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In order to understand the properties of the spin system with orbital degeneracy, we first generalize the linearized

semiclassical spin wave method for the SU(2) generators into the SU(4) case, and then investigate the elementary exci-

tations of the orbital-spin systems in the SU(4) limit. The results show that, due to the reduction of the dimensionality
of the excitations, the ordered state of the SU(4) spin-orbital model is unstable. Secondly, we study the effects of the
Hund interaction on the flavour liquid state of the system. Our mean-field results suggest that, for a small Hund inter-

action, the flavour liquid state is still stable against the generalized spin-density wave state, but with sufficient deviation

from the SU(4) limit, the long-range order may be attained in two-dimensional systems. Finally, the implications for

the experimental observations on the material LiNiO2 are discussed.
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The Hubbard model with a Hilbert space of only
one atomic orbital per site is a popular model used to
When

the correlation U is sufficiently large, the system un-

study strongly correlated electronic systems.

dergoes a transition into the Mott insulator. In the
large U limit, the model reduces to the familiar s=1/2
Heisenberg antiferromagnetic Hamiltonian (HAH). In
spite of the success and popularity of the single or-
bital Hubbard model, it cannot, however, explain the
magnetic behaviours of many Mott insulators, includ-
ing the magnetic ordering patterns in V503 [* and the
spin liquid state in the more recently concerned ma-
terial, LiNiO,.! On the other hand, such behaviours
can easily be understood if one allows for orbital de-
generacy and enlarges the Hilbert space on each site. 3]
Recently, direct evidence for orbital degrees of freedom
and ordering in some magnetic systems has been ob-
tained by form-factor analysis of x-ray diffraction.!!
Castellani et all® derived the Hamiltonian de-
scribing such spin-1/2 systems with two-fold orbital
This Hamilto-

nian has a rotation symmetry in s-space, but in 7-

degeneracy more than 20 years ago.

space this symmetry is broken by Hund’s term and
the anisotropy in the orbital wavefunctions. In a pre-
vious publication,®! together with our cooperators, we
have investigated a simplified Hamiltonian, in which
the Hund’s term and the anisotropy in orbital wave-

functions have been neglected. Our results have shown

that the full symmetry of the model is the SU(4)
symmetry, rather than just the spin-SU(2) symmetry.
In many two-dimensional (2D) lattices, such as the
square and triangular lattices with nearest-neighbour
(NN) coupling, the ground state of the SU(4) an-
tiferromagnetic (AF) Hamiltonian is a liquid of res-
onant plaquette SU(4) singlet, as indicated by our
variational calculation and mean-field theory.®] Re-
cent Monte Carlo simulations on a modified model
also support this conclusion.l’! In real systems, how-
ever, the SU(4) symmetry is broken by the Hund’s in-
teraction and the anisotropy of orbital wavefunctions,
reducing the symmetry to just spin-SU(2) symmetry.
Therefore, the SU(4) symmetry is at best an approx-
imation for real systems.

Recently, there have been some arguments!”®! on
the reliability of our results.[3! Tt has been argued that
the liquid ground state of the spin-orbital system in
the SU(4) limit is also based on a shaken mean-field
theory in the fermion representation, similar to the
previous studies for the 2D Hubbard model in high-T
superconductors. This motivates us to re-study the
ground state of the SU(4) Hamiltonian by employing
different techniques. Furthermore, we should inves-
tigate the stability of the flavour liquid state against
the solid ground state in real systems with Hund’s rule
and the anisotropy of orbital wavefunctions. In this

paper, starting from the SU(4) Hamiltonian, we first
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investigate the elementary excitations of the orbital-
spin systems assuming an ordered ground state. The
reduction of the dimensionality of excitations is found
in the SU(4) limit, which results in the instability of
the assumed ordered state. Secondly, in the limit of
isotropy of orbital wavefunctions, Hund’s interaction
is taken into account in the mean-field theory. We find
that the system could have long-range order (LRO) as
Hund’s coupling is large enough. With a small Hund’s
interaction, the disordered liquid state is still stable
against the ordered solid state even in the 2D unfrus-
trated square lattice. The implications of our results
for the experiments on LiNiOs are presented.

