Vol 11 No 8, August 2002
1009-1963/2002/11(08)/0785-05

Chinese Physics

© 2002 Chin. Phys. Soc.
and IOP Publishing Ltd

The relationship between four-dimensional § = 7
Yang—Mills theory and the two-dimensional
Wess—Zumino—Novikov—Witten model

Kou Su—Peng(%i%ﬂﬂ—'%)

Department of Physics, Beijing Normal University, Beijing, 100875, China

(Received 6 December 2001; revised manuscript received 31 January 2002)

Used the dimensional reduction in the sense of Parisi and Sourlas, the gauge fixing term of the four-dimensional

Yang—Mills field without the theta term is reduced to a two-dimensional principal chiral model. By adding the 6 term

(6 = =), the two-dimensional principal chiral model changes into the two-dimensional level 1 Wess—Zumino—Novikov—

Witten model. The non-trivial fixed point indicates that Yang—Mills theory at § = 7 is a critical theory without mass

gap and confinement.
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In this paper we study the characteristics of the
SU(N) Yang-Mills field at § = 7.[!/ The Lagrangian

density is written as
1
L= —@ter,F‘w—{—[,g, (1)

where F, = 0, A% — 9,A% — ee*** Al A is the SU(N)
gauge field strength, and

Ly = 1(;%trFW*F‘“’
is called the theta term.

The four-dimensional Yang—Mills field without
the 6 term has been studied using the Parisi-Sourlas
(P-S) dimensional reduction method.[?l This has
shown that a version of gauge fixing term allows us
to write it in the form that is both BRST and anti-
BRST exact. A hidden Osp(4|2) supersymmetry was
found based on the superspace formulation of BRST
invariant theories.>=12] It turns out that the hidden
supersymmetry leads to the dimensional reduction in
the sense of Parisi and Sourlas.’l Then, the four-
dimensional Yang—Mills field at § = 0 is reduced to
the equivalent two-dimensional principal chiral model
by suitable superspace embedding parameters.[213=15]
In this paper, we show that this method is also suit-
able for the Yang—Mills field at 6 = 7.

To deal with the gauge field, the first step is quan-
tization. In this paper, we develop a new gauge fix-
ing method which not only gives the same perturba-
tive theory as the F-P method (with the ghost field

and suitable gauge field propagator), but also includes
non-perturbative theory. For an arbitrary function of

the field f (A,), we introduce the Gaussian function:

1= /[df (A9)]exp [2Z / d*ztr (f2 (A9)) } .2
e
From this function, it is easy to obtain the standard
gauge fixing term

1

1 :/[df (Ag)]exp[— %/d‘*m (f2 (Ag))}(?,)

et o 3 (A7)
= [l g et L)

X exp [i / d*atr (f2 (Ag))}

~ [l dgaciiacdpienpii [ £,0da],

o 5 0f (A7)
Lop=—tr(pd, A9 + Zp2 4+ C C
af r<puﬂ+2p+ Ig_159|>

where C is the ghost field and p is a scalar field.

If selecting a Lorentz gauge
f(A%) = 0,A] (x), (4)
the gauge-dependent part £, would be
Lo = —tr (pB, AL + 507 +CO,D, [(40)]C) . (5
gf = —tr{poy H—|—2p+ uu[( u)] - (5)

The standard formulae of BRST é§p and anti-
BRST 4p are

épAf(z) = D,C(z), dpp(z) =0, (6)
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§5C(z) =0, §5C(z) = ip(z),
dpp(r) = dpp(z) =0,
SpAY(z) = D,C(z), dpp(z) =0, (7)
55C(z) = ip(z), dpC(x) =0
dpp(z) = dpp(z) =0,
and
p(z) + p(z) = [C(z),C(2)]. (8)
Using BRST ¢ and anti-BRST 65, L, turns into a

very compact form[!112]
U 1 0 =
‘Cgf = idgdptr |:§(AZ)2 + 7CC:| . (9)

1
In a (4 + 2)-dimensional superspace, {5(‘42)2‘*‘

o -
—CC
2

can be a contravariant supervector which

transforms like the
(4|2)_[11,12]
Thus a (4 +

coordinates is written as

supercoordinate under Osp

2)-dimensional superspace M with

XM = (z",0,0) e M, z€ R,

where z# denotes the coordinate of the four-dim-
ensional Euclidean space, and 6 and # are anti-
Hermitian Grassmann numbers. The inner product of
two vectors is defined by introducing the superspace

(covarious) metric tensor 1y y with components

Nuv = 5}“/7 Nog = —Tag = _2/’% others = 0.

The connection one-form (superspace vector po-
tential) A(X) and its curvature (superspace field
strength) F(X

) in the superspace are

AX) =Ay(X)dx™M (10)
=A,(z,0,0)dz" + Ay(z,6,0)d0
+ Ag(z, 0, é)dé,
F(X) =DAX) + 5 [AX), AX),

where D is the exterior differential in the superspace

9 9 9
D=d ~ 9 %a04 %as
ot 0 =g ndet 4 5d0+ o5

It is convenient to regard the gauge vector po-
tential A9 (z) and the ghost fields C(x) and C(z) as
the boson parts and fermion parts of the superspace

vector potential A(X), respectively

A (z) = A(X), (11)

C(z) — Ag(X),
C(x) — As(X).

