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In this paper, we make use of a new generalized ansatz in the homogeneous balance method, the well-known

Riccati equation and the symbolic computation to study a generalized Hirota—Satsuma coupled KdV system and a

coupled MKdV equation, respectively. As a result, numerous explicit exact solutions, comprising new solitary wave

solutions, periodic wave solutions and the combined formal solitary wave solutions and periodic wave solutions, are

obtained.
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1. Introduction

In recent years, search for explicit exact solutions,
in particular, solitary wave solutions, of nonlinear evo-
lution equations in mathematical physics constitutes

[1-9,13-17] Various

an important part of soliton theory.
powerful methods, such as Béacklund transformation,
Darboux transformation, Cole—Hopf transformation,
tanh method, sine-cosine method, Painlevé method,
Hirota method and Rank analysis method,22=25]
have been introduced. Based upon the well-known
Riccati equation, the homogenous balance method
(HBM) was proposed by Wang 12! to find exact solu-
tions of certain nonlinear partial differential equations
(PDEs). Fan and Zhang!™® improved considerably
the key steps of the HBM. Particularly, more general
ansitze have been proposed in order to obtain new
forms of solutions. Recently, Fan,[! using an extended
tanh-function method, obtained four kinds of soliton

solutions for a new generalized Hirota—Satsuma cou-

pled KdV system

up = %uzm — Buu, + 3(vw),,
VUVt = —VUgga + 3uvm7
Wy = ~ Wy + SUwy, (1)

and a new coupled MKdV equation

3
Uy = 5ua:a:z - 3u2uz + Evzz + 3(’(1,1))93 - 3Aum7

Vi = —Vgpe — UV — 3UgUy + 3u%v, + 3Av,.  (2)

Egs. (1) and (2) were derived recently by Wu et all']
by introducing a 4 X 4 matrix spectral with three po-
tentials. With w = v* and w = v, Egs. (1) reduce re-
spectively to a new complex coupled KdV equation!'’!
and the Hirota—Satsuma equation.'"1?] Eqgs. (2) be-
comes a generalized KdV equation for u = 0 and the
MKdV equation for v = 0, respectively. More re-
cently, Hul?!l derived five kinds of solutions for Eqs.
(1) by a delicate way of ansatz method. We have used
some powerful method to seek solutions of nonlinear
equations.['®17] The motivation of the present paper
is to utilize a new generalized ansatz developed by
us*®! in HMB to explore more new solutions of Egs.
(1) and (2). As a result, more new exact solutions, in-

cluding the solutions obtained by Fan,®] are obtained.

2.Summary of our method

Our method is summed up as follows
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For the given system of nonlinear evolution equa-
tions, in two variables, say,
F(u,H,ut, H,ug, Hyy Uy,
Hp,use, Hep Uy, Hyey .. .) = 0,
G(u, H,us, Hy,ugy Hyy Ut
) =0, (3)

we seek for the formal travelling wave solutions which

HwtauttaHtt7u$$a Ha:wa B

are of important physical significance
u(z,t) = u(€), H(z,t)=v(&), E=x+A+c, (4)

where ) is a constant to be determined later, ¢ is an
arbitrary constant. Then the system (3) reduces to a

system of nonlinear ordinary differential equations
FO(U,H,UI,HI,UH,H”, t ) = 07

Go(u, H,u',H',u" ,H",---) =0, (5)

where “/” denotes d/d€. In order to seek for the travel-
ling wave solutions of system (3), we take the following

transformations

) =3O w(E
TEVZEFEEFEW+Am

H(E =3 o lowel©
AT T 4w ()

and the new variable w = w(§) satisfying

d
W = R(Lt o) = g = RO+ ) =0, (1)

where p; = £1(j = 1,2), m and n are integers to

be determined and A;, B;, a;,b;(i =0,1,2,...,m;j =
0,1,2,...,n) and R are constants to be determined
later.

When B, = 0,b; = 0¢ = 1,2,...,m;j =

1,2,...,n), Eq.(6) becomes the transformation pro-
posed by Ma et all'® But as B; # 0,b; # 0(3 =
1,2,...,m;57 =1,2,...

exact solutions of system (3).

