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The exact solutions of the rate equations of the n-polymer stochastic aggregation involving two types of clusters,

n n

active and passive for the kernel H si, (8i,, = 1) and E iy (8i,, = 11), are obtained. The large-mass behaviours of the

k=1 k=1

final mass distribution of the active and passive clusters have scaling-like forms, although the models exhibit different

properties. Respectively, they have different decay exponents v =

n
and v = 3 =
k=1

2n+1

2n+1 .
1) and ¥y = ¢+ o7 ) for Hsik(sik = ip)

n—1
( k=1

3 3
71) and v = q + m for E i, (8i, = ik), which include exponents of two-polymer stochastic

n
aggregation. We also find that gelation is suppressed for kernel H i, (8i,, = %1) which is different from the deterministic

aggregation.

k=1
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1. Introduction

Aggregation, coagulation or agglomeration are ki-
netic processes in which a number of basic units (or
clusters) stick irreversibly together to build clusters.
Most approaches assume that the merging of two clus-
ters of masses 7 and j into a cluster of mass i + j
occurs with a rate kernel K (4, 7). The clustering pro-
cess evolves according to the Smoluchovski aggrega-
tion equation!!

dAy 1

2 :iiékK(i,j)AiAjfAij:K(jak)Aj- (1)

This equation has been widely used to describe
the kinetics of aggregation in many fields in physi-
cal chemistry, biology, astronomy, etc.?3] However,
the irreversible aggregation process, in practice, is
very complex and the coagulation process may in-
volve two-polymer, three-polymer or n-polymer inter-
The ag-
gregation process of a single n-polymer collision has

actions to stick together to form clusters.

been investigated via the generalized Smoluchovski

equation.”’~® The practical aggregation process in-
volves 2-polymer, 3-polymer and n-polymer interac-
tions and different numbers of polymers collide to-
gether to develop large clusters. The kinetic equation
concerning the interactions of different numbers of
polymers is the joint aggregation kinetic equation.!®*]
The multi-component aggregation process has been
investigated and described by the multi-component
Smoluchovski equation.''] By the above-mentioned
investigations, we can further understand the kinetic
behaviours of those aggregations, especially the crit-
ical phenomena of gelation and scaling properties.!”]
The practical aggregation process of the interaction
between clusters has stochastic dynamic behaviour.
Even if two clusters have a similar mass and size, the
character of a cluster may be altered every time it un-
dergoes stochastic aggregation. Recently, Krapivsky
Ben-Naim(['?] have proposed the rate equation to de-
scribe stochastic aggregation in which active clusters
may become passive after merging events. The master
equations governing the time evolution of the stochas-

tic aggregation are
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2.Exact solution of the kinetic
% - %p N KG, i) AA; — ALY K (k,5)A;, equation with rate kernel
i+k=Fk i>1 " .
4P, 1 H Sik(sik — Zk)
HE_Z VA A k=1
% Qq'z K (i,7)AiA;. (2)
itj=k Yu and Hul® exactly solved the general-

The equation explains that the newborn cluster
remains active with probability p or becomes passive
with probability ¢ (¢ +p = 1) and the passive cluster
does not further aggregate. In this equation K(4,7) is
the rate at which clusters of mass 4,j aggregate and
A (Pr) denotes an active (passive) cluster of mass k.
The master equation obeys the mono-disperse initial

conditions

A(0) = 61, P(0) = 0. (3)

The overall mass is conserved

D E[AR(®) + Pi(t)] =1, (4)
E>1
Some kinetic equations of the deterministic aggrega-
tion, i.e., the Smoluchovski equation with the rate ker-

nel K(i,j) = s;s; (s = k) or the generalized Smolu-

n
chovski equation with the rate kernel H S, (Sip = k),

k=1
are solvable models. In the time evolution of the ag-

gregation, the sol-gel transition will occur, but the
kinetic behaviour of two-polymer differs from that

of n-polymer. Moreover, they have different gel

points.[4?8] The stochastic kinetic equations with the
rate kernels K(i,j) = s;s; (s = k) and k(i,j) =
si + s; (s = k) are exactly solved. Gelation is sup-
pressed for the rate kernel k(i,j) = s;s; (s = k)
and the large-mass and long-time behaviour of the
mass distribution of active and passive clusters have
scaling-like forms, which is different from the deter-
ministic aggregation.!*2! Based on the master equation
(2), we have proposed the single n-polymer stochastic
aggregation and exactly solved the stochastic kinetic
equation with the rate kernel K (iy,4s,---,%,)=const.
We also found similar scaling-like forms with different
scaling exponents.['0]

