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‘We study the dynamical behaviour of the ionic inversion in a trapped ion system in running-wave lasers, and we

discuss the properties of entanglement between the ion and phonons and the statistics of the vibrational phonon field.

It is shown that the appearance of the super-revivals of the ion inversion is dependent on the initial parameters of the

vibrational phonon field. The Schrédinger cat and sub-Poissonian statistics of the phonon field can be also exhibited in

this system for suitable initial values.
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1. Introduction

Much interest has been focused on the trapped
ion system due to recent advances in laser cooling
and ion trapping. This system allows the prepara-
tion of nonclassical states of the vibrational motion of

(1-3] and has potential applications in precision

ions,
spectroscopy,[‘q quantum computation,m and quan-
tum state reconstruction.[®7 Although the interac-
tion of a trapped ion with one or several laser beams
is complicated, and it is difficult to study the dy-
namics of the trapped ion exactly, it can be greatly
simplified under certain limiting conditions that may
indeed be realized in experiments. For example, in
the Lamb—Dicke limit and the rotating-wave approx-
imation, Cirac et all!l have shown that the dynamics
of a trapped two-level ion, at the node of a stand-
ing wave, can be described by the Jaynes—Cummings
model (JCM). Wu and Yangl® and Alam et all) ex-
tended the study and predicted that an ion trapped in
any position of a laser standing wave can also be de-
scribed by the JCM Hamiltonian on an ionic dressed
basis. Some authors,[1%1] also working within the
Lamb-Dicke limit, have introduced a unitary trans-
formation which reduces the Hamiltonian of a trapped
ion at any position of a standing wave to that of the

normal JCM on the bare basis of the trapped ion.
On the other hand, Meekhof et all'?l have re-

ported on an experiment in which the nonclassical
motional states of a trapped ion can be generated.
In this experiment, the Lamb-Dicke parameter can-
not be small because the higher-order terms in the
expansion of the system Hamiltonian must be taken
into account. This means that it is important to con-
sider general cases without the Lamb—Dicke limit in
the study of the dynamics of the trapped ion sys-

[13] introduced an-

tem. Recently, Moya-Cessa et al
other unitary transformation which reduces the full
ion-laser Hamiltonian in a running wave to that of the
Jaynes—Cummings (JC) type without the Lamb-Dicke
limit. This makes it possible to theoretically study the
trapped ion system in general cases. However, Moya-
Cessa et al only investigated the dynamical property
of the mean phonon number in the vibrational field
of the ionic centre-of-mass (CM). In this paper, we
study further the dynamical behaviour of the ionic in-
version, the properties of entanglement between the
ion and phonons and the statistics of the vibrational
phonon field. As is known, the study of these dynam-
ical properties is important for the realization of the
nonclassical state, quantum computation and quan-

tum state reconstruction in the trapped ion system.
2.The model

We consider a single two-level ion, with excited
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and ground levels |+) and |-), trapped in a har-
monic potential of frequency v and interacting with
a running-wave laser field. When the trap frequency
v is much greater than the ionic decay rate (i.e. strong
confinement or strong-binding limit), the Hamiltonian
of the system reads (A = 1) "4

H =vata+ gaz + g[a_exp[—in(a +a™)]
+ o explin(a + )], 1)

Here a™ and a are the creation and annihilation oper-
ators of the phonons or vibrational states of the trap;
A = wy — wy, is the detuning between the ionic transi-
tion and laser frequency; o = |[+)(—|(o_ = |=){+])
is the usual electronic raising (lowering) operator;
{2 is the Rabi frequency, which is proportional to
the amplitude of the running-wave laser; and 7 is
the Lamb-Dicke parameter. Considering a unitary
transformation!'?!