,n), we would find many new

There are the following steps to be considered fur-
ther.

Step 1 Determine the values of m and n of sys-
tem (6): by respectively balancing the highest-order
partial derivative term and the nonlinear term in sys-
tem (3) (or (5)), it is easy to find the value of m

and n.

Step 2 With the aid of computerized symbolic
computation system Mathematica, substituting sys-
tem (6) along with the condition (7) into system (5)
yields a system of algebraic equations with respect to
wi(py + pipow?)i/? (j=0,1;1=0,1,2,...).

Step 3 Collect all terms with the same power
in w(py 4+ prpew®)/? (7 =0,1; i =0,1,2,...) and
set the coefficients of the terms w'(uy + pypow?)i/?
(j =0,1;¢=0,1,2,...) to zero, we obtain an over-
determined system of nonlinear algebraic equations
with respect to the unknown variables A\, R, Ag, aq,
A;, B, aj,b; (i=1,2,...,m;j=1,2,...,n).

Step 4 With the aid of Mathematica, ap-
plying Wu-elimination method'®2% to solve the
above over-determined system of nonlinear alge-
braic equations obtained in step 3, yields the val-
ues of A\, R, Ao, a0, A;,Bi,aj,bi(1 = 1,2,...,m;j =
1,2,...,n).

Step 5 It is well known that the general solutions
of (7) are

(1) When pp = —1,

A — Bexp(—2R
w=wl®) =77 Bexig_mg
(1 for B =0,

-1 for A =0,

= § tanh {Rf — %ln <%>]

coth [Rf — % In (—%)}

Here A and B are arbitrary constants satisfying A% +
B? £ (. This solution may be obtained by three tricks:

the Mobius transformation, the Cole-Hopf transfor-

for AB>0, (8

for AB < 0.

mation or the relation
(w1 — wy)(ws — wy)
(w1 — ws3)(wz2 — wa)
of the solutions w;,1 < 7 < 4, beginning with three
known solutions 1, —1, tanh(R¢).
(2) When pg =1,

an(R, 0),
w=M®={t(E+E)

= C = const.

(9)
—cot(RE + &o).
Thus according to Egs. (4), (6), (8), (9) and the con-

clusions in step 4, we can obtain several travelling

wave solutions of system (3).

3.Solitary wave solution and
periodic wave solution for a
new generalized Hirota—

Satsuma coupled KdV system
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To look for the solution of Egs. (1), according to
the above steps, we firstly make the following travel-

ling wave transformation
u(z,t) = u(f), v(z,t) =wv(f),
w(z,t) =w(), £=z+ Pt (10)

where (3 are constants to be determined.
Substituting (10) into (1) gives

1
Bu' = Eu”’ — 3uu’ + 3(vw)’,

/ n !
fv = —v" + 3uv’,

n

Buw' = —w" + 3uw’, (11)

and integrating the first equation in (11) gives

1 3
§u" - §u2 + 3vw — fu =0,

nm

—v"" 4+ 3uv’ — B’ =0,

n

—w" 4+ 3uw — puw’ = 0. (12)

According to step 1 in section 2, we suppose that (12)

has the following two ansatze

u =ag + a1w + byy/p1 (1 + paw?)

+ azw? + bawy/p1 (1 + pow?),
v= Ao+ Aw + B/ p1(1 4 pow?),

w = Cy+ Crw + Di/p1 (1 + pow?),  (13)

and

u =ag + ayw + by /1 (1 + pow?)
+ asw? + bowy/p (1 + paw?),
v=Ag+ Aw+ B1\/m
+ Ayw? + Bow/p1 (1 + paw?),
w =C) +C1w+D1\/m
+ Cow? + Down/p (1 + pow?),  (14)

where w = w(§) satisfies Eq.(7) and ag, a1, az, by, ba,
Ag, A1, Az, By, By, Cy, C1, Cy, D1, D5 are constants
to be determined later.

