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A novel adaptive synchronization method is proposed for two identical Rossler and Chen systems with uncertain

parameters. Based on Lyapunov stability theory, we derive an adaptive controller without the knowledge of the system

parameters, which can make the states of two identical Rossler and Chen systems globally asymptotically synchronized.

Especially, when some unknown uncertain parameters are positive, we can make the controller more simple and, besides,

the controller is independent of those positive uncertain parameters. All results are proved using a well-known Lyapunov

stability theorem. Numerical simulations are given to validate the proposed synchronization approach.
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1. Introduction

Chaos synchronization has been studied exten-
sively in recent years. Since chaos synchronization
is an important problem in nonlinear science, much
effort has been devoted to investigating it and numer-
ous achievements!! 1% have been made. For exam-
ple, the nonlinear observer theory method,® the neu-
ral network method,®! the impulse control method,*
the Lyapunov function method*®! and others are pre-
sented for synchronization of chaotic systems. More
recently, two identical Rossler and Chen systems have
been synchronized by using active control.l'!l How-

(11] on chaos synchronization are un-

ever, these results
der the following hypotheses: all the parameters of
drive and response systems are precisely known, and
the controller can be constructed using those known
parameters. To our knowledge, some system param-
eters cannot be exactly known in advance. The syn-
chronization will be destroyed by these uncertainties.
Consequently, adaptive synchronization may play an

essential role in chaos synchronization.

In this paper, we try to derive an adaptive con-
troller based on Lyapunov stability theory which can
make both Rossler and Chen systems synchronized in
the presence of unknown system parameters. Espe-
cially, when some unknown uncertain parameters are
positive, we can make the controller more simple and,

besides, the controller is independent of those positive
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uncertain parameters.

2.Adaptive

two identical Rossler systems

synchronization of

The Rossler system[!” is described by the follow-
ing ordinary differential equations

iJ:—y—Z, y=x+ay,

2=b+z(z —¢), (1)

where xz, y and z are state variables and a, b and ¢
are three unknown uncertain parameters. We assume
that we have two Rossler systems where the drive sys-
tem with the subscript 1 drives the response system,
having identical equations denoted by the subscript 2.
However, the initial condition of the drive system is
different from that of the response system. Therefore,

the drive and response systems are defined as follows

Tl = —y1 — 21,
Y1 = 1 + ayi,
21:b+Z1(CB1—C), (2)
and
Ty = —Yp — 22 + Uy,

Y2 = 3 + ays + ua,

22:b+22(m2—c)—|—u3, (3)
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where u = [uy,us,u3]T is the controller introduced
in Eq.(3). The controller is to be determined for the
purpose of synchronizing the two identical Rossler sys-
tems with the same but unknown parameters a, b and
c in spite of the differences in initial conditions.
Subtracting Eq.(2) from (3), yields the error dy-

namical system between Eqgs.(2) and (3)
€1 = —ey —e3 + ug,

€2 = e + aey + ua,
ég = €e1€2 + €121 + €31 — C€3z + us, (4)

where e; = x5 — x1, €2 = Y — Y1, €3 = 22 — 23.

The goal of control is to find a controller u =
[u1,uz,u3]’ and a parameter estimation update law
for Eq.(4) such that the states of response system (3)
and the states of drive system (2) are globally syn-
chronized asymptotically, i.e.

lim |le(t)|| =0,

t—oco

Va,b,c € R,

where e(t) = [ey, ez, e3]T
Letting the unknown uncertain parameter ¢ > 0,
we can choose a Lyapunov function for Eq.(4)

1 1
Vie,a) = EeTe + 5&2, (5)

where @ = a — @, a is the estimated value of the un-
known parameter a, and we require that its derivative

along the solutions of Eq.(4) satisfies
dV(e,a)

dt S 7W(e)) (6)
where W (e) = €2 + €3 +ce%. We therefore need to find
a controller u and a parameter estimation update law
& to guarantee that for all e € R™ the inequality (6)
holds. There are many possible choices for the con-
troller u and the parameter estimation update law a.

