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1. Introduction

The harmonic oscillator is one of the most impor-
tant models in classical physics and quantum physics,
and is widely used in many branches of physics. In
non-relativistic quantum mechanics, many authors
have adequately studied the problem of the harmonic
oscillator. But, in relativistic quantum mechanics, it
has seldom been investigated. When a particle is in
a strong potential field, the relativistic effect must
be considered. Although this problem has been in-
vestigated in Refs.[1] and [2], the exact solution of
a relativistic harmonic oscillator has not yet been
given. In recent years, some authors have assumed
that the scalar potential is equal to the vector po-
tential and have solved the Klein-Gordon equation as
well as the Dirac equation. Then they obtained the
s-wave bound-state solution of particles in some typi-
cal potential fields.[=9] In this paper, we also assume
that the scalar potential and vector potential are equal
to each other, we solve the Klein—-Gordon and Dirac
equations of a harmonic oscillator, and we present the

exact solution of a relativistic harmonic oscillator.

2.Bound-state solution of the
Klein—Gordon equation with
scalar and vector potentials

equal to each other

According to Ref.[7], the Klein—-Gordon equation

for a harmonic oscillator is (h = ¢ =1)
p? — (E—kr2/4)2 = —(m+kr2/4)2, (1)

where p is the momentum operator, E and m are the
energy and rest mass of the harmonic oscillator respec-
tively, and k is the elastic coefficient. From Eq.(1) we
have the radial part of the Klein—-Gordon equation of

the three-dimensional isotropic relativistic harmonic

oscillator
%%(m(r)) - [l(l; D + (m? — E?)
+ %(m + E)krz} R(r) = 0. (2)

To solve Eq.(2), letting

a=(3+20)/8, B=+kE+m), (3)
B2 Ry =), @)

p= ﬁ
and substituting Egs.(3) and (4) into Eq.(2), we ob-
tain a confluent hypergeometric equation

pf"(p) + (4 = p)f'(p)

— 20— V2(E —m)B/(4k)If(p) =0,  (5)
the solution of which is

f(p) = F2a = V2(E — m)B/(4k), 4, p],  (6)

where F' represents the confluent hypergeometric func-
tion F[a, 7, z].1¥] Combining Eqs.(4) and (6) gives the

non-normalized radial wavefunction

7(E — m)ﬁﬂ,éla, £r2 .

4k
(7)
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For bound states, the confluent hypergeometric func- B 1 —VI+1—=mY1m
tion Fa, 7, z] must terminate as a polynomial, which ¢J'mj = - (15)

demands

(E —m)V2p
4k

200 — =-n n=0,1,2,---. (8)

This gives the energy equation

(21 + 3)Vk — (E —m)\/2(E + m) = —4nVk.  (9)

Equation (9) has one real root, giving the following

energy eigenvalues
En;= (2m +8-2/3m2A7Y/3 1 91/341/3) /g,

A= —B+ /B2 —-1024m",
B = 32m® — 27k(3 + 21 + 4n)?. (10)

Using the relationship of the confluent hypergeometric
function with the Laguerre polynomial and the nor-
malization condition of the Laguerre polynomial, we

obtain the normalized radial wavefunction!®

p1ey 2
R u(r) :7\/§ﬂ e 3ET pt Lln+4a)
’ 22T (4a) n!
X F{—n,éla, ﬁrz]. (11)

3.Bound-state solution of Dirac
equations with scalar and vec-
tor potentials equal to each
other

The Dirac equation with scalar potential S(r) and
vector potential V(r) is (AR =c=1)

a-p+Bm+S(r)|¥=I[E-V()?. (12)

In relativistic quantum mechanics, the complete con-

servative quantity set of a particle in a central field

can be taken to be (H, K, J?,.J.), the eigenfunctions

of which arel]

v 1{ F(r)$hn,
iG(r)p?

