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The one-loop vacuum polarization is calculated for scalar electrodynamics in a flat space—time with the topology

S1xR?. The effect of vacuum polarization upon photon propagation is considered. It is found that photon propagation

becomes anisotropic with some photon modes acquiring a positive topological mass and thus travelling at a subluminal

speed.
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1. Introduction

It is well known that physics is sensitive to both
the local and global structure of space—time. While lo-
cal space—time curvature can affect the field equations
of the theory, the global properties of the space—time,
even if it is locally flat, can give rise to many novel
effects, such as the Casimir effect,] and the light-
cone fluctuation effect when gravity is quantized.[2?!
In investigating effects in quantum field theories aris-
ing from the nontrivial topology of the flat space—
time, Ford™ has examined the effects of one-loop
vacuum polarization of spinor electrodynamics in a
nonsimply connected space-time which has a topol-
ogy, S x R? (i.e. a Minskowski space with one spa-
tial dimension compactified in a circle). It was found
that some photon modes could develop a mass at the
one-loop level as a result of the nontrivial topology.
This phenomenon is called topological mass genera-
tion and has been studied extensively in the litera-
ture. In this respect, Ford® and Yoshimural® have
shown, by computing the scalar particle self-energy
in a A¢* self-interacting massless scalar field theory,
that the massless scalar particles could also develop
a topological mass at the one-loop level. Toms® and
Yoshimural™ have calculated the electromagnetic self-
energy for massless charged scalar fields. The topo-
logical mass generation has also been discussed in the

context of compact extra dimensions.[®]
It is interesting to note that the topological

masses, which some photon modes acquire due to the

vacuum polarization resulting from the creation and

the subsequent annihilation of virtual spinor pairs in
the nonsimply connected space-time, are imaginary.[4!
Thus these modes are speeded up and would appear
to travel at a superluminal speed. However, it should
be pointed out that the photon propagation can also
be influenced by the vacuum polarization effects pro-
duced by the creation and the subsequent annihilation
of virtual charged scalar pairs. So, it remains inter-
esting to examine the vacuum polarization of scalar
electrodynamics in the S x R? space-time and to see
what effects it will have on photon propagation. We
discuss this in this paper, and we would like to note
that this study could be of significance to theories with
compactified extra spatial dimensions, which have at-

tracted a great deal of attention in recent years.

2.Vacuum polarization

In this section, the one-loop vacuum polarization
tensor of scalar electrodynamics is calculated to order
e? in S! x R3 space-time. We assume that ! is com-
pactified with a periodicity length L. The Lagrangian
of scalar electrodynamics here is the same as that in

Minkowski space—time:
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Here e is the bare charge and A, and ¢ are required to
satisfy the periodic boundary condition in the z! di-

rection. From Ref.[10] we obtain the one-loop vacuum
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polarization tensor where L is the period, d®p = dp°dp?dp® and p! =
2mnL~t, n=0,+1,42,....
HHV(Q) Now we use dimensional regularization to isolate
Z / d’p the divergences in Hm,.[g] Let us now generalize an
L(2m)3 2 (N + 1)-dimensional space-time in which one spatial
(2P, — 4,) (2P0 — @) direction is compactified. To keep II,,, dimensionless
x (P2 —m? +ie)[(p — q)2 — m? + ie] n (N+1) dimensions, we need to introduce an arbi-
1 1 trary renormalization length parameter [z. So
- v . - v N ) 2
I e (p—q)Q—m2+1€}()
|
2;N—
™) (g) = e’y —° Z / (2Py — 94) (2P0 — @) — g [(p — 9)* + p* — 2m?] 3)
pny L(2m)N (p?2 —m? + 16)[(p —q)%2 —m? + ig] ’