The simplest AF quantum spin-1/2 system with
two degenerate orbitals (7-1/2) and rotational invari-

ance in both s and T spaces is given byl

1 1
Hy=JY <2si~sj+5><2n-7j+§>—1, (1)

<ij>

t2
—, and we set J=1. Apparently, Hamil-

where J =
tonian (1) has SU(2) x SU(2) symmetry, representing
rotational invariance in both spin and orbital spaces
and also interchange symmetry between spins and or-
bitals. We have shown that the full symmetry of this
is actually the higher symmetry group SU(4). The
Hamiltonian (1) acts on a Hilbert space of four basis
states at each site. Choosing these as |u) = |s*,7%),

we label these:

4) = 1—1/2,-1/2). (2)

These basis states form a fundamental representation
of SU(4). To obtain an insight into the physical prop-
erties, we have considered a system with a few sites
and found that the ground state of Hamiltonian (1) is
a unique SU (4) singlet.[] It is a singlet of spin, orbital,
and the orbital-spin-crossing operator U®? = 4577,
a generalization of the SU(2) singlet of just spin-1/2
systems. To study the nature of the ordered systems
V503 and LaMnOgj, Castellani et al,[4] Ishihara et
al,®! and other research groups,® appeal to the stan-
dard mean-field decoupling (s;-s;)(7;7;) =< s;-8; >
(i Tj)+(8i-85) <TiTj>—<8;-8; ><T;Tj>.
They investigated the elementary excitations of such
orbital-spin systems, assuming that the ground state

is an ordered state. However, such a decoupling would

not be appropriate because, if it were a valid approxi-
mation, the low-lying excitations would consist of only
two branches corresponding to spin and orbital exci-
tations, respectively. The third spin-orbital excita-
tion has been lost in such a mean-field decoupling
theory. This contradicts the three low-lying models
of the Bethe ansatz, which control low-temperature

[10] and our re-

physics, as pointed out by Sutherland
search group.['!] Besides, and more importantly, such
decoupling is in clear contradiction with the correla-
tions in the SU(4) limit < sf's§ >=< 7778 >=<
dsysFTrTS >.13] So, there is a manifest breakdown of

suchJa standard mean-field decoupling when the spin
and orbital degrees of freedom play a symmetric role.
What, then, is the nature of the excitations of
spin systems with orbital degeneracy? Actually, this
system should also be considered in SU(4) space, not
only in SU(2) x SU(2) space. We start with Hamilto-
nian (1) with SU(4) generators and employ a simple
approach to investigate the problem. As is known,
the simple way to study this is the linearized semi-
classical spin wave approach,!*?/ which does not in-
volve any other approximate techniques. In the fol-
lowing, we generalize the method for SU(2) generators
(s*,s7,s7) to the SU(4) case. All physical excitations
of the spin system with orbital degeneracy can be in-
cluded in the theoretical approach. To do this, we
rewrite Hamiltonian (1) in terms of SU(4) generators

su
Hy= 3 SA6)S70) Q

<ij>

with m, n=1,2,3,4. The conventional SU(4) genera-
tors ST act on the basis state |l) according to S%|l) =
8,,1lm), and satisfy > Sm = 1 and (Sp)T = S

The commutation relation of S}, is given by
(S5, S}] = 6n St — SmiSh. (4)

Now we consider an ordered state with four sublat-
tices, where the sublattice A, is predominant in the
flavour p (p=1,2,3,4). We assume S}, (j.) = 6mn,p in
the linearized approximation as below, where j, is the
sublattice index of the site j. By employing the com-
mutation relation (4), similar to the SU(2) case,?

we have
Si(3) =i[Ho, Sy, (4)]
—2i Y {SEG)SAWD — SEGISEOY. ()

l

where the sum over [ runs all NN pairs of the site j,.