‘We choose

up = —eq, Uy =—(a+1)ey,

Q= e2. (7

Uz = —e1€3 — Ti1€3 — 2161 Tt €1,
With this choice, we have the time derivative of V (e, a)
along the solutions of Eq.(4)

dV (e, :
7((5 %) _ Ty

=ey(—ex — ez +uy) + ea(er + aex + uz)
+es(eres +e1z; + ezxy
— ces + ug) + a(—a)

=— el —e5 —ces. (8)

This leads to

lim |le(t)|| =0,

t— o0

Va,b € R,c > 0.

Hence, the synchronization of two Rossler systems is
achieved under the controller and a parameter estima-
tion update law Eq.(7).

It is clear that the controller in Eq.(7) is indepen-
dent of the unknown uncertain parameter c if ¢ > 0.

If the condition of unknown uncertain parameter
¢ > 0 is cancelled, we take a Lyapunov function for
Eq.(4)

1

1
V(e,a,¢é) = §eTe + 5(52 + &), (9)

where a = a — a, ¢ = c — ¢, and a and ¢ are estimated
values of the unknown parameters a and c, respec-
tively.

We choose a controller and a parameter estimation

update law a and ¢ as follows

up = —ey, us = —(a+1)es,
uz = —eje3 — ri1e3 — z1€1 + €1 — ez + Cez,
A2 A 2
d=-e; ¢é=—e;3. (10)

With this choice, we have the time derivative of
Ve, a,¢) along the solutions of Eq.(4)

I
Pedd_ a-a-4 (11)

where W (e) = e? + €2 + e2. This translates to

lim [le(t)]| =0,

t—oo

Va,b,c € R.

Therefore, the synchronization of two Rossler systems
is achieved under the controller and a parameter esti-

mation update law of Eq.(10).
Numerical results

In this sub-section, we show the numerical sim-
ulations to demonstrate the effectiveness of the pro-
posed synchronization approach when unknown un-
certain parameters a, b and ¢ > 0 exist in Egs.(2) and
(3). It has been proven that the Rossler system (1)
presents chaos when a=b=0.2, ¢=5.7.

The true values of “unknown” parameters are
chosen as a=b=0.2 and ¢=5.7 in simulation. The ini-
tial values of the drive system states, the initial values
of the response system states and the initial values of

estimates for “unknown” parameters a, are taken as
3’,‘1(0) = yl(O) = 21(0) = 6, $2(0) = yg(O) = 22(0):10
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and a(0)=0.1, respectively.

The time response of states determined by drive sys-
tem Eq.(2) and the time response of states which are
determined by response system Eq.(3) with u; = ug =
uz=0 (¢t <50s) and the controller vy = —ej,uy =
—(a+1)eq, us = —ejes — x1e3 — 2161 + ey with a = €2
at t=50s are shown in Fig.1.
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Fig.1. The time response of states for the drive sys-
tem (1, y1, 21 —) and the response system (z1, y2, 22

- - -), when the controller is deactivated (¢ <50s) and

the controller with & = e% is activated to the response

system at t=>50s.

3. Adaptive synchronization of

two identical Chen systems

Recently, on studying anticontrol of chaos,
Chenl'%] introduced a new chaotic attractor (Chen at-
tractor), which is described by the following nonlinear

differential equations
z = a(y - x)a

y=(c—a)z —zz+cy, 2z=uay-— Dbz, (12)

where z, y and z are state variables and a, b and ¢
are three unknown uncertain parameters. Our pur-
pose is to achieve synchronization of Eq.(12) based on
Lyapunov stability theory. For the Chen chaotic at-
tractor, the drive and response systems are defined as
follows

&1 = a(yr — z1),

= (c—a)xy —x121+cyr, 2 = x1y1 — bz, (13)
and
&y = a(yz — x2) + uy,
U2 = (¢ — a)xzy — T229 + cyp + Ua,

2.,'2 = I2Y2 — bZQ + us, (14)
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where u = [u,us,us]? is the controller introduced
in Eq.(14). The controller is to be determined for

the purpose of synchronizing the two identical Chen
chaotic attractors with the same but unknown param-
eters a, b and ¢ in spite of the differences in initial
conditions.