With the aid of Mathematica, substituting (13)
into (12) along with (7) and collecting all terms with
the same power in w*(u; + pypew?)/? (5 =0,1;i =
0,1,2,3,4), yields a system of equations with respect
to w (1 + pipew?®)/?2.  Setting the coefficients of
wi(py + prpew?)/? (5 = 0,1;i = 0,1,2,3,4) in the

obtained system of equations to zero, we can deduce

the following set of over-determined algebraic polyno-
mials with respect to the unknowns aq, a1, as, b1, ba,
Agp, Ay, As, By, By, Cy, Cq, Ca, Dy, Dy, R, 3, namely
—3a2 4+ 6A7C) + 2a,R?
— 208 — 3b3 1 + 6B1D1py =0,
— 6aga; +6A,;Cy + 6A47C1
—2a18 — 6b1bapy + 2a1 R?py = 0,
—3a? — 6agay + 6A,C1 — 2a508 — 3b3 0
+ 8as R? iy — 3b3pu1pi2 + 6B1D1pyp2 =0,
—6ajas + 2a; R* — 6bybojuy piz = 0,
—3(a3 — 2a2R? + b3p1p12) = 0,

—6agby + 6B1Cy + 6A9D1 — 2b18 + b1 R%pus = 0,
—6a1by —6agby+6B1C1+6A1 D1 —2by f+5by R% s = 0,
—6agby — 6a1by + 2b;R? = 0,
ba(—az + Rz) =0,

—A;R(—3ag + B+ 2R%uz) = 0,
3R(ay Ay + by Bipipz) =0,
R(3Bibapy iz + A1(3ay — 8R? + 3agus — Bus)) =0,
3R(biBipy + a1 Ajpg) =0,
3R(Bibap1 + Aipa(az — 2R*p3)) = 0,
3A101R =0,

R(3A1by — B1(5R® + (~3ao + B)p2)) = 0,
3(A1by + a1 B1)Rpuz = 0,
3Rpus(azBy + Arby — 2B R?*p3) = 0,
—C1R(=3ao + B+ 2R%p2) =0,
3R(a1C1 + b1Dipip2) =0,
R(3a3C1+p2(3agCr+3by Dy ji — C1 (B+8R%uz))) = 0,
3Ru2(a1Cy + biDypape) =0,
3Rpu2(azCh + pa(boaDipn — 201 R?pp)) = 0,
3b1C1R =0,

R(3b,Cy — Dypa(—3ag + B+ 5R%p2)) = 0,
3(b1C1 + a1D1)Rps = 0,
3R(byCy + Dy(as — 2R?))us = 0.