After the linear approximation, Eq.(5) becomes
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(i) =20 {8nuSt (1) + Smw S ()

vEp
l

= Om Sy (1) = 60w Sp () }- (6)

Letting SJ (j,.) = C;""e”“’"teik'j“ for m # n, and sub-
stituting it into Eq.(6), we obtain a group of linearized
equations for the coefficients C['"(m # n = 1,2,3,4)

WO +2°> " {8, O — 8, Cl
Lv#p

+ (60, O = §,,, O =3y — 0. (7)

Considering two cases of m = p,n # p and m # p,

n = u, we find that in the SU(4) limit the equations

for each sublattice A, =1,2,3 and 4 are decoupled. The

two self-closed equations are obtained as

1 3 1
2 4 2
1 3 1
(a)
4 3 4
| i
1 1 2 1 1
| 1
1 i
1 I
11 2 | 1
P ey R
/ /
7/ 7/
7 vd
4 3 4

(—w + 2NC)CL”L + 2Nc’)/[j][l](k)0“n =0,

n

(7(“) - 2NC)Cll;L’;rLL - 2Nc'¥[j][l](k)cp‘n = 07 (8)

“w

where NV, is the number of connecting bonds between
Ju and its NN sites of sublattice [, and

1 = ipr
iy (k) = 57 e, (9)
¢

Therefore, we have

w(k) = 2Ny [1 22 (k). (10)

In addition to this model of excitations, from Eq.(7),
we consider the case of u # [j],v # [j] and can easily
obtain the local model: w=0. In the following, we ap-
ply this theoretical result to different lattices shown

in Fig.1 and discuss some related experiments.

O e @O

Fig.1. Four-sublattice classical ground states considered in the text: (a) square lattice; (b) honey-

comb lattice; (c) cubic lattice; (d) fcc lattice.

For the AF SU(4) system on the 2D square lat-
tice, a four-sublattice classical ground state can be
achieved by having any two sites connected by a
bond with different flavours; one of the patterns is
The spin (s), orbital (), and
spin-orbital (s7) wave dispersions are easily given by

we(k) = 24/1 —cos?k,, w-(k) = 24/1 —cos? k, and

shown in Fig.1(a).

wsr (k) = 0, respectively. We note that both the spin
and the orbital excitations seem one-dimensional (1D)
in spite of the underlying translationally invariant 2D
ordering pattern. This means that the disordering ef-
fect due to quantum fluctuations of these 1D-like ex-
citations should act just like those in a 1D quantum
spin chain and destroy the LRO. The result obtained
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here is consistent with our previous fermion mean-
field result that the ground state of the AF SU(4)
model is a flavour liquid on many 2D lattices.[3] In
other words, we can obtain the same result that the
AF solid state is unstable against the flavour liquid
state by employing different techniques in the SU(4)
limit. Besides, because of no next-nearest-neighbour
coupling J’ between the states 1 and 3 or 2 and 4,
the flipping state from 1 to 4 on a site can be cre-
ated with no cost in energy, thus w,,(k) = 0. As for
the AF SU(4) system on the honeycomb lattice, the
ordering pattern in Fig.1(b) results in some modifi-
cations from that in the square lattice in the disper-
sion of excitations. Flavours 1 and 4 (or 2 and 3) are
connected as zigzag vertical chains, and thus we have
the spin-orbital wave excitation with 1D-like disper-
sion w,, (k) = sin(v/3|k,|/2). We must note that this
model cannot be obtained in the standard decoupling
mean-field theory.®! Flavours 1 and 2 (or 3 and 4) are
unconnected, and the spin waves are localized on a site
having zero excitation energy, ws(k) = 0. Similarly,
we also have w, (k) = 0.

In three-dimensional (3D) systems, we first con-
sider the AF SU(4) Hamiltonian in a cubic lat-
tice in Fig.1(c).
bital, and spin-orbital wave dispersions are given by

ws(k) = 241 —cos?k,, w,(k) = 0, and ws, (k) =

1
4\/1 - Z(COS k, + cosk,)? respectively. It is interest-

In the present case, the spin, or-

ing to note that, for the same reasons mentioned above
in a square lattice, the ground state of the spin-orbital
system may be also disordered even for a 3D cubic lat-
tice. This result can be qualitatively used to explain
the recent experiments on LaTiOj, the structure of
which is a 3D cubic lattice and the ground state of
which shows orbital liquid.[*3] To fully understand the
properties of this material, of course, we should con-
sider more physical reasons, such as Hund’s rule and
orbital orientations. Finally, we apply our discussions
to the fcc lattice shown in Fig.1(d) and obtain three
flavour wave dispersions in the AF ordered state:

1 ky + k. ky — k. \’
ws(k):4\/11<cos y\—/g + cos y\/§ > ,
2tk

. 1( k e, k-z—km>2
— —| cos cos ,
4 V2 V2

wr(k) =

and

Therefore, the reduction of the dimensionality of the
excitations is not only found in the 2D systems but
also in the 3D systems, which gives rise to the insta-
bility of the assumed ordered states.

