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We present a general approach to the construction of conservation laws for the dynamics of nonholonomic rel-

ativistic systems. Firstly, we give the definition of integrating factors for the differential equations of motion of a

mechanical system. Next, the necessary conditions for the existence of the conserved quantities are studied in detail.

Then, we establish the existential theorem for the conserved quantities and its inverse for the equations of motion of a

nonholonomic relativistic system. Finally, an example is given to illustrate the application of the result.
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1. Introduction

The conservation laws for a dynamical system
play an important role in the study of mechanics. In
particular, the existence of a certain conserved quan-
tity will help us to understand the partial physical
state and quality of the system studied when it is hard
to solve the differential equations of motion of the sys-
tem. Furthermore, this has become one of the most
important directions in modern analytical mechanics.
There are two main methods used to seek the con-
served quantity. One method is based on the theory
of the invariance of Hamilton’s action under infinites-
imal transformation, namely, the Noether theory.!
The other method was given by Lutzky[?! in 1979
who introduced Lie’s method of the expansive group
of invariance for ordinary differential equations under
infinitesimal transformations to the mechanical sys-
tem and presented the Lie symmetries of differential
equations of motion. Significant achievements have
been obtained in the study of this method in recent

years.[?”lz]

Relativistic analytical mechanics are the founda-
tion of modern physics. In this paper we seek the con-
served quantity of a nonholonomic relativistic system
on the basis of the theory of integrating factors.!?!
Compared with the two famous methods mentioned
above, this method has the benefits of fewer con-

ditions, easy calculation and wide practical applica-

tions. It will also have a prosperous prospect in the
integration theory of relativistic analytical mechanics.
Firstly, we give the definition of integrating factors for
differential equations of motion and we study the nec-
essary conditions for the existence of conserved quanti-
ties. Secondly, we establish the conservation theorem
and its inverse theorem for the equations of motion of a
nonholonomic relativistic system. Finally, we present

an example to illustrate the application of the results.
2.Hamilton’s canonical equa-
tions of motion of relativistic

systems

We consider a mechanical system composed of N
particles, and its configuration is determined by n gen-
eralized coordinates qi,q2, - -,q,,. The motion of the
system is subjected to the following g ideal bilateral
nonholonomic constraints of Chetaev’s type

. ofp
fﬂ(qaqat) 0) 3(15 qs

(ﬂ:1,2,---,9;821,2,"',TL). (1)

The position vector of a representative point i of

the system is 7;(q1,92, - -, 4q,,t), and its mass can be

written as
mo;

\/1—7"?/02

(2)

m; =
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The generalized kinetic energy function!” of a rela-

tivistic system is

TF = moic*(1 — /1 — 77 /c2)

The equation of motion of the system can be writ-

ten in Routh’s form

d oT* oT* afg

S8y T .+ 028

at oq,  oq, T Mo,
(s:l,Z,-~~,n). (4)

Dividing all the active forces acting on the system

into nonpotential forces and potential forces, we have

av .
Qs = _5 + Q;(Qkan;t)aV = V(qk)
(Svk:1727"'1n)' (5)

We construct Lagrange’s function of the relativis-
tic system as

Li=T; -V, (6)

then Egs.(4) can be written as

L L
ia~r _8 - :le-l‘)\ﬁ%
dt 8¢,  9q, 94,
(821,2,”-,')1), (7)

where Mg are the constrained multipliers. Before we
integrate the differential equations of motion, we ob-
tain Ag from Eqgs.(1) and (4), and express it as a func-
tion of t, ¢ and ¢. Thus, Egs.(7) can be expressed

as

d oLr OL* ,
et et A,
dt 8¢,  9q, @t
(s=1,2,---,n), (8)
B N .
where A, = )\ﬁ(t,q,q)a—_ are the generalized non-
q

holonomic reactive forces of the constraint, and have
been written as functions of the variables ¢, ¢ and q.
Equations (8) are called differential equations of
motion of the holonomic systems corresponding to the
nonholonomic systems (1) and (7). The integrals of
the nonholonomic systems (1) and (7) can be found
according to the corresponding holonomic system (8),
only if we apply the restriction of the nonholonomic
constraints (1) to the initial conditions.
Now, we introduce the generalized momentum
and Hamilton’s function as
oL’
b, = W