Then, the error dynamical
Eqgs.(13) and (14) can be expressed by

system between

é1 = alea —eq) + uq,

éy = (c—a)e; + cez — eje3 — x1e3 — z1e1 + ug,

(15)

€3 = ejex + T1€2 + Y11 — bez + us,

where e; =z — T1,e2 = Y2 — Y1, €3 = 22 — 23.
If the unknown uncertain parameters a > 0 and b > 0,
we consider a Lyapunov function candidate as

1 1,

V(e,é) = 56 e+ 56 (16)

where ¢ = ¢ — ¢, ¢ is the estimated value of the un-
known parameter c.
We choose a controller and a parameter estima-

tion update law ¢ as follows

up =0, uz=—¢(e1+e2)+z1er — ez,
uz = —yier, ¢=ez(er +ez). (17)
With this choice, the derivative of Eq.(16) is
dV(e,c
% —ae? — e5 — bel, (18)

where W (e) = ae? + €3 + be2. This translates to

lim [le(t)|] =0, Vee€ R,a,b>0.
t—o0

Thus, the synchronization of two Chen systems is
achieved under the controller and a parameter esti-
mation update law Eq.(17).

It is clear that the controller in Eq.(17) is inde-
pendent of the unknown uncertain parameters a and
b,if a > 0and b > 0.

When the condition of unknown uncertain param-
eters a > 0 and b > 0 is cancelled, we can construct a
Lyapunov function for Eq.(15)

. 1 .
V(e,a,b,&) = —ele+ = ( a? + b + &),

. (19)

Where&:a—d,l;:b—l;,ézc—é, &,l;andéare
the estimated values of the unknown parameters a, b

and c, respectively.
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We choose a controller and a parameter estima-

tion update law as follows

up = ae; — ey,

us = —¢(e; + e2) + z1e1 — ea,
uz = —yie1 + 563 — €3,
i=—e, b=—e2, é=e(e1+ea). (20)

From Egs.(19), (15) and (20), we obtain the derivative
of Eq.(19)

dV (e, a,b,é

dV{e,a,b,¢) = —e? —e2 —bel. (21)
It is concluded that the synchronization of two Chen
systems is achieved under the controller and a param-
eter estimation update law Eq.(20), i.e.

lim |le(t)|| =0,

t—o0

Va,b,c € R.

Numerical results

Now, we give numerical simulations to show
the effectiveness of the proposed synchronization ap-
proach in the presence of unknown uncertain system
parameters a > 0, b > 0 and c¢. It has been proven
that the Chen system (12) has chaos behaviour when
a=35, b=3 and ¢=28.

The true values of “unknown” parameters are se-
lected as a=35, b=3 and c=28 in simulation. The
initial values of the drive system states, the initial
values of the response system states and the initial es-
timated values for “unknown” parameters c are taken
as z1(0) = 2.5, y1(0) = 3, 21(0) = 7, z2(0) = 40.5,
y2(0) = 20, 22(0) = 50 and ¢(0) = 0.5, respectively.
The time response of states determined by the drive
system Eq.(13) and the time response of states which
are determined by the response system Eq.(14) with

u; = ug = ug = 0 (¢ <10s) and the controller u; = 0,
uy = —é(e; + ea) + z1e1 — €3, us = —yjeq, with

é= ea(e1 + e2) at t=10s can be seen in Fig.2.

50

O T R
~50; = 10 15 20 25 30 35
50 '

) N e e
%5 15 20 = 30 3
100

5 SZ mmwﬁ\wmw\»wwmw»\ww

0 5 10 15 20 25 30 35
t

Fig.2. The time response of states for the drive sys-
tem (z1,y1,21 —) and the response system (z2,y2, 22
- - -), when the controller is deactivated (¢ <10s) and
the controller with ¢ = ez(e1 + e2) is activated to the

response system at t=10s.

4. Conclusions

A novel adaptive synchronization method is pro-
posed for two identical Rossler and Chen systems with
uncertain parameters. Based on Lyapunov stabil-
ity theory, we derive an adaptive controller without
the knowledge of the system parameters, which can
make the states of two identical Rossler and Chen
systems globally asymptotically synchronized. Espe-
cially, when some unknown uncertain parameters are
positive, we can make the controller more simple and,
besides, the controller is independent of those positive
uncertain parameters. All results are proven using a
well-known Lyapunov stability theorem. Numerical
simulations are given to validate the proposed syn-

chronization approach.
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