In this paper, we generalize the master equa-

tion (2) to the single n-polymer stochastic aggregation

with the rate kernels K(iy,42, - ,i,) = H S (81, =

k=1
n

i) and K(i1,42, - ,1,) = Zsik(sik = i) and ex-
k=1
actly solve the stochastic kinetic equation to investi-

gate the properties of the mass distribution.

ized Smoluchovski equation with the rate kernel
K(i,j, k) = sisjsk (s = k) in the deterministic ag-
gregation. They found critical phenomena of the sol—
gel transition and defined the gel point and scaling
relation with scaling exponents. We generalize the
stochastic kinetic equation of the two-polymer to the
single n-polymer stochastic aggregation. The stochas-

tic generalized Smoluchovski equation reads

dAn(t) p T,
T _E Z H Siy, Alk (t)

i1tiattin=m k=1

S A (t .
- rl()') Z H Sik:Aik (t),

11,82, in—1 k=1

dPg;(t) _ % 3 outo®. ©

i1+is+-Fin=m k=1
The mono-disperse initial condition is

A (0) =0m1, Pn(0)=0,

where s,,, = m. By introducing the following generat-

ing function

g(z(t),t) = > me™ M A, (t)

m>1
Eq.(5) can be reduced to
dg(z,t 1 e e dg(z,t
e eI AR CURE A R =

(6)

By rewriting partial derivatives as Jacobians

dg _0g,2) 09 _0(g,1)
ot 9(t,z)) 0z 9(z,t)’
and substituting these Jacobians into Eq.(6) and using
0 0
the cyclic-relation B_i = 3((22)) , we have
0z 1 1 1
— = ——(—pg" M" 7

where M(t) = Z mAn,(t). Thus, for the mono-
m>1
disperse initial conditions, we obtain

(g, 1) :ﬁ Utdt'M"—l(t')

0

—pg"t+ (n— 1)!lng} (8)
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Letting 2=0 and ¢(0,t) = M(t), Eq.(8) gives
t

A(M (1), 1) :ﬁ [ / ' ML)

—pM@)" 't + (n—1)'In M(t)|. (8b)

Then differentiating Eq.(8b) leads to

gM™ = (n — 1)[pM" "1t — (n — 2)!]%. (9)

Hence, Eq.(9) can be solved as
7(n71) (n—1)p
t=(mn-2)!\M - M e . (10)
Summing the first equation of Eq.(5) leads to
M o
Mo=;<n—1+q+(n—1)pMTl>, (11)

where My = Z A, (t). Thus, the mass densities and
m>1

number of active clusters decay similarly in the long-

time limit

(n71)+qt,¢

M~t™ 71, My~ =1L (12)

n

To obtain the mass distribution of active clusters,

Eq.(8) can be rewritten as

t

1 ! n—1 /41 _ ——P—tg
exp |:Z — m /dt M (t ):| = ge (n—2)!
0

n—1

(13)
1
Let u = tgm~!
B P R
t
ue = (nzi 2)!exp [(n - 1)z
t
1
— [ M), 14
i
0
The solution for the equation we™ = w can be
) ) kkfl A
expressed in terms of the series u = Z v
k>1
Applying this to Eq.(14) yields:
{ mpt -t
n— (n_ 1)' n—1)mz
g ! :(’I’L — 2)' Z Te( 1)

m>1
t

X exp{— ﬁ /dt’M"l(t’)].

