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We investigate chaotic synchronization in the generalized sense in unidirectionally coupled erbium-doped fibre

dual-ring lasers. Numerical simulation shows that no matter whether the two different erbium-doped fibre dual-ring

lasers are chaotic or not before coupling, they show generalized synchronization with a suitable unidirectional coupling

coefficient under which the maximum condition Lyapunov exponent is negative. We also use the auxiliary system

approach to detect the generalized synchronization.
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1. Introduction

Chaotic synchronization has attracted much at-
tention in recent years for its potential applica-
tion. Several authors have studied the synchroniza-
tion of the chaotic signal in the context of elec-

451 and

tronic circuits,!=3] secure communication!
laser dynamics.[®~11) The synchronized chaotic oscil-
lations mostly studied in the literature are those in
which two coupled systems evolve according to exactly
the same dynamics.'2=15] However, there are many
coupling systems with different dynamics; that is, the
dynamics of the response system is different from that
of the driving system, even as far as the dimensions are
different for the two systems. The identical synchro-
nization dose not exist in this situation, however there
is perhaps a transformation y = ¢(x) (y represents the
variables of the response system and z those of the
driving system) which is unknown and complex. We
call this generalized synchronization.['®! Abarbanel et
al presented an auxiliary system approach to detect
the generalized synchronization of chaos,!” and other
authors investigated the generalized synchronization
of chaos in different YAG lasers.'®1] Erbium-doped
fibre lasers appear very attractive for long-haul com-
munications over optical fibres as the lasing wave-
length of about 1.55um is near the minimum attenua-
tion and dispersion point of the standard single-mode

optical fibre. Van Wiggeren and Roy2%! were the first
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to realize secure communication experimentally by use
of chaos of erbium-doped lasers. Our group has inves-
tigated the inverse synchronization of chaos in erbium-
doped fibre dual-ring lasers via mutual coupling.?!]
In this paper, we investigate the generalized synchro-
nization of chaos in two different erbium-doped fibre
dual-ring lasers. We find that two different erbium-
doped fibre dual-ring lasers can be synchronized with
each other in the generalized sense through directional
coupling only if the maximum condition Lyapunov ex-
ponent (MCLE) is negative, which is detected by the

auxiliary system approach.

2.A scheme of generalized syn-

chronization
O, O,
Co
WDM
C V4 L WDM
a b
Ipa I

Fig.1. Dual-ring erbium-doped laser system: Cy is

the coupler; WDM is the wavelength division multi-
plexer; Ipq and I, are the pumping intensities.

The fibre dual-ring laser system is shown in Fig.1.

Both ring a and ring b contain a wavelength division
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multiplexer (WDM) and ring a and ring b are coupled
to each other by the coupler Cy. I,, and I}, are the
pumping intensities of ring a and ring b, respectively.
As is known,[??] the erbium-doped fibre dual-ring laser
shows periodic, chaotic or developed chaotic states un-
der different conditions.

In our scheme, one erbium-doped fibre dual-ring
laser (the driven system S) is driven by a signal from
the other laser (the driving system M) through a uni-
directional coupler, and M is not affected by S. The
dynamic equations of the whole system keep their orig-
inal form[??! as follows

for system M

dg—j_M = — kam (Ears + Moss Eorr) + gars Earr Do,
(1)
de?:M = — kynm (Evnr — movt Eanr) + gormr Evae Do, (2)
dl;—:M =— 1+ Lyam + E2)\)Dan + Tarr — 1, (3)
dg% =— (1+ Lom + Eopp)Dore + Ione — 15 (4)

for system S

ddE—;S = — kas(Eas + MosEs — €Eam) + gasEasDas,

(5)
ddE;S = — kps(Evs — nosEas) + gbsEvs Dys, (6)
ddD_:S =— (14 Ipas + E25)Das + Ipas — 1, (7)
ddD:S = — (1+ Iybs + Es) Dys + Ipps — 1. (8)

Here F, and Ej, are the lasing fields and D, and D, are
the population inversions in ring a and ring b, respec-
tively; k, and k; are the products of 75 and decay rate
and g, and g, are the products of 75 and gain of coef-
ficient of lasing field of ring a and ring b, respectively.
T = ~t, in an erbium-doped fibre laser, v = 1/75, and
7o is the decay time of the lasing upper level and is
around 10ms. In this paper, we take 75=10ms, 7q is
the coupling coefficient of the coupler Cp, and ¢ is the
unidirectional coupling coefficient from M to S. The
subscripts M and S denote the driving system M and

driven system S.
3. Results and discussion

We first calculate the MCLE of system S as a
function of € in three cases: (I) M is chaotic and S is
periodic; (II) M is periodic and S is chaotic; (IIT) M
and S are both chaotic before S is driven by M.

The parameters in S are the same as the corre-
sponding parameters in M except for g,,, and g,..
They are as follows:'® k= k,,, = 1000; g,,, =
10500, n,,, = 0.2; I .., = I, = 4. g, and g,
are different in the three cases: (I) g,,, = 4700,
g,s = 4500; (II) g, = 4500, g, ,=4700; (III) g,,,=4700,
g,s = 4800. We obtain the MCLE in the three cases
in the range of 0.02 < ¢ < 0.07.

