ts) 2)

(a1u + axv + azuw)
(27)
(agvy + azuvy)?
(a1u + axv + azuv)?
(28)

with two arbitrary u and v under the conditions (24)
and (25); and wg, vy are determined by Egs. (22) and

A2Vyy + A3UVyy
au + asv + azuv

S:U0+<

(23). Especially, the module square of the field ¢ reads

4(ry 4+ ari — 2au0)ui — 20Uy Uppy + auim — 04ui =0.
23 a1asUg, v
(@) &= o2 = L ()
In Egs. (18)—(23), co, c1, c2, c3, cq4 are all arbitrary (a1u + asv + aguv)
functions of t. From Egs. (18) and (19), we know thaﬁ
or UV
a1az2Uq
? = |90‘2 = 1 . 1 2 (30)
4<A1 cosh E(U +V +Cy) + Az cosh §(U -V+ Cz))
where with b; and by being arbitrary constants. U and V
u=>b+eY, v=by+e", (31)  are also arbitrary functions of {x,t} and {y,t}, re-
q spectively, under the conditions
an

Ay =\/a3(a1b1 + agbs + azbiby),

Ay =+/(a1 + azbs)(as + azby), (32)
as
Ci=In ,
! a1by + azbs + azbiby
b
O N - L (33)

b)
as + azb;

CL]_G,QUIVy Z 0. (34)

As pointed out in Ref.[31], as u(z,t) and v(y,t)
are arbitrary functions of the indicated arguments,
Eq. (29) (or Eq. (30)) reveals quite abundant soli-
ton structures. From Egs. (29) and (30), it is easy

to know that for arbitrary u and v with the boundary
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conditions
u|z~>700 — Bla u|x—>+oo — B27

U|y~>700 — Bg, ’U|y4>+oo — B47 (35)

where By, By, Bs and B4 are arbitrary constants
which may be infinities, there is a coherent soliton
solution localized in all directions. Until now, many
exotic coherent structures of Eq. (29) (or Eq. (30))
have been widely investigated within other physical
models, such as Refs.[34]-[37], etc. In the following
discussions we only cite some interesting examples and

omit the related plots.

3.Some types of localized coher-

ent soliton structures of the

GNLS equation

3.1. Multi-dromion solutions driven by str-

aight-line ghost solitons

Usually, as pointed out in Ref.[38], the multi-
dromion solutions which are localized in all directions
are driven by multiple straight-line ghost solitons with
some suitable dispersion relations, and the dromions
are located at the cross points of the straight lines. If

we take functions u and v as

M
u = exp(K;z+ 2t +z0;) +1 = Z exp(&;), (36)
i=1 i=1
N N
v = exp(kiy + wit + yo;) = Z exp(n;), (37)
i=1 i=1

where K;, k;, 2%, w;,

trary constants, and M and N are positive integers,

zo; and yo; are arbi-

then we can obtain the first type of special multi-
dromion solutions. There is no dispersion relation

among K;, k;, (2 and w;.

3.2. Multi-dromion solutions driven by str-

aight and curved line ghost solitons

Meanwhile, we have known that for many (2+1)-
dimensional nonlinear physical models, the dromion
solutions can be driven not only by straight-line ghost
solitons, but also by curved-line and straight-line soli-
tons. From Eq. (30), we know that the dromion solu-
tions can also be driven by curved-line and straight-
line solitons here. In fact, general multi-dromion solu-

tions of this GNLS equation expressed by Eq. (30) are

driven by two sets of straight-line solitons and curved-
line solitons. The first set of straight-line solitons ap-

pears in the factor V, say, if we take

N

Vy = Vily—ui(t)),

i=1

(38)

where V; = V;(y — yi(t)) denotes a straight-line soli-
ton which is finite at the line y = y;(t), and decays
rapidly apart from the line. Similarly, the second set of
straight-line solitons appears in the factor U,. Finally,
the curved-line solitons are determined by the factors
1

Ay cosh%(U-l— V + ) and A cosh E(U —V+Cs)in
Eq. (30) and the curves are determined by