)
S

Hr(taqvp) :ps(js—L: (5: 1,2,-“,’[’1,). (9)

From Egs.(8) and (9), we have

j, = 2 (10)
9= op,
8H, ~, ~
1552——8 +Q;+As (S:1a2a"'?n)' (11)
qs

R

Here, the symbol “~” is the expression, which is ob-
tained by substituting ¢, g, p for q.

Equations (10) and (11) are called Hamilton’s
canonical equations of motion of holonomic systems
corresponding to the nonholonomic relativistic sys-

tems (1) and (7).
3.Integrating factors and exis-
tential theorems of the con-

served quantities

3.1. Integrating factors

0H, ~, ~
If the invariant (}53 + 90 QL - As> G reduces
q

S

identically to

OH, ~, ~
+/‘l/s<.s+ 9 QQAS>> (12)

where R, B and pu, are functions of ¢, ¢ and p. In this

case, functions G5 = Gs(t,q,p) are called integrating

factors of the canonical equations of motion (11).
Combining Eqs.(11) with (12), we have

d
—(p,Gs —H.R— B
3 Ps )
oH, ~, ~
= — ) — _A 1
w(pt Gor-@-R). 0y

and the following theorem can be obtained.

3.2. Existential theorems of the conserved

quantities

Theorem 1. If functions G, are integrating fac-
tors of Egs.(11), then there exists a conserved quantity

(first integration)
D=p,Gs—H.R-B (14)

of the holonomic systems (10) and (11), corresponding

to the nonholonomic relativistic systems (1) and (7).
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For a given dynamical system, if functions G are
integrating factors of Eqs.(11), the necessary condi-

tion (13) must be satisfied for every set of functions

Gs, R, B and pgs. The condition can be written as
0H ~, o~
—_ R—/—/—T / Ag
5 T (@ + )<

OH,
Ip,
) OH, ..
+psGs_8—Gs_HrR_B+I:0, (15)

S

where we have used Egs.(10) and (11) to calculate H,,

and 5
H =~ ~
~A4). 16
S -@ 1) as)

S

I:u5<ps+

If a set of functions G, R, B and u, satisfies
the necessary condition (15), and the right-hand side
of Eq.(14) is reduced to a constant, then we have a
singular set of functions G4, R, B and u.

From these considerations and from Theorem I,
we can formulate the following theorem, convenient
for finding the first integrals of the canonical equa-
tions of motion (10) and (11).

Theorem 2. For every nonsingular set of func-
tions G4, R, B and u,, which satisfies the necessary
condition (15), there exists a conserved quantity (14)
of the holonomic systems (10) and (11), corresponding
to the nonholonomic relativistic systems (1) and (7).

By integration of Eq.(15), the nonsingular set of
functions G4, R, B and pg, which gives a conserved
quantity, can be obtained. In any case, if we have
any solution of Eq.(15), which does not contain any
integration constant, we call the solution a functional
solution of Eq.(15). When a nonsingular functional
solution of Eq.(15) is substituted into Eq.(14), we ob-
tain an ordinary first integral of the dynamical system.
Here, the only integration constant is the value of D.
Vujanovic™¥ has shown that by using a complete so-
lution of Eq.(15), which contains a sufficient number
of integration constants, we can finally form a finite
solution of the equations of motion (10) and (11).

