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Using the extended homogeneous balance method, the Backlund transformation for a (2+1)-dimensional integrable
model, the generalized Nizhnik—Novikov—Veselov (GNNV) equation, is first obtained. Also, making use of the Backlund

transformation, the GNNV equation is changed into three equations: linear, bilinear and trilinear form equations.

Starting from these three equations, a rather general variable separation solution of the model is constructed. The

abundant localized coherent structures of the model can be induced by the entrance of two variable-separated arbitrary

functions.
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1. Introduction

Recently, two types of “variable separating” pro-
cedure have been established, which are extensions
of the variable separation method in the linear case.
The first type is called the symmetry constraint
or nonlinearization of the Lax pairs,!] because this
type of procedure is used only for integrable mod-
Lou and Chen? ex-

tended the method to any models which may possess

els which possess Lax pairs.

Lax pairs or not, so the method is equivalently called
the “formal variable separation approach” (FVSA).
The independent variables of a reduced field in the
FVSA have not been totally separated though the
reduced field satisfies some lower-dimensional equa-
tions. The second type of variable separation method
is established first for the (241)-dimensional Davey—
Stewartson (DS) and asymmetric DS equations,® and
then generalized to the (2+1)-dimensional Korteweg—
de Vries (KdV) equation, the Nozhnik—Novikov—
Veselov (NNV) equation, and the (2+1)-dimensional
nonlinear Schrédinger equation.*=¢ The basic idea
is that by solving its bilinear form and introducing
a prior ansatz, some special types of exact solution
of the (2+1)-dimensional nonlinear model can be ob-

tained from two (141)-dimensional variable separa-

tion fields. In this paper, by using the extended homo-
geneous balance method,[*?] we propose a new variable
separation approach for solving (2+1)-dimensional
nonlinear models.

It is well known that for the (2+41)-dimensional
NNV equation!”

U + QUggy + Dlyyy — 3a(uv), — 3b(uw), =0,

Uy = Vy, Uy = Wy,

which is only a known isotropic Lax extension of the
well-known (1+1)-dimensional KdV equation. Some
types of soliton solutions have been studied by many
authors. For instance, Boiti et all® solved the NNV
equation via the inverse scattering transformation.
Tagamil® and Hu and Lil'® obtained the soliton-
like solutions of the NNV equation by means of the

Bicklund transformation. Hul!ll

has also given the
nonlinear superposition formula of the NNV equation.
Ohtal'?! obtained the Pfaffian solutions for the NNV

Radha and Lakshmanan3l constructed

only its dromion solutions from its bilinear form af-

equation.

ter analysing its integrability aspects. Lou obtained
some new special types of multi-soliton solution* by

using the standard truncated Painlevé analysis and
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the localized solutions by using the variable separa-
tion method[* for the NNV equation.

But the following (2+1)-dimensional generalized
NNV (GNNV) equation

Ut + AUz + Dlyyy + cuy + duy

— 3a(uv), — 3b(uw),) =0, (1)

Uz = Uy, Uy = Wy, (2)

has not yet been well studied. Boiti et all®) solved the
GNNYV equation via the inverse scattering transfor-
mation, and Radha and Lakshmanan!*®! constructed
its multi-dromion solutions. In this paper, we study
the GNNV equation using the variable separation ap-
proach based on the extended homogeneous balance
method.?]

In section 2, a general theory of the extended
homogeneous balance method is described. In sec-
tion 3, after using the extended homogeneous balance
method, Backlund transformation of the GNNV equa-
tion is given. In section 4, a rather general variable
separation solution for the model is obtained. Finally,

section 5 contains a short discussion of the results.
2.General theory of extended

homogeneous balance method

The homogeneous balance method has shown its
efficiency in finding analytic solitary wave solutions of
nonlinear models. Here we first describe the general
theory of the extended homogeneous balance method.
The n-dimensional nth-order partial differential equa-

tion is given by

P(zo=t, 1,22, -

ua?ilﬂviZ"'Ei") =0, (3)

) 7xn7uauziumizja' o

where P is a polynomial function of the field v and
its derivatives. Supposing f = f(¢) is a function of
¢ = ¢(xo, 1,22, - T, ), We can construct the solution

of Eq.(3) with a suitable linear combination of

17f(¢)af(¢)wuf(¢):hw;’ (4)

The homogeneous balance method mainly consists of
the following five steps:

(i) As the leading part of the analysis, we select
a suitable linear combination of the functions in (4),
its coefficients to be determined, such that the highest
nonlinear terms and the highest-order partial deriva-

tive terms in Eq.(3) can be partially balanced.