From which, with the aid of Mathematica, we
have
Case 1

2R?
ap = wa a; = 07 az = 2R27
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—4R2Cy(—f + R? +2R?
Ag = o /62+ l~t2)7 U1z = L + 2R?*tan’R(z + (t),
3C7
4R?*(—f + R?py) 2 2 2 2
A =— , 4R*Cy(B — R*) 4R*(B8— R?)
! 3C? v1g = 307 307 tanR(z + Gt),
by =by =By =D; =0,
where Cy, R,3 and C; # 0 are arbitrary constants, wiz = Co + CrtanR(z + Gt),
and we have the following identit
: ' Uy = p+ 2R 2R — 2R%*cot®R(z + f3t)
—24C2R*(R?ps — ) + C2(8R*—8R?Buy—343?) 0 3 ’
3C? e
4R%*Cy(B — R?) 4R%*(B - R?)
Case 2 Vg = 307 - 307 cotR(z + ft),
_ 2R2 + ﬂ/’l’z -0 _ R2
@0 = 3uz =Y a=4a, wyg = Cy — CycotR(z + ft),
by =0, by— R? where Cy, R, and C; # 0 are arbitrary constants,
’ NI and we have the following identity
R* — 4R?
Ag= Ay, A= 50 ﬂﬂ’”, —24C2R?(R? — ) + C?(8R* — 8R?B3 — 3/3?) 0
1H2 =0.
3C?
B R'— ARGy '
1=~ oA —
12C1 pa/p1 2 Case 2-solutions:
\/C0R2 (R? —4Bp2) 2
Co Co, Cy 2\/m ’ Uy = — 73 ﬂ + R2tanh2R(x + ﬂt)
Dy = 1 + iR*tanhR(x + Bt)sechR(z + fBt),
V12
where Cy, R, and Ay # 0 are arbitrary constants,
and we have the following identity vor —Ag + R 1‘;éR2ﬂtanhR(ac + Bt)
1
364,Co + R* — 68 — 4R?Bu, = 0. 4 4p2
+ iRl—;iCRﬁsechR(x + Bt),
Therefore, according to step 5, eight families of ex- !
plicit and exact travelling wave solutions, comprising
solitary wave solutions, periodic wave solutions and CoR?(R? + 40)
=C tanhR t
new travelling wave solutions, are found as follows for w2 ot 2v/3A0 anhR(z + 5t)
(1). /CoR?(R? + 4p)
Case 1-solutions: +i 2/34, sechR(z + Bt),
_9p2
Uy = ﬂTzR + 2R?*tanh’®R(x + Gt), ,
=— ——" + R*coth’R t
_ 4R200(ﬁ+R2) 4R2(ﬁ+R2)t R . U22 3 + CcO ($+ﬂ )
v = 3C? 3C? anhR(z + ft), + R%cothR(z + Bt)cschR(x + Bt),
w11 = CO + CltanhR(m + ﬂt),
B — 2R? 5 o R4 2
_ 4R
U2 5 T 2R"coth®R(z + f3t), oy =Ag + 71-;()1 ﬁcothR(m + Bt)
4R*Cy(B+ R?) 4R*(B+ R?) 4 2
_ R*+ 4R
iz = 302 507 CothR(z+fBt), L B ARS R+ ),
1 1 12C;
Wi = CO + C]_COthR(IZT + ﬁt),
where Co, R, and C; # 0 are arbitrary constants, C-R2(R2 1 4
. . Wag =Cp + o (R® +45) cothR(z + ft)
and we have the following identity 234,
24C2R?(R? C?(8R*+ 8R%*3 — 332 CoR?*(R?> +4
o R(R” + ) +3C1’§ + B —357) =0. + o (R +45) cschR(z + pt),
1

234,
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where Cy, R, and Ay # 0 are arbitrary constants,

and we have the following identity
36A40Cy + R* — 682 + 4R?3 = 0.
2R% + 3

3
+ R*tanR(z + B)secR(zx + (t),

Uz = + R*tan’R(z + ft)

R* — 4R%p3
12C4

R* — 4R?p3

120

vz =Ag — tanR(z + (t)

secR(z + ft),

CoR%(R? — 43)

234,
+ CysecR(z + Gt),

woz =Cy + tanR(z + (t)

2R?
Uy :T—}_ﬂ + R%*cot’R(z + fBt)

+ R%cotR(x + B)cscR(z + Bt),

R* — 4R?3
12C,

R* — 4R?p

12C,

vos =Ag + cotR(z + fSt)

+ cscR(z + ft),

CoRZ(R% — 40)

24/3A0
+ CyescR(z + (t),

way =Co — cot R(z + f3t)

where Cy, R, and Ay # 0 are arbitrary constants,

and we have the following identity

36A4,Cy + R* — 632 —4R?3 = 0.

Similarly, substituting ansatz (14) into (12) yields

— 3a3 + 6Aoco + 2a2R2 — 2a0/3
—3b2p1 + 6B1D1py =0,

— 6&0&1 + 6A100 + 6A001 — 2a1ﬁ

— 6bybypuy + 6BoDypuy 4+ 6B1Dopy + 2a1 Ry = 0,

— 3af — 60,00,2 + 6AQCO + 6A1 Cl + 6A002
— 2a28 — 3b3p1 + 6B2Dapiy + 8az R s
— 3bjpiptz + 6B1Dypype = 0,