T 1| DY D ’ @)

V2| -D* D

where D = exp(Bat — *a) is Glauber’s displace-
ment operator, with § = in/2, then Hamiltonian (1)
is transformed by T to

H =THT" =va*a+ o, — in2—y [(cﬁ —a)
LA vn?
_177_1/:| (0+_07)+T‘ (3)

This is a JC-type Hamiltonian at any value of the
Lamb-Dicke parameter 7. Next, we perform the
rotating-wave approximation which involves neglect-
ing those terms in the interaction between the phonons
and the ion which do not conserve energy and take

v = 2{2. We then obtain
1
H' ~ Hjcy = vata + JV0= — iglato_ —aoy), (4)

where the effective coupling constant g = nv/2.
The term vn?/4 in Eq.(3) has not been taken into
account.['?! In the interaction representation, then,

the evolution operator of the system can be rewrit-

ten as
Ur(t) = TYUsem ()T, (5)
where
Usem(t) = exp{~i[~ig(a*o_ — ao)]t}
sin(V1t)
cos(V1t) ————ga
_sin(Vzt) Y ) (6)

Vi ga™  cos(Vat)

with Vi = v/g%aat,V, = \/g%a*a.

Assuming that the initial state of the system is
|Z(0)) = |-)|e), in which the ion is in its ground state
|—) and the vibrational phonon field is in a coherent

1 — a”
state |a) < = exp(— §|a|2> Z %), the state vec-
n!

n=0
tor of the system at any time t is

|@(t)) = Ui|¥(0)) = D|A) + D*|B), (7)
with
1 ! |
4) =jesp| ("B~ af) {cosmt) ~ cos(Vat)
Sil’l_(Vzt) sin_(Vlt) _
+ = gat + 7 ga}|+,a>,
3) =gesp | 50" ") | { cos(vi) + cos(van)
3 sin-(Vgt) n sin-(Vlt) o
e R T

where @ = a + i1 |atlei¥, and ¢ is the phase of the
phonon field. We notice that the initial coherent state

is displaced from «a to @.

3. The ionic inversion

The inversion of a two-level trapped ion is given
by

W(t) = ((t)]o-| ¥(1)). (9)

Using Egs.(7) and (8), we obtain

1
W (t) =5((A]4) - (B|B))
1 oo
:Zexp(—|5|2) ZO { — 2|P,|? cos(c,t) cos(cpi1t)
+ 92(P;:—1Pn+1 + Pn—IP:+1)
N o 1)sin(cnt) sin(ep41t)
Cn Cn+41
+ g\/ﬁ(Prjfan + Pn,]_P:;)
in(e,t
X cos(Cpt1t) sin(cnt)
_gVn+1(P:Pn+1+PnP:+1)
in(c, it
X COS(Cnt)M}, (10)
Cn+1
an
where P, = —, ¢, = n. As n is large, we have
W gv/n g
P, 1 ~P,~P,;;. Whenn = [@]? > 1 and n ~ 7,
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Eq.(10) can be rewritten as

oo
a2

W(e) = — Jexp(~lal) g D PP

[l =

x cos[(vn + 1+ /n)gt]
— (- m|w§]PF

x cos|(vn +1 - Vg, (11)

where a = [@| cos p, b = |[a|sin ¢ and a? + b% = |@|?.

The evolution of the ionic inversion W(t) is pre-
sented in Fig.1 with £2 = 7 x 10%s~! and the Lamb—
Dicke parameter n = 0.2['1] for the different phonon
field @ (or a).

When the phonon field @ = (5.0,0.1)(or a =
(5.0,0)), as in Fig.1(a), the ionic inversion W (t) ex-
hibits ordinary collapses and revivals. We can give an
explanation from Eq.(11). In this case, due to b? < a?
(or the phonon field phase ¢ — 0), we obtain

W(t) ~ f%exp(—\od |_|2 Z | P |? cos(24/ngt).

(12)

This is no other than the time evolution of the
atomic inversion in standard JCM. The revival time
Twr ~ 27m'/? /¢.[16]

In Fig.1(b), the condition @ = (0,5.1) (or a =
(0,5)), ie. b* > a® (or ¢ — m/2), is considered.
We see that the ionic inversion W (t) exhibits long-
(10,1215 Qimilarly,
Under

the conditions considered, Eq.(11) can be written as

timescale revivals (super-revivals).

this can be interpreted in terms of Eq.(11).

W(t) ~ — Lexp(—faf?) L i |, 2 cos <9t>
2 al? —~ " 2yn)’
(13)
in which the revival time Tgr ~ 87rﬁ3/2/g ~ 4nTR.
100TR > TR for m ~ 25. That
is, the time evolution of W (t) exhibits super-revivals.
Indeed, from Figs.1(a) and 1(b), T ~ 0.5 x 10~*
Tsgr ~ 50 x 10~ 4s.

