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1. Introduction

Recently, the authors of Ref.[1] have presented a
direct algebraic method for finding the solitary wave
solutions to nonlinear evolution equations. Using this
method, one can obtain analytical solutions not only
with the form tanh, tanh? and sech?, but also with
the form sech and sechxtanh. This approach is ex-
tensively used for ordinary as well as partial differ-
ential equations, and it can serve as a general recipe
for single solitary wave solutions. The key idea of the
method is to take full advantage of a coupled Ric-
cati equation, rather than a single Riccati equation,
and to use its solutions and the relations between the
solutions for solving the desired nonlinear evolution
equations, and to obtain their solitary wave solutions
and soliton solutions. In this paper, with the aid of
the computer algebraic system, Maple, three impor-
tant nonlinear evolution equations are solved using
this method. We obtain some new solutions of phys-
ical interest, in addition to rederiving all the known

solutions.

2.Method for finding solitary

wave solutions

Given an evolution equation, say, in two indepen-

dent variables

Q(¢7wz7¢t7¢zz7¢tt7-") :07 (1)

to begin with, by using the following simple trans-
formation £ = = — ct, where ¢ is the travelling wave
variable and c is the velocity of the travelling wave,

Eq.(1) becomes an ordinary differential equation

Q(wawla’lﬁb’la"') = 0’ (2)

where ' := d/d¢.

The tanh-function method®=* and the extended
tanh-function method®%! are effective straightforward
methods to construct the exact solutions of Eq.(2).
However, since the tanh-function method starts from
the series expansion in the tanh function, it misses
such important types of solitary wave solutions as
We notice that the key idea
of the tanh-function method is to use a property of

the tanh function, that is, tanh(&) is a solution of the
2

sech, sechxtanh, etc.

Riccati equation v’ = 1 — u?. However, the method
used in this paper is to try to seek the solitary wave so-
lutions for nonlinear evolution equations by using the
solutions of a coupled Riccati equation rather than a
single Riccati equation. The desired coupled Riccati

equation reads
u' = —kuv, v =k(1-12?), (3)

which admits two types of elementary solitary wave

solution

u = *sech(kf), v = tanh(kf), (4)
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u = Fcsch(kf), v = coth(k§). (5)

It is found that these two types of solution satisfy the
relations v2 = 1 — u? and v? = 1 + 2, respectively.

The next crucial step is that the solution to Eq.(2)
we are looking for is expressed in the form

$(€) = an' + > bivut !, (6)
i=0 i=1
where a; and b; are constants to be determined. The
parameter m will be found by balancing the linear
terms of the highest order with the nonlinear terms in
Eq.(2).

Substituting Eq.(6) into Eq.(2), and using Eq.(3)
repeatedly, we can express all derivatives of u and v in
terms of series in u and v, and we can eliminate any
powers of v higher than the first with v2 = 1 — u? or
v? = 1+ u®. Because the coefficients of u! and vu’
have to vanish, we obtain two sets of algebraic equa-
tions (AEs) with respect to a;,b; and k,c. Thus, in
order to find the solitary waves of the desired Eq.(2)
we have to solve the AEs.

The outputs from a computer for solving
the algebraic system comprise a list of the form
{k,c,a9,a1,b1,...,0m,bm}. In general, if k or any of
the parameters is left unspecified, then it is regarded
as arbitrary for the solution of Eq.(1).

In the next sections, we solve three important
nonlinear evolution equations using the method out-

lined above.
3. Example A

In this section, we start from the modified

—2b3 + 720byk*q + 6a3by = 0,

—2a3 — 720ask*q + 6ayb3 = 0,

10agbyby — 120k*qa; + 5a bs — 5a2a; = 0,
10byayas + 5byas + 120k*qb; — 5b3b; = 0,

Kawachara equation and then, from the results of this,
we easily obtain the solutions of modified Benjamin—
Bona-Mahony (BBM) equation.