2(a1(—3as + R?) 4 3(A2C) + A1 Cy
+ (=b1by + BoDy + B1 D) pypz)) =0,

—3(&% — 2A202 — 20,2R2 + (bg — QBQDQ)/,LLUQ) = 0,

—6agby + 6B1Cy + 649Dy — 2b1 8 + b1 R?pp = 0,

— 6a1b1 — 6a0b2 + GBQCO + 6B101 + 6A1D1
+ 640Dy — 2by3 + 5by R* iy = 0,

— 6a2b1 — 6&1()2 + 63201 + 63102
+ 645D, +6A,D5 + 20, R%2 =0,
6(—&2[)2 + BzCQ + A2D2 + bgRQ) = 0,

R(3aoCy + 3byDypy — C1(B + 2R2N2)) =0,

R(3a;1Cy + 6a¢Cy — 2C2 + 3ba Do
— 1602R2u2 + 3b1D1H1N2) =0,

R(3(1201 + 6(1102 — 801R2 + 3(1001#2
— C1Buz + 3ba Dy pyprz + 9b1 Dopy o) = 0,

R(6a5Cy — 2C5(20R? — 3agpuz + Bus)
+3(b1D1p1 + a1Crpun + 3ba Dapry o)) = 0,

3R(baD1p1 + 2b1Dapq + asChpo
+ 2a1Caps — 201 R?*u3) = 0,
6R(b2D2,U,1 + Cg/.tg(az - 4R2[L§)) = 0,

R(3b1Cy + D3(3ag — 8 — 5R?p3)) = 0,

R(3b201 + 6b1C2 + 3a1D2
—5D1R? + 3agDyps — D1 Bpz) =0,

R(Gbng + 3a2D2 — 28D2R2 + 3b1 C1/J,2
+ 3a1 Dy g + 6agDapia — 2D fus) =0,

3Ruz(b201 + 2b102 + ang + 2a1D2 - 2D1R2M§) = O,

6Rua(byCy + Da(ag — 4R?*p3)) = 0,

R(3agA; + 3b1 Bapiy — A1(B + 2R*pz)) = 0,

R(3a1A1 + 6a0A2 - 2A2ﬁ + 3bngl,L1
—16A>R*po + 3b1 Bypuipiz) = 0,

R(A1(3a; — 8R? + 3agus — Bus)
+3(2a1 42 + (Bibz + 3b1 B2)puipz)) = 0,
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R(6a3A; — 2A5(20R> — 3aous + Bus)
+ 3(b1Bipy + ayAypo + 3ba Bopuypiz)) = 0,

3R(B1ibapu1 + 2b1 Bapiy + Avagpio

+ 2a1 Agpis — 2A; R*1i3) = 0,
6R(baBajuy + Azpiz(az — 4R?p3)) =0
R(3A1b1 + Bz(3a0 - ﬂ - 5R2/,L2)) = 0,

R(6Ayby + 3A1by + 3a; By — 5B R?
+ 3agBip2 — B1PBus) =0,

R(6A2b2 + 3a232 — 2832R2 + 3A1b1/12
+ 3a1 Bz + 6agBape — 2By fps) = 0,

3R/L2(2A2[)1 + a2B1 + A1b2 + 20,132 - 2B1R2u§) = 0,
6 Rpuz(Agbs + Ba(ag — 4R*i3)) = 0.

From which we have
Case 1

2
- M’ as = 4R?,

a0 32

4(—3R4CO,UQ + 2ﬁR2C’2/L2 + 4R402)
AO = 302 )
2 M2

4R*

Ay = —

2 02 ’
where Cy,R,3 and Cy # 0 are arbitrary constants,

and holds the equation

by =by =By = By =Dy =Dy =0,

_ Cy(4B + (8R? + \/—16R* + 100%) 1)

Co =

12R2
Case 2
2
ag = W, a1 =0, as :2R2,
2R?./
by =0, by— - VH2
VvV H1
3COR4 - 4CQR2ﬂ - 502R4/,L2
AO = - )
3C2
R4 R/
A1:B1:07 A2:_a B2: I'LZ,
Cy Cay/1
Cyy/
Ci =Dy =0, Dy= Y2
Vv H1

where Cy, R, 8 and Cs # 0 are arbitrary constants.