For example, Tsg ~

s and

If the phonon field phase ¢ — 7/4 (or a ~ b),
both terms in Eq.(11) cannot be ignored. The ionic
inversion W (t) shows a chaotic behaviour with no indi-
cations of revivals or any other regular structure (see
Fig.1(c)).
the two terms in Eq.(11).

This result stems from the coexistence of
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Fig.1. The time evolution of the ionic inversion W (t)
at 2 = 7 x 108571 and n = 0.2: (a) @ = (5.0,0.1)
(or ¢ = 0); (b) @ = (0,5.1) (or ¢ — 7/2); (c)
a = (3.536,3.536) (or ¢ — 7/4).

4. The ionic entropy

Quantum mechanically, the entropy is defined as

S(t) = ~Tr(p(t)lnp(t)), (14)

where p is the density operator for a given quantum
system. In the trapped ion system, since for systems
in which both the ion and phonon fields start from
pure states, the ion and phonon entropies are pre-
cisely equal, i.e. Si(t) = Sp(t) (the subscripts i and
p denote the ion and phonons). In the following, we

only consider the time behaviour of the ion entropy

Si(t).
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From Eqs.(5)—(7), we see that the density opera-

tor of the system can be written as
p(t) =T ¥(t) =T p'T, (15)

and p’ is the displaced JC density operator

o = Uion T DO) F(O)[T Uy (16)
Using the fact that
Tr(FG) = Tr(GF), (17)

we obtain the following expression for the ionic en-
tropy Si(t)

Si(t) = —Te(p(t) In (1)), (18)
where
;L] p(t) plal(t)
1 , 19
T2 @ s 19)

with the elements of the matrix

P11 (t) =1+ eXP(_|a|2) E gvn+ 1(PaPy g
n=0
)sin(cn_Ht)

+ P, y1P)) cos(cpi1t
Cn41

)

pin(t) =exp(—a1%) D { 1P cos(ensat) cos(ent)
n=0

in(e,t
—gvnP, (P} COS(Cn+1t)%

N
+gvn+1P,P; cos(cnt‘)M
Cn+1
sin(c,41t) sin(c,t) }

nn+1)P,_1P; 4 P .

Pll2 (t) :P’zl* (t) )

Plz2 (t) =2 - Pl11(t), (20)

where P,, and c,, are defined as before.

Since the trace is invariant under a similarity
transformation, we can go to a basic in which the op-
erator p} is diagonal. We rewrite Eq.(18) as

Si(t) = —AyInA; — A_InA_, (21)

where Ay can be derived from Eq.(19) in a straight-

forward manner

1
Ax = 5{1 £ [(p11 — P122)2 + 4|P/21‘2]1/2}~ (22)
The evolution of ionic entropy S;j(t) is presented
in Fig.2 for the same parameter values as in Fig.1. In
Fig.2(a), in the phonon field @ = (5,0.1) (or ¢ — 0),

we find that the evolution of the ion entropy is the
same as that of the atom entropy in the JCM. The
entropy reaches a minimum value at half the revival
time, which indicates that the ion and phonon sub-
systems roughly return to pure states. According to
the dynamical properties of the JCM,7) it is the sig-
nature of a Schrodinger cat being produced. As the
phonon field @ = (0,5.1) (or ¢ — 7/2) (see Fig.2(b)),
it is obvious that the evolution of the entropy is com-
pletely different from Fig.2(a). The entropy does not
reach its maximum value quickly. As time goes on,
the entropy remains at its maximum values for a long
time before some slight oscillations appear, indicating

that the ion and phonons are strongly entangled.
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Fig.2. The time evolution of the ionic entropy S;(t)
at the same parameters as in Fig.1: (a) @ = (5.0,0.1)
(or ¢ = 0); (b) @ = (0,5.1) (or ¢ — 7/2).