Therefore, the mass distribution of active clusters is

given by

a0 ={ " ptz)!r_l}ﬁ

t

(nr_”l)! / dt’Mnl(t')], (16)

0

xexp{—

where m = (n— 1)¢' + 1,4’ = 0,1,2---,¢' € Z, as
m#(n—1)¢ +1,A,,(t) =0.
Using Eq.(10), the mass distribution of active clusters

can be again expressed as the following in terms of the
—1

variable v = M "¢ :

An(v) =

S

— V)]m_l] nt — 2 (1-v)

(17)
In the large-mass limit m — oo, using the Stirling
approximate formula n! ~ n"e "v/27n, the leading

behaviour of this mass distribution is given by

A (v) = {”—q] T e R A),
2mp?(1 — v)?
(18)
where A(v,q) = qv—[¢+ In(1 — ¢)] = [v + In(1 — V)]
Asm < A71(v,q),

2n41

Ap(v) ~m 2Dt w1, (19)

Using Eq.(16), the evolution equation for P,,(t) can
be simplified to

dP,(t)  q[dAn(t)  mAL(t)
dt _5{ dt (n—1)!

M”_l] . (20)

Again, we present the mass distribution of passive
1

clusters in terms of v = M "¢ :

1

Po(v) = g [Am(u)+/(q+7p'/

n— 1)

mAm(z/')dl/]. (21)
Substituting Eq.(17) into Eq.(21) gives

1

Pn(v) =%{Am(V) + / %x—H%

x { m:: p(1 — z)]™! } T dm}.
(22)

Introducing the variable y = ma, keeping only the
leading terms and performing the integration by sim-

plification yields the mass distribution of passive clus-
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ters in the large-mass limit m — oo

() ()

P, (c0) & .
[/ 2mp?]n-T
X m_qzz(:—ﬂ)e_%/l(‘n, (23)
where A(q) = —[¢+1n(1—¢)]. In the limit ¢ — oo and

m — 0o, the scaling variable £ = remains finite,

and the mass distributions of active and passive clus-

ters can be respectively recast into scaling-like forms:

A (t) ~ e*%A(q)m_ﬁ‘:—ﬂ)t*ﬁF(@,

Po(t) ~ Pm(oo)w F(§) = e,

()

We directly use the generating function to derive the

(24)

mass distribution of the active and passive clusters
in the procedure of n-polymer stochastic aggregation.
The asymptotic behaviours of the large-mass are sim-
ilar to that of the two-polymer,!'? but scaling expo-

nents and magnitude are different. The power law

2 1
P, ~ m™7 with v = ¢+ 2ntl and A, ~ m™Y
2(n—1)
2 1
with v = ntl is found in the limit m — oco. It
2(n—1)

is also found that gelation is suppressed for the rate

kernel H i, (8i, = ir), which is different from the

k=1
deterministic aggregation. The gel phase is inhibited

because of the form of the passive clusters.
3.Exact solution of the kinetic

equation with rate kernel

Z Sik(sik - Zk)
k=1

The deterministic aggregation kinetic equation
n

with the rate kernel Z $i,, (8i, = k) has been exactly
k=1
solved and the long-time asymptotic behaviour of the

mass distribution has been discussed.!®) The stochas-
tic generalized Smoluchovski equation with the same

rate kernel reads

dA,. (1) 1
a n? Z

i1tig+ti,=m

<Z Sik> H Aik
k=1 k=1

n

_ (nA_ml)! 3 <Zsik + Sm> kﬁIAik,

11,82, in k=1

Te—te ¥ (Xe) 4w @)
k=1 k=1

i14i2+ i, =m

The mono-disperse initial condition is

Ap(0) =0m,1, Pn(0)=0. (26)
The overall mass of the system is
> m[Am(t) + Pn(t)] = 1. (27)

m>1

Considering S,,, = m, the first of Eqgs.(25) is rewritten

as

dA,, p .

o a2 A
i1ttt tin=m k=1
Am

(n—1)!

(mMJ' + (n — 1)MMF1).(28)
Performing the following transformation,

A () :Am(t)exp<ﬁ /t dt' My

t

+(n—1) /dt’MMgL_2>, (29)
0
Eq.(28) can be simplified to
dA4,, 1 -
= > | 11 A (30)
i1+igttin,=m k
where
t t
p " n—1 ’ n—2
= dt - — [ dt' MM, .
4 (n—l)!/ eXp( (n—2)!/ 0 >
0 0

Introducing the generating function g(z(t),t),

g(zm) = Y € A7),

m>1

(31)

we obtain the following equation

ag(Z,T) — gn—l(z 7_)

9g(z,T)
or ’

0z (32)

Rewriting partial derivatives as Jacobians and using

the cyclic relation % _ 9(z,9)

ot d(t,g)
Eq.(26), we derive

and initial condition

z=—¢g" 7 +Ing. (33)

From Eq.(28),we give

dt (n—1)!