Combining the tensor with a Feynman parameter integration
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_ / de (57 + 20k + H)™ Jacs timgre mo b — g (4)
0
we obtain
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1
I(N,o;q,H) = av
(N, a5, H) zn:/ P2 opkr Hrie)
N
F(Oé - _> N—2a
2 2T N
—i(—1)" N/2_\ <2/ [£2% F —_-a.b 6
1( ) ™ F(O[) <L> <OL 270" >7 ()
I.(N,a:q,H) = avy Pu
w(N,iq, H) zn:/ P (p?2 + 2p-k + H + i)™
N
F(a -1- 2) o\ V2041
:i(fl)fo‘ﬂ'N/z— —
2N () L
0 N 1o} N
2 —1/27. 9 T _ AV
x{(k H) k“@aF<a 1 2’a’b>+n“8b < -1 2,a,b>}, (7)
and
;u/ N a; qu)
_Z/ Pubv
p? +2p-k + H + i)
N
F(a —2- —> N—20+2 2
2 L 2
:i(_l)—aﬁN/2—2 ldl gwa—li + (=) a%kuk, L a—li
4 () L da 2 da? da

L _, 92 92 N
+§a (kuny‘l‘kyny,)a Bb+ u Vabz F a_z_E;aab

a=(k2—H)'/2L /27 ,b=n-kL/27



No.9

Vacuum polarization of scalar electrodynamics in flat ... 887

Here n* = (0,1,0,...,0) is a unit vector which points
to the direction of periodicity and F(};a,b) is defined
as

F(Xa,b)= Y [(n+b)>+a’/?. (9

n=—oo

For real a, which corresponds to the requirement that
m? > ¢?, and Re) > 1/2,14]

F(X,a,b)
r (A - ;)
:7r1/2al—2*T + 4sin(A7) fa(a,b) , (10)
where
> (u2 — a2)=>

fala,b) = Re/ du (11)

“ exp[2m(u +ib)] — 1 °
Using Eq.(10) we can write the vacuum polariza-

tion tensor as
R _ 7(0 1

Here H,E?,)(q) is the contribution arising from the first
term in Eq.(10) and is the usual Minkowski space—time
vacuum polarization tensor of scalar electrodynamics
to order e? calculated in dimensional regularization.
In the limit L — oo, we can replace the sums in I,

by an integral to obtain

0

) (q)

22873 /3 N\ [! 1
—iCR__p(2_ % de [ — 2?4+ — =
N (2 2>/ < v 2>

X [qzx(m — ].) + mz]N/273/2(guuq2 - ququ) . (13)

Apparently H,Eg) is divergent when N = 3, but the
pole terms can be absorbed by charge renormaliza-
tion. So we obtain the finite Minkowski space—time

vacuum polarization tensor of scalar electrodynamics

H;Sg) (q)ﬁnite =i€2B7T_1(qqu - guuqz)

x/oldm {m(lx)%}

% In {1 - ;]1—22:6(1—:1:)] . (14)

Here ep is the renormalized charge. ng,lj)(q) is the

contribution arising from the second term in Eq.(10),

which is finite at N = 3, and can be expressed as

YN =3)

uv
1
:i627'l'72/ dz {(qqu - guuqz)
0
1 -1
x |z(z—1)+ 3 fijg +mL7 (22 — 1)
X (qﬂn,, + nuqy — q-ng;w)f.fl/z
— nuny[z(x — 1)g* f1/2
+m?f1 +87T2L_2f1/2]} : (15)

Here f = (8/0b)fx(a,b). In the course of the calcu-

lation we have used the following relations

(%)f)\(a,b) = 2a)frsi(a,b) | (16)

82
<@>f)\(avb)
=202\ + 1) fag1(a,b) — 4A(\ + 1)@’ frgz(a,b) .

(17)

H,Ell,) (¢) clearly depends on the compactification length
L, and therefore it reflects the contribution due to the
nontrivial topology. This result is quite different phys-
ically from that obtained in spinor electrodynamics in
that the overall sign is positive rather than negative.
The consequence of this fact will be discussed later.
Now we want to address the gauge invariance issue.
At first sight, Hls,l,)(q) does not seem to obey the con-

dition of gauge invariance:
q*I,,(q) =0. (18)
However, if we note that!4
1 .
/ de {nL7'(1 - 2m)q2f,1/2
0

+gnlz(z — 1)q2f1/2
+ m2f1/2 + 87T2L—2f71/2]} =0, (19)

we can rewrite Eq.(15) as
1
H;(ul,) :iezw72/0 dz {(quq,, — gqu)