5.Mandel @) factor
The Q factor

(An)D)
w

introduced by Mandell'8! is a good measure of the ex-

Q(t) = (23)

tent to which the photon statistics of a field are sub-
Poissonian or super-Poissonian in the system of the
atom and photons. When the field is Poissonian, Q(t)

vanishes. For sub-Poissonian fields, it is negative, and
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for super-Poissonian fields, positive. Here, we use the
Mandel @ factor to examine the phonon statistics of
the vibrational state in an ion—phonon system.

From Eq.(23) we see that for An = n — (n) we
have to compute (n) and (n?) to obtain Q(t). So we
have

(n?) =(A|D* (a*a)2D|A) + (B|D(a*a)?D*|B)
=(n’ +4n|B|* + 16 +18|") ((4]4) + (BI|B))
+[(n+2|6]*8 + B(n+1))
x ((Ala™|A) — (Bla™|B)) + c.c.]
+[0%((Ala™?|4) + (Bla™®|B)) + c.c], (24)

and
(n) =(A|D" (a*a)D|A) + (B|D(a*a)D*|B)
=(n+|B1*)((A]4) + (B|B))
+[B((Ala™[A) — (Bla®|B)) +c.c.],  (25)

where
(AlA) + (B|B)
=2|P, cos(vn+ 1)+ P41 sin(vn+ 1)|2
+ 2|P,_; sin(y/n) — P, cos(v/n)|?, (26)

(Ala*|4) - (Bla*|B)
oV T (P sin(Va 1) — Py cos(va 5 1))
x (P, cos(v/n + 1) 4+ Pnyq sin(vn + 1))
+2Vn + 1( Py cos(vn + 2) + Plypsin(vin + 2))
X (Py,_1sin(v/n) — P, cos(v/n)), (27)

(Ala*|4) + (Bla*|B)
=2/(n +1)(n + 2)(P, cos(v/n + 1)

+ Poyysin(vn 4 1))

X (Plys cos(v T 3) + Plyq sin(vai T 3))

+ QW(RH sin(y/n) — P, cos(v/n))

X (Pl sin(Va T 2) - Plyycos(VaTa).  (28)

The numerical results of Q(t) are presented in

Fig.3 for (a) @ = (5.0,0.1) (or ¢ — 0) and (b)
a = (0,5.1) (or ¢ — 7/2).
Fig.2(a), Q(t) oscillates near the initial time t=0 and
in the revival region (Tg ~ 0.5 x 10~%s), the vibra-

As can be seen from

tional phonon field becomes sub-Poissonian or super-
Poissonian. In the collapse region, the field becomes
only super-Poissonian. In Fig.3(b), we notice that the
field begins to be sub-Poissonian at about half a re-
The field be-

comes sub-Poissonian again near the second or third

vival time near the first revival time.

revival time; then it becomes super-Poissonian for

the rest of its time evolution. It is shown that, for
¢ — m/2, the time interval in which the phonon
field becomes sub-Poissonian is longer than that when

¢ — 0.

Q(t)

00 01 02 03 04 05 06 0.7

t/10™%s

0.05 1

Q)

0.00 1

—0.05 1

0 2 4 6 8 10 12 14 16

t/10~%s

Fig.3. The time evolution of the Mandel Q factor at
the same parameters as in Fig.1: (a) @ = (5.0,0.1) (or
¢ — 0); (b) @=(0,5.1) (or p — 7/2).

6. Conclusion

We have studied the ion inversion, entropy and
Mandel @ factor of the trapped ion system with the
vibrational phonon field initially in a coherent state
|a) driven by running-wave lasers. It is shown that
the dynamical properties of the system are strongly
dependent on the phase ¢ of the initial coherent state
|a). As the phase ¢ tends to zero, the behaviour of
The

Schréinger cat can be produced similarly at half of

the ionic inversion exhibits ordinary revivals.

one revival time in this trapped ion system. As the
phase ¢ tends to m/2, super-revivals occur in the
time evolution of the ionic inversion at a revival time
Tsr ~ 4nTR; the time interval in which the vibra-
tional phonon field remains sub-Poissonian is longer
than that in the first case ¢ — 0. Since dissipation
in traps is much smaller than in cavities, it may be
possible to experimentally observe the super-revivals
of a trapped ion and the nonclassical properties of the

phonon field in running-wave lasers.
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