(34)
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From Eq.(29), we perform the transform

> .Amexp< - ﬁ O/tdt’M(?l)

m>1
t

=Y Amexp< — ﬁ / dt’MMg2>. (35)

m>1
t

1
]tln{n 1
( )O

and using Eqs.(34) and (31), thus we obtain

g(z,7) = Z e A, (T)

m>1

Introducing the variable z =

t

= Z A,,ﬁxp(ﬁ /dt’MM§2>

m>1 0
=M, ""V%. (36)

Differentiating Eq.(33) to My, we can solve
p GO ~ e

= 1— M 0% )M, 9 37

T (n _ 1) < 0 > 0 ( )

From Eq.(33), we perform the transform

g lem (e gnm)z, (38)

Eq.(38) can be expressed as the following in terms of
the variable
u=(n—1)g" Y, (39)

ue ™" = (n —1)7e" V=, (40)
Using a similar solving method, we obtain

A (1) = {—[(n — mjm }ﬁTT_ll, (41)

m!
where m = (n—1)¢' + 1, ¢ = 1,2,---.
m # (n—1)¢ +1,A,(t) = 0. Letting v = M/ "**
and applying Eqgs.(29) and (37) to Eq.(41), the mass

distribution of active clusters is given by

q € Z, as

[(p(1 = vt }—

m!

n—1+q
VvV n—1 e n—1

(42)

In the large-mass limit m — oo, the leading behaviour

Apn(v) = {

of this mass distribution is obtained

et
Ap(v) = 3 1
[v2mp2(1 — v)?]»—1

m*ﬁe*%/l(”ﬂ)_

(43)

_mp(1l—v)

Similar to the method of solving the rate kernel

H 84, (8i, = k), we present the mass distribution of
k=1

n—1
passive clusters in terms of v = M "« :

1
P, (v) :g{Am(u) +m/daca:_1+%
p

m!

ol o }—
x e_%dx}. (44)

Also, we introduce the variable y = ma and keep only
the leading terms. Performing the integration by re-
arrangement yields the mass distribution of passive

clusters in the large-mass limit m — oo:

(n—1)(p+1)
q q
>~ rii
OO) <n—1> <+n—1>

1 3 m
% [271'}72]_ Ty P e D P e R O

(45)

Pn(

Similarly, in the limit case of ¢t — oo, m — oo, the

scaling variable £ =

v
el 1 remains finite. The mass

distributions of active and passive clusters respectively

have the following scaling-like universal forms

Ap(t) ~ o™ 75O 20 1 R (),

P (t) ~ Pm(oo)F<1 ’ %0 , F(§)=et
r<1 + 1>
(46)

The asymptotic behaviours of the mass distributions

of active and passive clusters respectively are similar

n

to the rate kernel H si, (85, = ix) under the first ap-
k=1

proximation, but the scaling exponents are different.

This shows that the clustering processes of active and
n

passive clusters with the rate kernels H Sip (85, = k)

k=1
n

and Zsik (si, = ) in n-polymer stochastic aggre-
k=1
gation evolve in the same form in the limit ¢ — oo,

m — 00.
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4. Conclusions

In this paper, we have investigated the single n-
polymer stochastic aggregation. We have solved the

analytical expression of the mass distributions of ac-
n

tive and passive clusters for rate kernels H Sip (83, =
k=1

n

i) and Z Si, (85, = ix) and we have discussed their
k=1

asymptotic behaviours. Although these results in-

dicate that the asymptotic behaviours of the large-

mass are similar to those of the two-polymer, the scal-

ing exponents and magnitudes which describe speed

rate in the aggregation process are different. The

scaling-like forms of active and passive clusters respec-
n

tively are similar for rate kernels H si, (8, = 1) and
k=1

n
Zsik(sik = 14;) under the first approximation, ex-

k=1
cept for the difference of their scaling exponents. As

n=2, we also can derive the result of the two-polymer
stochastic aggregation, which is in agreement with

[12] We again confirm that the critical

Krapivsky et al.
phenomena of sol-gel transition cannot occur because
the gel phase is inhibited, which is apparently different

from the n-polymer deterministic aggregation.
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