Therefore, according to step 5, eight families of
explicit and exact travelling wave solution, comprising

solitary wave solutions, periodic wave solutions and

new travelling wave solutions, are found as follows for

(1)

Case 1-solutions:

— 8R?
5 + 4R?’tanh®R(x + Bt),

Uil =

4(3R*Cy — 2BR2Cy + 4R*Cs)
3C2

U11 = —
4R*

+ ——tanh®R(z + fGt),
Co

w11 = CO + Cgtanth(:c + ﬁt),
B — 8R?

3 + 4R%coth® R(x + ft),

U2 =

4(3R*Cy — 2BR2Cy + AR*C,)
302

V12 = —
4 4
+ icoth2R(ac + Gt),
Cy
wyy = Cy + Cocoth®R(z + Bt),
where Cy, R, and Cy # 0 are arbitrary constants,

and we have the following identity

_ C5(48 — (8R? + \/—16R* +103%))

Co

12R?
8R?
Uiz = 6—'—7 + 4R*tan’R(x + Bt),
e 4(3R*Cy + 2BR2Cy + 4R*Cs)
13 — 303
4R*
+ C—2tan2R(a¢ + Gt),
w13 = CO + Cgtan2R(ac + ﬂt),
8R?
Uy = ﬁ% + 4R?*cot’R(z + Bt),
o 4(3R*Cy + 2BR2Cy + 4R*Cs)
14 = —

3C?2
4R*
+ ——cot?R(z + ft),
Cy

Wig4 = CO + CQCOtzR($ + ﬂt),

where Cy, R, and Cy # 0 are arbitrary constants,
and holds the equation

O = Co(48 + (8R* £ /—16R* +103?))
o 12R?

Case 2-solutions:

_ P2
% + 2R%*tanh®R(x + Gt)

U21 =

+ i2R*tanhR(z + Bt)sechR(z + (t),
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3C,R* — 4C,R?f3 + 5C, R
3C2

V21 = —

R4
+ ——tanh®R(z + ft)
Cs

-R4
+ lc—tanhR(x + Bt)sechR(x + ft),
2

w1 :CO + C’ztanth(m + ﬁt)
+ iCstanhR(z + Bt)sechR(z + ft),

_Ep2
Uy :@ + 2R%coth? R(x + f3t)
+ 2R?*cothR(x + Bt)cschR(z + Bt),
; 3CyR* — 4C,R?p + 5CyR*
22 = —

3C2

R4
+ ——coth’R(z + ft)
Cy
4

R
+ FcothR(m + Bt)cschR(z + Bt),
2

W22 :CQ + CQCOtth(I + ﬁt)
+ CycothR(z + St)cschR(z + St),

5R?
Uos3 :/B% + 2R*tan’R(x + (t)

+ 2R*tanR(x + Bt)secR(x + (t),

3Cy,R* — 4C,R?f3 — 5C, R*
3C2

V23 — —

R4
+ ——tan’R(z + Gt)
Cy

4
+ %tanR(z + Bt)secR(z + Bt),
2

wa3 :C() + Cgtaan(CU + ,Bt)
+ CytanR(z + Bt)secR(z + fSt),

B+ 5R?

upa = + 2R?*cot?R(x + (t)
+ 2R?*cotR(z + ft)cscR(z + ft),
3CyRY — 4CyR?B — 5Cy R*
V24 = —

3C2
R4
+ —cot?R(z + Bt)
Cs
R4
+ FcotR(w + Bt)cscR(z + Bt),
2

W4 :CO + CQCOt2R($ + ﬂt)
+ CycotR(z + fBt)cscR(z + ft),

where Cy, R, 8 and Cs # 0 are arbitrary constants.

Remark 1

1. It is easily seen that the above obtained so-
lutions include the two kinds of solutions of Egs. (1)
obtained by Fan.[! But to the best of our knowledge,
the rest of solutions of Egs. (1) have not been found
before.

2. In Ref.[21], using a different method, Hu ob-
tained five kinds of solutions for Egs. (1), two kinds
of the solutions are the same as the solutions by Fan
and us. However, the other three kinds of solutions ob-
tained by Hu are not covered by our improved method.
So there is no general method for solving given non-
linear PDEs.