We first consider the following modified Kawa-
charal” equation, which describes the motion of wa-

ter waves with surface tension

where p and ¢ are all free parameters. To look for the
solitary wave solutions of Eq.(7), we make the trans-
formations ¥(z,t) = ¥(£),£ = # — c¢t. Then Eq.(7)

turns into the following ordinary differential equation

qwlllll +p/¢]lll + 17[)21/)/ + 1/}/ _ C,l/}/ — 0 (8)

To begin with, we suppose that the polynomial
degree of ¥ in (u,v) is m. Balancing 1?1’ with ¢
if ¢ # 0, or with ¢"”, if ¢ = 0, we can obtain m = 2
or m = 1, respectively. This suggests the following

ansatz
¥ = ag + ayu + asu® + byv + byuv, 9)

where one of the coefficients of aq, as, by, by is not equal
to zero. Applying the rules as before, we can have two
sets of algebraic equations corresponding to the rela-

tions v2 = 1 — w2 and v? = 1 4+ u? respectively.
3.1. Regular solitary wave solutions

To acquire regular solitary wave solutions of
Eq.(7), a set of algebraic equations that include thir-

teen algebraic equations corresponding to the relation

v? =1 —u? is given here:

3b3 + 4bya? — 5byal + 8byayag — 840k*qby + 8byagay — 4byb? — 24k pby = 0,
—32k‘4qa2 — 8k‘2pa2 + 2cay — 2b§a0 — 2a0a§ — 2ay — 2&26% — ZaQag — 4a1biby + ZaObf =0,

—k4qa1 — k2pa1 — a1 — 2bzagby + ca; — albf — alag =0,

4a2b§ — 4a2b§ + 24k2pa2 — 4a§a2 + 480k4qa2 + 4b§a0 + 8aibiby — 4a§a0 =0,
—30,1[)% — 60,1(100,2 + 3a1b§ — 6(12[)2[)1 — a‘i’ + szpal + 6b2a061 + 60k4qa1 = 0, (10)

—k4qb2 — k2pb2 — bgag + ¢by — by — 2a1agb; — bgb? =0,

182k*qby + 20k?pby — b3 — 3bga? 4 2by + 4ayaghy — 6byagas — 6byaray + 5bab? + 2byai — 2cby = 0,
16k4qb1 + 4k2pb1 —c¢by — 4bsagay + b1a3 — 4bjagas — 2b§b1 + b — 2b1a% + b‘rl‘ =0,

3b1af + 7b§b1 — 4b1a§ + 6bsaga; — bi’ — 6k2pbl — 120k4qbl — 8bsaias + 6bragas = 0.
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Solving this system of equations (10) by using the
Ritt—Wu elimination directly with the aid of Maple,
four sets of nontrival solutions to Egs.(10) are ob-
tained:

p + 20qk? T WE:
{ao v=10g *" "

2
c:l—mw%—f—@1=m=w2=mk=k}

10q
(11)

1
by =£6py/—,c=1
{2 P loqac +
k== L,a(]:a]_:az:b]_:o , (12)
10q

{by =+ \/—6pk,c =1 — 2pk?,

a(]:al:ag:bg:q:o,k:k}, (13)

11p?
100q’

{a1 =+ +/6pk,c =1+ pk?,
a0:a2:b1:b2:q=0,k:k}. (14)

From Egs.(11), (12), (9) and (4) we obtain two
sets of regular solitary wave solutions of Eq.(7) as fol-
lows
p + 20gk?

=107 + 6 \/—10gk?sech?[k(z — ct)],

(15)
2
where ¢ = 1 — 24qk* — % In order that the solution

¢(xvt)1 =

is localized, it is necessary that ¢ < 0.

1
(x,t)2 = £6py/ Toa tanh[k(z — ct)]sech[k(z — ct)],
q
(16)

11p?

P k= P 1 guarantee that
100q 10q
this solution is localized, the parameters must satisfy

where c = 1 +

the inequalities p > 0 and g > 0.

Equation (16) is a new soliton solution to Eq.(17),
which, to our knowledge, has not yet been reported in
any reference papers. More importantly, it cannot be
obtained by using the tanh-function method.[?! Yet
another solution (15) is essentially the same as that
given in Ref.[8] if we set sech’z = 1 — tanh® z.

This indicates that the modified Kawachara equa-
tion possesses solutions not only with a bell-shaped
form, but also with a kink-shaped form. That is to
say, solution (15) has a symmetric structure with re-
spect to the centre ({¢ = x — ¢t = 0), whereas the
structure of solution (16) is antisymmetric. But both

of these are important stable solitary wave solutions.

We notice that, in solutions (13) and (14), the pa-
rameter ¢ = 0, as a matter of fact. In this case, the

ordinary differential equation (8) becomes
p,lplll + 1/)2#)/ + 'll)l _ C'll)l =0. (17)

This equation can be derived from the following mod-

ified BBM! equation

As before, if we set £ = x — ct, Eq.(18) becomes
—cpp"" + P + ¢ — ey’ = 0. (19)

If we set p = —cp, Eq.(19) is equivalent to Eq.(17).
Thus from solutions (13) and (14) we obtain directly
two sets of regular solitary wave solutions to the mod-
ified BBM equation.