Obviously, in Eq.(15) d( )/dt must be interpreted

as the following operator

d0) _ 20)

dt ot dp

0H.0() . 9()
9, Psa—ps~ (17)

S

4.Killing equations

It is critical to find functions R = R(t,q,p),
B = B(t,q,p) and G,

theory of integrating factors to seek the conserved

= Gs(t,q,p) when using the

quantity of a dynamical system. Usually, we expand

the necessary condition (15) and split it into first-order
partial differential equations for G,, R and B. This
type of partial differential equation is called the Killing
equation. We can obtain the above functions, through
solving Killing equations.

4.1. We can expand Eq.(15) by using Egs.(16)
and (17).

Pg» and set them equal to zero separately. Then we

We divide it into terms with and without

have
0H,
(0, + 1, )(Gs )
Ip,
GS BGS 8HT> 0H,
_ G,
8q§ apﬁ dq,
g BRBHT>_8_B_8_B¢9HT
" 8qﬁ 8p,@ ot aqﬁ Bpﬂ
T ~4s) =0, (18)
G OR _ 0B + 0 (19)
p, oG g, 208 o
3pﬁ 3pﬁ 3pﬁ A

If the system admits a nonsingular solution with
R(t,q,p), B = B(t,q,p), Gs =
Gs(t,q,p) and ps = ps(t,q,p), then a first integral

respect to R =

(14) exists automatically. Here, we have a system of
(n+1) linear partial differential equations with, in the
most general cases, (2n+2) unknown functions. Thus,
there is a great freedom of their solution. The most
logical suggestion is to prescribe (n + 1) functions in
advance and, after that, to solve the equations with
respect to the remaining (n + 1) unknowns. Usually,
the prescribed functions are B and pu,.

4.2. We can expand the necessary condition (15)

using Eqs.(11), (16) and (17), to obtain
8H,  ~ ~ OH,
As
o+ @+ (6. RS
N oG, N G, 0H,.\ BH,,G
P\"ot " 9q, op,)  0q,
I OR n OR OH, 0B 0B 0H,
"\ ot 8qﬁ 8p/8 ot 8qﬂ 8pﬁ
~ o~ OH,
+ <Q;; + A )
9q,
oG, OR OB
x <ps - —> —o. (20)
Bpﬂ 8pﬂ apﬁ

Equation (20) is a linear partial differential equa-
tion. In the general case, each of the (n + 2) functions
G5, R and B can be regarded as unknown. Accord-
ing to Theorem 2, any nonsingular solution of Eq.(20)
with respect to G,, R and B yields a first integral
(14).
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5.Inverse theorems of theorems

1 and 2
The connection between the first integral (14) of

the dynamical system, based on the theory of integra-
tion, and the corresponding integrating factors G, and
functions R and B must be consistent with the nec-
essary condition (15). It is shown that the necessary
condition (15) is equivalent to Eqs.(18), (19) or (20).
Therefore, the set of (n 4 2) functions G4, R and B
must satisfy Eqs.(14), (18) and (19) or (14) and (20).

Calculating 8B/8pﬁ from Eq.(14), and substitut-
ing this result into Eq.(19), we have

oD O0H,
=—+R—. 21
Ga=g, tH5 (21)

s S

Now, combining Eqgs.(14) and (21), we obtain

oD oH,
B=nigy ~D+E(n.G,

: —HT>. (22)

Next, letting the first integral D = D(t, ¢, p) equal

the conserved quantity, we have
p;Gs — H.R— B = D(t,q,p). (23)

From Egs.(21), (22) and (23), G5, R and B can
be obtained.

In this way, we formulate the following Theorem.

Theorem 3. If every constant of the motion
D(t,q,p) for a corresponding holonomic system can
be described by a Hamilton’s function H,., generalized
nonpotential forces @'s and generalized constraint re-
action forces 715, the integrating factors G, and func-
tions R and B corresponding to D are determined by

Eqgs.(21), (22) and (23).
6. Example

Suppose Lagrange’s function of a relativistic sys-

tem is

2 2
L, :m0c2<1 /14 J;q2> —V. (24)

c
The generalized nonpotential forces acting on the
system are Q1 = ¢1,Q2 = —¢2. The potential energy
function V of the system is constant. The motion of
the system is subjected to the following ideal bilateral

nonholonomic constraint of Chetaev’s type
f=a—@+qat=0. (25)

We try to find the conserved quantities of the sys-

tem.