A real system has anisotropic terms due to Hund’s
rule and the anisotropy of orbital wavefunctions. We
have concluded that in the SU(4) limit the ground
state of the spin-orbital system is a flavour liquid on
In the
following, we study the stability of the liquid state

many 2D lattices and even in 3D lattices.

against the solid state if the anisotropic terms are
taken into account. The full Hamiltonian including
Hund’s rule and the anisotropy of orbital wavefunc-
tions is very complicated, as indicated in Ref.[5]. To
simplify the calculation in the fermion mean-field the-
ory, we neglect the anisotropy in orbital wavefunc-
tions first, and only take Hund’s interaction as a phe-
nomenological form given in Ref.[14]

Ju

H’ = Sia Siﬁ(]- — (5a5), (].1)

af

where a and 3 are orbital indices. To illustrate the
ideas mentioned above, we consider the full Hamil-
tonian on a square lattice, using fermion mean-field
theory. The full Hamiltonian can be rewritten in the

fermion representation
H=H,+ H'

_ + .. 1
= E g CipCinCiy,Civ

<ij> pv

Ju
Y Z Z c;;ci,,c;’;cw, (12)

i <pr>

where p,v=1,2,3,4, and < pv > means that as p=1
or 2, v=3 or 4, and vice versa. We define four sublat-
tices 1,2,3 and 4 on the square lattice shown in Fig.2.
Two parameters can be defined in the mean-field the-
ory. Firstly, the uniform and real mean-field bond
amplitude x =< x;; >=< ), c;cju >, which was
previously introduced by Affleck and Marston in the
t-J modell™! to describe a flavour liquid state. Sec-
ondly, the generalized spin-density wave (SDW) or-
der parameter M, defined such that the mean oc-
cupation number for the flavour p at site ¢ C Ay,
< cj;tcw >=(1—-M)/4+ Mé,,, where A,=1,2,3 and
4 as indicated in Fig.2. For the spin-1/2 HAH with
a single orbital per site, the uniform mean-field state
was found to be unstable against the AF spin state. 16!
In other words, the ground state of the spin-1/2 HAH
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is the ordered state.['”) However, in spin systems with
orbital degeneracy, we have pointed out that the ad-
ditional orbital degrees of freedom provide a new pos-
sibility for a flavour liquid state in the SU(4) limit. In
other words, the ground state of Hy is disordered.

4 3 4 3
1 2 1 2
4 3 4 3
1 2 1 2

Fig.2. Illustration of the four-sublattice in the gener-
alized SDW state on a square lattice.

To understand the effect of Hund’s rule on the

ground state of a real system, we decouple the full

1 —2x(cy +cy) 0
~ 0 1—2x(cy +c¢
M, = x( y)
—M Jy
Ju -M

with ¢; = cosk, and c, = cosk,. The quasi-particle
energies can be obtained by diagonalizing the matrix
(15):
%) =%+ M+ 122+ )
+ 2\/J12{M2 +4JZ2c2 + 16x2¢2c2. (16)

So, the total energy of the system is

n
e=— 42 [T + M? + 4x*(2 —i—cz)
k

+ 2\/JI2{M2 +4J4 X332 + 16X2c§c§]2
+2N,x* — N, (1 — M?)/2
+ N,(1+ M?*)Jg/8. (17)

The important difference between the present model
and the t-J model of Affleck and Marston is that
here one fermion per site implies that each flavour
of fermions is 1/4 filled, while in their study each
flavour of fermions is close to 1/2 filled, the case rel-

evant to the cuprates. Therefore, the restriction of

Hamiltonian (12) as follows:

2
Hyr = Y {ch;cjﬁh.c.) x
<ij> 1%
+ Z [< nip > cjﬂcj,t-}— < Mnju > c;cw
<ij>,p
— <Ny >< njps >
JH
+
— ? . Z [< Niy > C;,Civ
1, <pv>

+ < iy > = <ngy >< gy, >). (13)

In the mean-field theory, the Hamiltonian (13) in the

momentum space can be written as

Hyr = Z M My, + 2Nax — No(1 — M?) /2
kyp
+ No(1+M?)Ju/8, (14)

where nlju = (c:+Q1u’ CZ+Q2#, Cz-&-qu’ cz+Q4u)’ and
N is the number of sites. Q;=(0,0), Q2=(m,0),
Q3=(0,m) and Q4=(m,m,) are the generalized SDW
wave vectors corresponding to the four sublattices 1,
2, 3 and 4. We have

-M Ju
J -M
" , (15)
1+ 2x(ce + cy) 0
0 14+ 2x(cqe + ¢y)

k-summation over half of the Brillouin zone must be
satisfied: 1/N, ", f(k)=1/4, where f(k) is the Fermi
function. For the ground state, minimizing the total
energy (17) with respect to the parameters M and ¥,

we have the self-consistent equations

X :iz”X[Ci + gl + axe? + 8x’ciej]/g(k)
N,

€ (+)]
x (cy + ¢y — Ep), (18)
My M
4
" 2
_4 Z we(cm +¢, — Er), (19)

N, - € ()]

where g(k) = 2\/JI2{M2 + 4J%x3c2 + 16x2czc2. In
the SU(4) limit (Jg = 0), we find that the condition
for the M # 0 solution is

1 " 1
F=— -
N, zk: cos k; + cos ky

x @(cos ky + cosk, — Ep) > x/2,  (20)
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2 n
X :FZ (cos kg + cos ky)
5k

x 0(cos kg + cosky — Erp), (21)

and EF is determined by 1/Nj ZZ O(cos k, + cosk, —
EFr)=1/4. The numerical results show that F'=0.2086
and x=0.6534. Therefore, it is clear that the uniform
bond state is stable against the generalized SDW order
state. This means that the ground state of the spin
system with orbital degeneracy in the SU(4) limit is
disordered. With Hund’s rule and in the case of T'=0,
we have consistently solved Eqgs.(20) and (21), and
obtained that, as Jg <0.24, there is no LRO in the
ground state of the system. This indicates that the
system is still disordered as Hund’s rule is smaller than
the critical value. As Hund’s interaction Jg >0.24,
the generalized SDW order parameter M appears and
the uniform bond state order parameter x decreases
with Jy. The numerical results are shown in Fig.3.
Therefore, we conclude that, for a small Hund’s inter-
action, the flavour liquid state is still stable against
the solid state, But, with sufficiently large deviation
from the SU(4) limit, the LRO may be attained in 2D
systems.

Finally, we compare our results with the experi-
mental results for LiNiOy. The experiments(?! reveal
that the compound shows ferromagnetic spin—spin
correlation at a high temperature. But the measure-
ments of magnetic susceptibility, specific heat, muon

spin rotation (uSR) and nuclear magnetic resonance

(NMR) at low temperatures show no long-range or-
dering of spins. Also, uSR shows that Ni spins remain
fluctuating even at 20mK.[?l The NMR and specific
heat measurements have ruled out the possibility of
the spin glass phase. This evidence strongly indicates
a spin liquid ground state in LiNiOy. Furthermore, we
know that there exists a moderate Hund’s interaction
in this material, which leads to the deviation from the
SU(4) limit. It is clear that our studies may qualita-
tively serve as a simple theory to illustrate the role of
the orbital degeneracy responsible for the experimen-

tally observed spin liquid properties in LiNiOs.

I — 1.0
F /’/
,
0.8f s {0.8
0.6 0.6
® =
0.4 0.4
0.2 0.2
0.0 : . — 0.0
0.0 0.1 0.2 0.3 0.4

T JU

Fig.3. Variation of the mean-field parameters x and

M with Hund’s interaction.
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