Because the ghost fields have no geometric meaning,
superspace embedding should be under a certain con-

dition: the horizontal condition.[*112] Setting

1
—Fu(X

F(X) = 5

)dz#dz”, (12)
we have the horizontal condition
.7:M9(X) = fMg(X) =0. (13)

From the horizontal condition, the dependence of the

superfield Ays(x,6,60) on 6 and 6 is determined as fol-

lows:
B0 Au(X) =0, Ag(X)
A0 AL 9
(%Ae(X) =i o), A(X),
A (X) aAeu A, (0), A7(X)],
am(X) b5 A (X), A3(X)],
09 Ag(X) + 05A4(X) = *{.Ae( ), Az (X)}.

For the components which cannot be determined by
the horizontal condition alone, we use the following

identification
99 Ag(,0,0) = 10(z),

9 Ag(2,0,0) = iO(z). (15)

This corresponds to Fyg = 0 and gives
i0(z) +i0(z) + {Ag(z), Ag(z)} = 0.  (16)

From these results, it turns out that the deriva-
tives in the directions of @ and 8 give respectively the
BRST and the anti-BRST transformations

0 0]

% :S(;B, % :S(;B. (17)

At the same time, if we require that

AL (X

No=o0,5=0 = Au(,0,0) = Aj(z), (18)

we have ‘the superspace embedding relation’

where s is a ¢ number.



No. 8

The relationship between four-dimensional 6 = 7 ... 787

Then the relation between s and « in the super-

<47> —ia. (20)

o) = it (3 (43()? + ewe) 21

space is obtained as
The operator

has the corresponding superfield given by

0(x) = ir ((AL(X))? + (2/) (2)
X [Ao(X) Ag(X) + Ag(X)Ao(X)])
:%tr (s AM () AV (X)),

where

A% (X) =9(X)A(X)9T(X)

+ ;gT (X)dzMaprg(X). (23)

For the Grassmann number, the integration [ df

_ d ,d
do) i ivalent to the differentiation — (—=).
(J d) is equivalent to the differentiation 0 (dG)

Hence the BRST 65 and anti-BRST 0p transforma-

tions have the following correspondence

d
sdp < W /de, (24)

_ d _
This implies
0 0

/dada‘O(x,a,a‘) = 5555000 (25)

= — 825353(’)(@ = 8253530(33).
Thus the action can be written in the manifestly

[11,12]
-1 o
Sus :/d4a; <i5363tr [—(Ag)2 + ECCD (26)

22 d*z / d@dbtr(nnar AM (X)) AN (X)).

superspace covariant form

In our model, the operator
5 - . 2
O(2,0,0) =| (97 '0ug +ieg ' Aug)”  (27)
+ iaé(m)c@)}

is not only a four-dimensional orthogonal O(4) invari-

ant but also the symplectic group Osp(2) invariant.

So one may carry out a P—S dimensional reduction for
it. Let us split the four-dimensional Euclidean space
into two subsets, z = (2,2) € R*, z € R%, & € R®.

Hence, for the supersymmetric operator O(X

obtains O(z,0,0) = f(z,2%) + — Gﬁdd2 f(z,2%). The
Y

P-S dimensional reduction for a (4 + 2)-dimensional

), one

integral is written as

d*z [ d6dAO(z,6,0) (28)
Ja=]

:/d2z/d25;/d9/ ?)
—4 2 2, d .2
:—/d z/d a:dj2f(z,m )
47r 9
d“200((2,0),0,0),
where Oy((2,0),0,0) = Oy((z,2% = 0),6 = 0,0 = 0).

Then the gauge fixing action in the superspace can be

reduced to a two-dimensional sigma model
Syr = 2 — [ d'z / d0détr(ny p AM (X) AN (X)) (29)
diz / dodotr
2 942
x [AM(X)AL(X) + iaC(X)C(X)]

d?ztr(g _lﬁug + ieg_lA#g)2

)
+iaC(z)C(z)],
4.2
where A\ = ——. Finally the gauge fixing term in

o
the Lorentz gauge turns into the kinetic term of a

two-dimensional SU(N)gr x SU(N)y, principal chiral
model.
When 6 = 7, the 6 term
0 * Y
Lg = WtrFHV F

leads to a dramatic effect on the vacuum of the Yang—

Mills field. From the relation

Q= / d*z trF

=50 /dzd%:s‘“’p
T

x tr (910,99 0,99 ' 0,9) .

JEE (30)

the 6 term turns into the Wess—Zumino (WZ)
term of the Wess—Zumino—Novikov—Witten (WZNW)
model.['6~ 18] The WZ term is often written as kI,
where

1
r=—

dzd?ze*Ptr (
241

970,990,997 0,9) -

(31)
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The coefficient k£ is known as the level, and for com-
pact groups it must be an integer because the different
possible extensions of g(z) to the ball yield a possible
ambiguity of 2nm in I'. The WZNW term changes
the equations of motion and beta function, but only
by terms involving g(z), is the variation of the inte-
grand a total derivative in z.