Firstly, we study the direct problem to obtain the
conserved quantities of the system.

The first step is to establish Hamilton’s canonical
equations (10) and (11) corresponding to the holo-

nomic system. Because we have

oL, moq1 )
Phh=F = —F/—— = mq,
' o0 6 + 2
1- 2
c
0L, mog .
Pzza—.z %:mq% (26)
92 qi + 43
1- 2
c
where
mo
m= —.
1 q; + 93
o 2
c
From Egs.(8) it follows that
d
L d) = a4\
dt(m‘h) q1+ )
€ (mi2) = —d2 — A (27)
—(mgs) = —gy — .
at q2 q2
From Egs.(25) and (27), we obtain
d . qt
= 5&(—"%1115) — G2 + % (28)
Therefore, we obtain
. 1d . Qi
1Ay = Z(— t) — 417
Q1+ A1 q1+2dt( maqit) — 42 + 5
1d qlt
Db My = — = (—mgit) — & 29
Q) + A2 5 gz (Tmat) = s (29)
="t g =2 (30)
m m

The Hamilton’s function is

<2 2
m0c2<1 1 ql;%) +V. (31)

_ pi+p3
m

H,

Then, the canonical equations are

. oH, . oH,
q1 = _p1’ G2 = =22 (32)

op1 T m dp2 m

(=maqit) — =-. (33)
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The second step is to establish the Killing equa-

tion.

Since the Hamilton’s function does not contain

time t and generalized coordinates ¢; and g, from

For the integrating factors G; and G5 and the

functions R and B, all satisfying the necessary con-

dition (15), according to Theorem 1, the conserved

quantity (14) can be given as

D =mgq; + mg2 — q2 + q1
mo(q1 + ¢
_ o(g1 + g2) + (g

: (36)
1

— — q1) = const.
it a
2

Secondly, we study the inverse problem, in which

integrating factors G5 and functions R and B can be

obtained from the known first integral.

Suppose the studied system has a first integral

D =mq; +mgz + (g2 — q1)

=p1 + p2 + (¢2 — q1) = const. (37)

From Egs.(21) and (22), we have

G, =1+R® G,=1+RP,
m m

B _
R— + (g2 2(11) . ,
moc2<1— 1—p1j§2>—V
m2c

and when B = ¢; — ¢,, we have

Gy = 1.

These are consistent with Eq.(35).

Eq.(20), we have
p1—p2 1d qit OH,
——(— t —I|[{Gi—R
[ m +2dt( mq1)+2]<1 op1
1d qlt BHT
-—— t)y——||G2— R
et -4 (e - #550)
0G, 0G,0H, 0G;0H,
+ p1 +
ot Oqu Op1  Oqz Op2
0Gs 0G2 0H, 0Gs2 0H,
+ p2 +
ot 8q1 8})1 3q2 3172
<3R OR O0H, OR 3HT>
— HT _t — P
ot~ 0q1 Opr  Oqz Ip2
0B O0BOH, 0BOH,
ot  9q1 Opr  9q2 Op:
[pr—p2  1d qt
(= t 27
T Taa mq1)+2]
G, 0G> OR OB >
X —+p—-H.—— —
<p1 op1 "o op1  Op
1d qlt
+ _§E(mfh ) = 7}
y oG, n 0G4 OR 0B —0. (34)
& 9 P2 Op2 "Ops Op2)
The third step is to seek the conserved quantity
of the system.
There are solutions of Eq.(34):
RZO, Glzl, G2:1, B:ql—QQ. (35)
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