4.Solitary wave solution and pe-
riodic wave solution for the
coupled MKdV equation
Let u(z,t) = u(), v(z,t) = v(), &=z + ft,
then Eq.(2) becomes

1 3
ﬂu' — Eum _ 3u2u/ + 57)// 4 3(1“))/ _ 3>\u/,

B = —v"" — 3vv’ — 3u'v' 4+ 3uPv' +3X". (15)

According to the same above-mentioned steps, we

firstly make the following two ansatze

U = ag +a1w+b1 M1(1+H2W2),
v=Ag+ Ajw+ B; H1(1+/~"2w2)’ (16)

and

u=ag+ aw + b1/ pu1(1 + pow?),

v =Ay + Aw + B/ pu1(1 + paw?)

+ Apw? + Bowr/p1 (1 + paw?). (17)

With the aid of Mathematica, substituting (16) into
(15), we can obtain the over-determined algebraic

equations

R(—3a(2)a1 + 3(10A1 + CL]_(3A0 — ,8
3\ - 30y + R2u)) = O,

3R(2a1 A1 + A1 Rpy + 201 By pio
— 2ag(af + b pz)) = 0,
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R(—3a? + 3(10A1/1,2 — a1u2(3a3 — 3A0
+ B+ 3)\ + 12671 — 4R%pp)) = 0,

3Ruz(2a1 Ay + Ay Rpg + 2by By iy 1o
— 2ap(ai + bIpu1p2)) =0,

—3a1RM2(a% + N2(3b¥li1 - R2N2)) =0,

3
§R(—4a0a1b1 + 2A1b1 + 2(11B1 + BlRﬁLg) = 0,

1
— 5R(12a%bl + u2(6a(2)b1 — 6a031
+ b1(76A0 + Zﬂ + 6)\ + 66%#1 — 5R2u2))) = 0,
3Ru2(74a0a1b1 +2A1b1 4+ 2a1B1 + BlRug) =0,
—3by Rua(3af + p2(bipn — R?pg)) =0,
— A1R(-3a2 + 340+ 301 R+
— 3\ —3bu; + 2R?*uy) = 0,
—3R(A] + Bipips — 2ag(a1 Ay + by Bipqpi2)) = 0,
R(3a3A; + a1(—6A1 Ry + 6by By i1 p12)

- /112(*361(2)141 + 3AOA1 + Alﬂ - 3A1>\
— 641631 + 8A1 R? s + 3b1 B1 Rpqpo)) = 0,

—3Rpz(AT + Bipapa — 2a0(ay Ay + by Bypapis)) = 0,

3Ruz(a? Ay + ay(— Ay Rpg + 2b1 By )
+ M2(A1biﬂl — 2A1R2M2 — blBlRM1M2)) =0,

3A1(2aobl - Bl)R = O,
R(a1 (6A1b1 - 3BlR/,L2)

— pz(—3a2By + 3A0B, +3Ab,R + B j3
— 3B\ — 3b7Bypuy + 5B1R?uy)) = 0,

6(agA1by + apa1 By — A1 By)Ruz =0,

3Rus(aiBy + a1(241by — B1Rus)
+ uz(—AlblR + b%Blul - 231R2/,L2)) =0.

From which, we find

Case 1
Ay
ao 2R/l2’ ai M2, 1 )
3A%? + 4R*
Ao = A, ﬁ:M B; =0,

4R? ’
where R # 0,3 and A; are arbitrary constants.

Case 2
R R,/

a; = —£7 bl — __'u2’

2 2\

—12a2 + 48 + 12X\ — R?
Ag = a T46 + ,u27 A1 = 2ap0a4,
12

12a2 + R?