T .
Jm;

} K=j+1/2, (13)

r)¢B
where

7

A 1 [\/l+m+1Ylm
TENVRA+TL T mY s

V2L+3 1 VI+14+m+ 1Y 1met
Substituting Egs.(13) or (14) into Eq.(12) gives the

radial part of the Dirac equation

% - %F — Im+E+S(r) - V(r)G,
e m-prsmrvelr ()

Taking S(r)=V (r)=kr? /4, Eq.(16) becomes

d—F—EF:[m—I—E]G,

dr r
dG K
— +—G=[m—E+kr?/2]F. 1
L te=m-ErRAE (1)

Eliminating G from Eq.(17) gives

d2_F7K(K—1)F

dr? r2

+(E+m)(E—-m—kr?/2)F = 0. (18)

Using the same procedure of solving Eq.(2), we have
the solution of Eq.(18)

F(r) = e 23" 15 f(p), (19)
where
f(p) = F[2d/ —V2(E — m)B/(4k),4a’,p].  (20)

B and p are the same as in Egs.(3) and (4) respectively,
but

o = (2K +1)/8. (21)

The value which K can take ensures o' # 0, -1,
—2,--. For bound states, the confluent hypergeomet-
ric function F[a, 7, z] must terminate as a polynomial,

which means that

20/_W:_n n=0,1,2,---. (22)

This gives the energy equation
(2K + D)Vk — (E — m)\/2(E + m) = —4nVk. (23)

Equation (23) has one real root, which gives energy

eigenvalues
E.x = (2m+8-223m2A~1/3 1 21/3 4173 /g,

A= —B + /B2 —1024mS,

B = 32m® — 27k(1 + 2K + 4n)*. (24)
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Substituting Eqgs.(19) and (20) into Eq.(17), G(r) can
be obtained. According to the normalization condi-

tion
/ vt wdr = /(\F(T)F +|G()*)dr=1  (25)

and by doing some tedious calculations, finally we

have normalized F(r) and G(r)
F(r)= @H%”MF( —n,4d/ —£7‘2> (26)
) ) \/5 )

C A esz;ETZrK"'1
2v/2a/(m + E. k)

B 2)
X nF|1—=n,40" +1, —r
[ < V2

l — n. 4o’ £7‘2
roar(—naa S2) ] e

where the normalization constant is

o 2708 [ I(n+ 40")(Enx +m)
- I'(4a) n!(3E,,k +m) '

G(r) =

(28)

Substituting F(r) and G(r) into Egs.(13) and (14)

gives the spinor wavefunction of the Dirac equation.

4.Uniform energy equation

then the energy equations (9) and (23) can be ex-
pressed uniformly as

3 , E'
N+—-|Jw—FE4/1+—=0 N=0,1,2,---, (31)
2 2m

where w is the proper frequency of a harmonic oscil-
lator, and E’ is the energy which does not include
the rest energy of the particle. Expanding the square
root in Eq.(31) as a series of E’ and taking different
powers of E’, we obtain different approximate energy
equations. Solving these equations gives different ap-

proximations of the relativistic harmonic oscillator en-

ergy.

5.Conclusion and problems

The above result shows that the Klein-Gordon
and Dirac equations with equal scalar and vector po-
tentials, which is equal to half of the harmonic oscilla-
tor potential, can be exactly solved. The exact wave-
function and energy levels of a relativistic harmonic

oscillator can also be obtained.

Hou and Zhoul®! have also put forward two
schemes for the relativistic harmonic oscillator. The
first scheme takes the total harmonic oscillator poten-
tial as the scalar potential, and the second takes the
total harmonic oscillator potential as the vector poten-
tial. Unfortunately, for these two situations, it is too
difficult to solve the Klein—Gordon or Dirac equations
exactly. This needs to be studied further.

Let
2n + 1 i 9
- N=o12.. » O (29)
m+K-—1 in (23)
E'=E-m, w=+k/m, (30)
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