1
X |:.CC(SC -1+ 5} f1/2
+ 7L (22 — 1)[gun., + 1.4,

—9NGuw — anHnl,(q ‘ ”)l]f—l/Z} - (20)

In this form the gauge invariance is manifested.
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3. Topological mass a — oo,
Now let us examine the effect of vacuum polariza- and
tion of scalar electrodynamics upon the photon prop-
agator. The propagator to order e can be expressed £r(0,0) ~ (27r)2’\_1[’(1 —20)¢(1—-2)), (29)
as ) 1
G .
Dula) = =" 5 +iglula) 5 - (21) a,b—0, Re\<0,
Following Ref.[4], we consider an important spe-
. . o . we find
cial case, i.e. the real photons propagating in a direc-
tion perpendicular to n,, then we have ¢ =q-n=0. u2 ~ 62m3/2ﬂ'_3/2L—1/26_mL,
Thus we obtain
1.5, _ .
H,E},)(Q) = 516271' QQuQVfl/z(faO) —iBn,n, |£:Lm/2ﬂ' ) W~ e2m1/27r_3/2L_3/2e_mL, L>m™', (30)
(22)
where and
B=4e*L7%[2f_1/5(€,0) + €2 f1/2(£,0)] . (23) p?~e? /307, WP ~e?/6L*, L<m™'. (31)

Here we have used the fact that f.A(a,O) = 0. In par-

ticular

1{1)(0) = —iBn,n, . (24)
Thus, if we set II,, = —iBn,n, (B is given by

Eq.(23)) and let both the motion direction (¢”) and
polarization direction (e*) of a plane wave be perpen-
dicular to n,, then
7 v 1
€D, € = 2 (25)
But if we let €* be parallel to n¥ and ¢” be as before,
then
1 B 1
“D v— e —
) F € e + (@)? ¢ -B

So if the polarization vector is parallel to n”, a plane

+0(e*).  (26)

wave travelling in a perpendicular direction propa-
gates as though the field had a mass p = VB, and
clearly the mass is gauge independent. If the polariza-
tion vector is perpendicular, the mode propagates as
a massless field. The mass arises from the topological
structure. If L — oo, the mass vanishes as expected.
Note that other terms in Hls,lj) have no effect on the
propagation of photons for which ¢? = ¢g-n = 0, since
terms proportional to ¢?g,, may be absorbed by a
charge renormalization and other terms vanish when
contracted into polarization vectors. It can be shown
by a similar analysis that, for photon modes for which
q-n # 0, both polarization states acquire an effective

mass of
/,le = 4€2L_2f1/2(£,0) . (27)
Let us examine the limits of large and small L.

Using the following asymptotic forms for fy(a,b)

fala,b) ~ 1/20*~1a= (1 — X) cos 2mbe 2™, (28)

The important thing to notice here is that the topo-
logical mass is real and positive and thus the photon
modes in question will travel at a subluminal speed.
This is in sharp contrast to the effects on photon prop-
agation by the vacuum polarization in spinor elec-
trodynamics where the topological mass is imaginary
and the photon modes propagate at a superluminal

speed.!4

4. Conclusion

In summary, we have calculated the one-loop vac-
uum polarization of scalar electrodynamics in a flat
space-time with the topology S! x R3 and we have
examined its influence on photon propagation. We
find that photons travelling along the compactifica-
tion direction propagate as if they had a positive mass
and therefore travel at a subluminal speed. But, for
photons moving perpendicular to the compactification
direction, only modes with longitudinal polarization
will acquire a mass and those with transverse polar-
ization remain massless. Thus the photon propaga-
tion becomes anisotropic. It is interesting to note
that the topological mass which some photon modes
would develop as a result of the vacuum polarization
in scalar electrodynamics is real and positive while
that in spinor electrodynamics is imaginary. Thus,
they have just the opposite effects on photon prop-
agation, leading to slowing down or speeding up the
propagation of some photon modes, respectively. To
conclude, we would like to point out that our result
could be of interest to theories with compactified ex-
tra spatial dimensions, which have attracted a great

deal of attention in recent years.
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