Bi = 2agb1, 8= 12a5 + R7pp

1 )
where ag # 0, R, 3 is an arbitrary constant.
Therefore, according to step 5, eight families of
explicit and exact travelling wave solution, comprising
solitary wave solutions, periodic wave solutions and

new travelling wave solution, are found as follows for

Egs. (2).
Case 1-solutions:
3A2
U = + RtanhR <ac + (4—; — 2) t>,

T
v = A+ AjtanhR| = + WfR t

A2
U = ;4—11% + RcothR(az + Q — R2>t

4R2 ’
3A2 9
v12 = A+ AjcothR| x + iR? — R |t],
A 3A2
Uiz = —ﬁ — RtanR(;c + <4R$ +R2>t>,
3A2
v13 = A+ AjtanR <a: + <ﬁ + R2>t> ,
A 3A3
Uy = —ﬁ + RcotR(a: + (ﬁ +R2>t>,

.
vig = A — AjcotR| xz + 4—Rz+R t],
where A # 0,A4; # 0 and R # 0 are arbitrary con-

stants.

Case 2-solution:
R 1242 — R?
Ug1 =ag + 5tanhR <CL' + a‘%t)

12a — R?
:I:igsechR<m+ aoth)

4

12a3 — R?
+iRagsechR <:v + ao4t> ,

12 2 _ p2
v91 =A + RagtanhR <x + %—Rt>

12 2 _ p2
uge =ag + gcothR <:c + Mt)

4

12 2 _ p2
+ gcschR <a: + %?Rt> ,



No. 1

New explicit exact solutions for a ... 9

12a2 — R?
v =A + RagcothR <a: + %Q
12 2 _ 2
a; — R t>,

+ RagcschR <:c + 2

where ag # 0, R, (8 is an arbitrary constant.
124 + R2t
4

12a + R?

4 )

R
Us3 =ag — StanR <x +

R
+ 5secR <a: +

4
12a2 + R2t
4 )

12 2 2
v93 =X — RagtanR <a: + aO——FRt>

+ RagsecR <x +
4

12a2 + th
4 )

R 12a2 + R?
Uq =ag + EcotR <m + Lt)

R
+ ECSCR <:c +

12a2 + R2t

4
12a3 + R?

)

v9g4 =\ + RagcotR <a: +
— RagcscR <w +

where ag # 0, R, B is an arbitrary constant.
For ansatz (17), similarly, we have
Case 1

ap =0, a;=—Rpuy, by =0, B=Rp,,

Ao = 2R2/~L2 + 4R, A1 = 0,
Ay =—2R?, By =0, By =0,
where \ = 4(R?us + R).

Therefore, according to step 5, four families of ex-
plicit and exact travelling wave solutions, comprising
solitary wave solutions, periodic wave solutions and

new travelling wave solutions, are found as follows for

v11 = 2R(—R + 2) — 2R*tanh®R(z — R%t),
u15 = ReothR(z — Rt),
v12 = 2R(—R + 2) — 2R?coth®R(z — R%t),

where A = 4(—R? + R).
u13 = RtanR(z + Rt),

v13 = 2R(R + 2) — 2R*tan®*R(x + R?t),
u14 = —RcotR(zx + R?t),
via = 2R(R + 2) — 2R?*cot®R(z + R*t),

where A = 4(R? + R).

Remark 2 It is easily seen that the above ob-
tained solutions include the two kinds of solutions of
Egs. (2) by Fan.l But to the best of our knowledge,
the rest of solutions of Egs. (2) have not been found

before.
5. Conclusions

In summary, based on the well-know Riccati equa-
tion, many new types of exact solutions for the new
generalized Hirota—Satsuma coupled KdV system (1)
and the new coupled KdV have been derived by a
generalized transformation. Seven kinds of them are
singular soliton solutions. Such solutions develop a
singularity at a finite point, i.e. for any fixed t = t,
there exists xg at which these solutions blow up. There
is much current interest in the formation of so-called
“hot spots” or “blow up” of solutions. It appears that
these singular solutions will model this physical phe-
nomena. The method can also be easily extended to
other PDEs and is sufficient to seek more new soli-
tary wave solutions of PDEs. These solutions con-
tain the known ones.”)’ Our method not only uses a
more generalized transformation to produce an over-
determined system of nonlinear algebraic equation,

With the aid of
Mathematica (or Maple, Reduce) and Wu elimination

but also can find more solutions.

method, the course of solving PDEs is computerizable,
which allow us to perform complicated and tedious al-

gebraic calculation on a computer.

Eq.(2).
Case 2
uy; = RtanhR(z — R?t),
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