From Fig.2, the MCLE of S almost decreases
monotonically as e increases and becomes negative
when ¢ > 0.025 for case (I). For case (II), the driving
signal is periodic, and the MCLE shows much ripple
as € increases and becomes negative when ¢ > 0.05.
For case (III), the MCLE also almost decreases mono-
tonically as e increases and becomes negative when
€ > 0.042. From the three cases we can find that the
MCLE is negative with a suitable value of €. Mean-
while, it is not necessary to have a very large value,
which can be realized using a coupler experimentally.
S should synchronize to M in a generalized sense when
MCLE is negative.

Avcrg /10ms

-10

I L 1 L 1 L 1 1 1 L 1
0.02 0.03 0.04 0.05 0.06 0.07
€

Fig.2. MCLE as a function of directional coupling
coefficient € in the three cases. The parameters in M
and S are: ko and kp, 1000; ga, 10500; 7y, 0.2; Ipa
and I ,, 4. (a) g,,, 4700; g, 5, 4500. (b) g,,,, 4500;
9ps» 4700. (c) g, ., 4700; g, o, 4800.

We use an auxiliary system approach!!®! to detect

S as having generalized synchronization to M with a
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negative MCLE. In this approach, it is necessary to
add another driven system (we call this system A)
which is exactly the same as S. Hence, system A has
the same dynamic equation as S, with all parameters
and variables denoted by a subscript A. A and S are
simultaneously driven by the same signal from M.

In the calculation, we take ¢ = 0.05 for all three
cases. The other parameters are the same as those
in Fig.2, corresponding to the respective cases. The
MCLE of S is negative for all three cases when ¢ =
0.05. Figure 3 shows the case (I). From Fig.3(a) one
can find that M is chaotic.

is driven by M, which can be seen in Fig.3(b).

S becomes chaotic if it
The
MCLE is negative and S is not a chaotic system. The

Eppr/arb.units

201

E,s/arb.units

20

E,n/arb.units

Fig.3. Generalized synchronization of M and S for case (I).

chaotic output from S is the result of being driven by
M. From Fig.3(c) we cannot find a regular relation
between S and M and the relationship is complex.
From Fig.3(d), one can find E,s = E,4 which is al-
ways true after the transient process dies out; other
corresponding variables are also the same. The states
of S and A are the same after the transient process
dies out even though the initial values of A and S are
different. In other words, their initial conditions are
irrelevant. Hence, the state of S is solely determined
by M itself and a relationship exists between S and
M, y = ¢(z), which is not known. S is synchronized

in a generalized sense in case ().

Eys /arb.units

20

E,s/arb.units

E, 4/arb.units

20

E,s/arb.units

e = 0.05, and the other parameters are the

same as those in Fig.2(a). (a) The projection on plane E,pr — Epps of system M, (b) the projection on plane

E,s — Epg of system S, (c) the relation between E,pr and E,gs, (d) the relation between E,s and E,4.
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The cases (IT) and (III) are shown in Figs.4 and
5. One can find that S also synchronizes to M in the
generalized sense, which is the same as in case (I). Es-
pecially in case (II), S changes to the periodic state

from the original chaotic state. However, the period

10

«
T

Eppg/arb.units

-10 1 . 1 L 1 L 1 . 1 L 1

is different from that of M. For case (IIT), though S
is chaotic originally, the signal from S driven by M is

different from the original signal and is determined by
M.
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Fig.4. Same as in Fig.3 but for case (II).

From the above, whether M and S are chaotic
or not originally, S and M can have generalized syn-
chronization only if the MCLE is negative. If the con-
dition Lyapunov exponents of the driven system are
all negative when the driven system is driven by the
driving system, the driven system would break away
from its original state, whether it is chaotic or pe-

riodic, and enter into a new state which is formed

when the driven system is affected by the driving sig-
nal. The driven system would return to its original
chaotic or periodic state with the termination of the
driving signal. Hence, the driving system determines
the state of the driven system. In other words, there
is a definite relationship between driven and driving
systems: y = ¢(z). If there is a positive Lyapunov ex-

ponent at least, the relationship between driven and
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driving systems is not definite, though the driving sig-
nal also affects the driven system, and they could not
reach generalized synchronization. One erbium-doped
fibre dual-ring laser acting as a driving system can

determine the state of the other erbium-doped fibre
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dual-ring laser through unidirectional coupling with
a suitable coupling coefficient, the driven and driv-
ing lasers reaching generalized synchronization. The
generalized synchronization does not require the strict

condition of identical synchronization.

(b)
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Fig.5. Same as in Fig.3 but for case (III).

4. Conclusion

The driven dual-ring erbium-doped fibre laser can
have generalized synchronization with a different dual-
ring erbium-doped fibre laser as a driving system if
the MCLE of the driven system is negative. This can
be realized by adjusting the unidirectional coupling
coefficient. Whether two lasers have generalized syn-

chronization can be detected by the auxiliary system

approach. Of course, in our numerical simulation, the
initial values of S and A are in the same attractive
basin. This generalized synchronization is more eas-
ily realized than identical synchronization and is com-
mon. The state of the driven system is determined by
the driving system under certain conditions. Hence,
several identical systems can be identically synchro-
nized by being driven by one system under the same

conditions, which is very useful.
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