Hence, the SU(N) WZNW model with level k is
deformed from the original SU(N) Yang—Mills theory

as

S(g) =Sy5 +Swz, (32)

1 .
Sy =0y d*ztr[(g 10,9 +ieg™t A,.9)*

+iaC(z)C(z)],

1
Swz Zm/dzdm%‘“”’
X tr(g_laugg_la,,gg_lapg).

This model is conformal invariant without a mass gap.

The g field is also divided into two parts: one is a
slowly varying vector go;!'®~2! another is a fast vary-
ing one £ (z) as g = goexp [iA¢ (z)]. By go and & (z),
we can rewrite the action S (g) as

S (go_laugo + iego_lAugo) + /d%ctr{(ﬁuf)z (33)
L1
2

A _ N
+ 16_7rsﬂu (90 laugo + €9y 1Au90) (£, 0u€]}-

(galaugo + ieg(;lAugo) [E: 3;@

The §(\) function of A changes into

B = Ay = S ll (=) ] SER

A non-trivial fixed point appears at

indicating that the theory is scale invariant without
asymptotic freedom.

Renormalization is to integrate the ‘fast modes’
of a field with large momenta and to renormalize the
function of the remaining ‘slow modes’ of the field.
The intermediate momentum scale A’ ( 4 > A’ > 0)
is introduced to separate the ‘fast modes’ and the
‘slow modes’. Here A is the momentum cut-off. Be-
cause the gauge field is connected to the gauge modes,
Al = 97 '9,9 +ieg~'A,g, the momentum scales A;‘H
and A are the same: /1:% = A

On the other hand, the relation

ALJA= Ny /A (36)

shows that there is no energy scale for Ai‘lu' The non-
trivial fixed point indicates that Yang—Mills theory at
0 = 7 is a critical theory without asymptotic freedom.

For the critical case, there is no mass gap!?%2?!

m? o (A;‘“> ’

and no confinement

0, (37)

ocoxm?=0 (38)

where o is the string tension.
On the other hand, for Yang-Mills theory at
@ = 0, due to the existence of the mass gap effect,

it indeed shows confinement:

2 3mA? 1
o xm? x (/1:%) S exp [— T 2} . (39)
ce

In summary, using the dimensional reduction in
the sense of Parisi and Sourlas, the gauge fixing term
of a four-dimensional Yang—Mills field with the 6 term
(0 = m) is reduced to the two-dimensional level 1
WZNW model. The non-trivial fixed point indicates
that Yang—Mills theory at @ = 7 is a critical theory

without mass gap and confinement.

4.2
A=A = 2% _gr (35)
T,
References

] Yang C N and Mills R L 1954 Phys. Rev. 96 191

] Kou S P 2001 Chin. Phys. 10 398

] Parisi G and Sourlas N 1979 Phys. Rev. Lett. 43 T44

] McClain B, Niemi A, Taylor C and Wijewardhana L C R
1983 Nucl. Phys. B 217 430

[5] Curci G and Ferrari R 1976 Phys. Lett. B 63 91

[6] Ojima I 1980 Prog. Theor. Phys. 64 625

[1
[2
[3
[4

[7] Delbourgo R and Jarvis P D 1982 J. Phys. A: Math. Gen.
15 611
[8] Klein A, Landau L J and Perez J F 1984 Commun. Math.
Phys. 94 459
[9] Klein A and Perez J F 1983 Phys. Leit. B 125 473
[10] Bonora L and Tonin M 1981 Phys. Lett. B 98 48
[11] Kondo K I 1998 Phys. Rev. D 58 105019
[12] Kondo K I 1999 Preprint hep-th/9904045
Kondo K I 1999 Preprint hep-th/9911242
Kondo K I 1998 Preprint hep-th/9801024



The relationship between four-dimensional 6 = 7 ... 789

Migdal A 1975 Zh. Eksp. Teor. Fiz. 69 810 (1975 Sow.
Phys. JETP 42 413)

Migdal A 1975 Zh. Eksp. Teor. Fiz. 69 1457 (1975 Sow.
Phys. JETP 42 743)

Kogut J B 1979 Rev. Mod. Phys. 51 659

Wess J and Zumino B 1971 Phys. Lett. B 39 95

Witten E 1983 Nucl. Phys. B 223 422

Witten E 1994 Comm. Math. Phys. 92 455

Brezin E, Hikami S and Zinn-Justin J 1980 Nucl. Phys. B
165 528

(20]

(21]

Zinn-Justin J 1989 Quantum Field Theory and Critical
Phenomena (Oxford: Oxford University Press)

Abdalla E; Abdalla M C B and Rothe K D 1991 Non-
perturbative Methods in Two-dimensional Quantum Field
Theory (Singapore: World Scientific)

Gross D J and Wilczek F 1973 Phys. Rev. Lett. 30 1343

Politzer H D 1973 Phys. Rev. Lett. 30 1346