U+V+C=min(U+V+C),

U—-V+Cy=min(U -V +Cs), (39)

while the number of the curved-line solitons is deter-
mined by the branches of Eq. (39).
For example, if taking

U=2a"+2:34+02, V=24°4+02y+04, (40)
a; =ay =az =b; =by =1, (41)
the corresponding curves are determined by
2% 4+ 223 4+ 29 + 02y + 0.6 —In3 =0,
2 +22° — 292 — 02y —0.2=0, (42)

then we can construct a multi-dromion (four-dromion)
structure for the quantity & = |p|? driven by the two

ghost curved-line solitons. Furthermore, if taking

N
U= Z 0.1tanh(z 4 4n),

n=—N
M
V=Y 0ltanh(y+4m), (43)
m=—M
M:N:2, a1:a2:a3:b1:b2:1, (44)

then we can obtain a 5 x 5 “dromion lattice” solution

for the field ¢ = |p|2.

3.3. Standing and moving breather-like struc-

tures

Obviously, if some types of periodic functions of
time t are included in the above types of localized so-
lutions, then all these types of solutions will become

the corresponding breathers. For example, if we take

U = 2(1.2 4 cos(27t)) (2 + = + 1),
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V = 2(1.2 4 cos(27t))(0.5y° + y + 0.1), (45)

and
a1:a2:b1:b2:1, (46)

in Eq. (30), then we can obtain a special type standing
breather solution. If # and y in Eq. (45) are changed
to @ — pit and y — pot, then Eq. (30) with Eq. (45)
becomes moving breather solution, which can breathe
in many ways, say, in its amplitudes of peaks, shapes,
distances among the peaks and even its number of

peaks at different times.
3.4. Instanton-like excitations

If a further decaying factor of time ¢ is contained
in U and V of Eq. (30), say, multiplying U and V
by sech(at), then the localized structures listed above
become instanton-like solutions.
take

For instance, if we

U = 4sech(4t) tanh(z®), V = 4tanh(1.2y), (47)

and Eq. (46), then we can derive a standard dromion-
like instanton solution (a moving instanton in direc-

tion), which decays tremendously in a short time.

3.5. On the nonexistence of the ring solitons
and lumps

In some high dimensions, in addition to the
point-like localized coherent excitations, there may
be some other types of physically significant local-
ized excitation.28:29:34 Though the right-hand side of
Eq. (29) (or Eq. (30)) is valid for some other models
like the NNV model,/?®! the (2 4 1)-dimensional KdV
equation,[??!| etc., just the same as the case Lou has
pointed out in Ref.[31] that in the DS equation there

is no ring solitons and lumps, so we cannot obtain the

similar ring type of soliton solutions from Egs. (29)
and/or (30) due to the real conditions (24) and (25).
It is also known that in high dimensions, like the KP
equation, a special type of localized structures, called
lump solutions, may also be formed by rational func-
tions. For the GNLS system (1), we cannot obtain an
analytical lump solution from Eq. (29) by selecting
u and v as power or rational functions, though some
types of singular rational solutions, called positons,

can be found.

4.Summary and discussion

In summary, using the variable separation ap-
proach for the (2 4+ 1)-dimensional GNLS equation,
we have obtained many types of multi-soliton solu-
tions because of the existence of the arbitrary func-
tions u and v. By appropriately selecting the arbi-
trary functions, the multiple localized solutions of Eq.
(29) may be dromions, dromion lattice, breathers and
instantons, etc. The breathers may breathe in their
amplitudes, shapes, distances among the peaks and

even the number of peaks.

It is worth to mention that all the localized coher-
ent structures we have cited here are discussed under
the real conditions (24) and (25), a wealth of other
type localized coherent structures, such as ring soli-
ton and multi-lumps solutions cannot obtained here,
(29) (or (30)) itself to

construct them. The variable separation method has

though it is valid from Eq.

been applied successfully to find localized structure
solutions here. More about applying this method to
other (2 + 1)-dimensional nonlinear physical models
and more about the properties of the multiple local-

ized coherent solitons are worthy of further study.
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