One solution is

| 6p
Y(z,t)y ==+ Wk tanh[k(z — ct)], (20)

where ¢ = with k being an arbitrary con-

1 2pk?
stant.

This solution, representing a shock wave struc-
ture, is essentially the same as that given in Ref.[§]
obtained by using the tanh-function method.

Another new soliton solution can be found as

| —6p
P(z,t)e =+ mksech[k(x —ct)], (21)

where ¢ =

T with k being an arbitrary constant.
p

3.2. Singular solitary wave solutions

Likewise, we can obtain another set of algebraic
equations omitted here, corresponding to the relation
u? = 1+ 0%
solitary wave solutions of Eq.(7). For example, when
p < 0,9 <0, Eq.(7) admits

Solving this, we can obtain singular

6
P(z,t)3 =+ %Oqcsch[ lp%q(x - ct)}
X coth L(m —ct) (22)
10q ’
11p?
where ¢ = ki + 1.
100g

Such singular solitary wave solutions are, in fact,
diverging shock-typed solutions, which represent a col-

lapsible state and develop singularity at a finite point,
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i.e. for any fixed t = tq, there exist zo at which these
solutions blow up. There is much current interest in
the formation of so-called “hot spots” or “blow-up” of
solutions.['%11] Tt appears that these singular solutions

will model these physical phenomena.
4. Example B

In this section, using the same method, we study
the combined KdV-mKdV equation['?]

where p,q # 0 are arbitrary parameters.
As for example A, we let ¢¥(z,t) = (), and
Eq.(23) becomes

" — e’ + Yy’ + gy’ = 0. (24)

Here we suppose Eq.(24) has a solution with the form
as Eq.(6). Then by balancing "’ with 121’ , we have

m = 1. This suggests the following ansatz
Y = ap +aju+byv, (25)

where a1 # 0 or by # 0.
Substituting Eq.(25) into Eq.(24) we obtain a set

of algebraic systems for ag,ay,b1,q,p, 7,k and ¢, cor-

2

responding to the relation of v2 = 1 — u?, namely

—biai(p + 2apq) =0,

bi(gb] + 4rk?® + qai + pag — ¢ — 2qa3) = 0,
bi(—gb} — 6rk® + 3ga?) =0,

2b1a1(p + 2a0q) = 0, (26)
—ay (rk? + qb3 — ¢ + pag + qad) = 0,

—(a1 —b1)(a1 + b1)(p + 2a0q) = 0,

—ay(qa? — 6rk* — 3¢b7) = 0.

Solving Eq.(26) we obtain two sets of general solutions

k+/—6
{ao = — £,a1 = 0,b1 = iiq,
2q q

= —2k? p—2k—k 27
e= =2+ 2k =k, (27)

and

2 P
¢ =k? = by =0k =k (28)
q

From Egs.(27), (28), (25) and (4) we can obtain
two sets of regular solitary wave solutions of Eq.(23)
as follows.

For ¢ < 0, we have

P, ko

¢($,t)1 = 72(] q

tanh[k (z — ct)], (29)

2
where ¢ = —2k? + ‘Z— with k being an arbitrary con-

stant. This solution is substantially the same as that
given in Ref.[8] obtained by using the tanh-function
method.

For ¢ > 0, we have

bz, t)s = _2% + kT\/Wsech[k(x —et)], (30

where ¢ = k% — 2 with k being an arbitrary constant.

This is a new soqlution to Eq.(23) obtained by using
the present method, which cannot be obtained using
the tanh-function method.

Similarly, we can also gain two sets of singular
solitary wave solutions of Eq.(23) as follows.

For ¢ < 0, we have

k+/—6
Wz, t)s = — L+ V20 othk (@ — ct)],  (31)
2q q
»?
where ¢ = —2k% + i with k being an arbitrary con-
q
stant.

For g > 0, we have

Py RO k), (32)

¢(£L‘,t)4 = _Z q

2
Z— with k being an arbitrary constant.
q

where ¢ = k% —

5.Summary

To summarize, we have reported on some regular
solitary wave solutions and singular solitary wave so-
lutions for three important nonlinear evolution equa-
tions by using the coupled Riccati equation and sym-
bolic computation. For each of these, we have re-
spectively obtained an important new solution and we
verified these by putting them back into the original

equations using Maple.
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