(ii) Substituting the chosen combination into
Eq.(3), Eq.(3) is transformed into polynomials with
the same highest degree in partial derivatives of
d(zo, 1, -
of different degrees. Collecting all the terms with the

-, Zn) in spite of f(¢) and its derivatives
highest degree of derivatives of ¢(zg,z1,---,2,) and
setting its coefficient to zero, an ordinary differential
equation for f(¢) is obtained.

(iii) Starting from the ordinary differential equa-
tion of f(¢), not only the solution of f(¢) is obtained,
but also the nonlinear terms of various derivatives of
f(¢) in the expression obtained in the second step can
be replaced by the corresponding higher-order deriva-
tives of f(&).

(iv) After some detailed calculation, we collect
the terms with the same order of derivatives of f(¢).
Setting the coefficient of each order of derivative
of f(¢) to zero, a set of linear and bilinear, even
trilinear, partial differential equations for function
d(zo, 1, -

(v) By solving the equations obtained in the

-, Tp) are obtained.

fourth step, we can find many solutions of ¢(zo,
Z1, ).

(vi) Making use of the results of ¢(zo, 1, -, n),
we can construct the abundant exact solution struc-
tures of Eq.(3).

3.Backlund transformation for
the GNNYV equation

Now we use the homogeneous balance method to
derive a nonlinear transformation of the GNNV equa-
tion. In order that the nonlinear terms and the higher-
order partial derivative terms in systems (1) and (2)
can be partially balanced, we suppose that their solu-

tions are of the form
u= f(p)ey + uo = f"()pupy + f'()Puy + uo, (5)

v = g(P)ax +v0 = 9" (9)P5 + ' (0)Puz +v0,  (6)
w = h(@)yy +wo = h" ()¢ + I (0)pyy +wo, (7)
where f(¢), g(¢) and h(p) are functions of one argu-

ment ¢ only, ¢ = ¢(z,y,t), a prime denotes , and

de
{ug,v0,wo} is an arbitrary known seed solution of the
GNNYV equation.

From Egs.(5)—(7), it is easy to deduce that

Uy = FO 20y + 2" 0upuy+ ' Puapy + ' Puzy +ou,
(8)
Uy = f(g) ‘Pi‘Pz + zf”(sz(Py + f”(Pyy(Pw + fl(szy + Uoy,

(9)
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Ugza =F Doy + 6D 20000, + 4f W30,
+ 12 000000y + 6F D 02000,
+31P02 0y + 4f D 0 panatpy
+ 6" V2w any + 4 PuPuray
+ [ Pazeaty + [ Pazaay + Uozees,  (10)
Uyyy Zf(5)<,0390$ + 6f(4)90§90yy90z + 4f(4)90290zy

+12f Oy 00y + 6P 020,40
+ 4D 0y 0y s + AL Gy yyya
+3F2 00+ fOyyyya

+ flsoyyyyw + Uoyyy,

up =f P 0,010 + [ (Patpy + PaPyt
+ ‘Pt‘sz) + f,(PIyt + o,

(f®) = 3f"gB) =3B gNagle, + (f©
+ (65 —12f"g" — 3f P g a2 paaipy
+(4fY =319 -
+f®

) — 3f" R
+ (Gf(4) _ 12f”h” _
6"9")ag}pay + (4FY = 3f'hE) —

(‘Pz‘py@t + 12004 PrzPry + 12b0y Pyy Pay + GG@E@:ﬂzy + 6b9032450zyy

vy = P

(13)

+ 39 PzrPax + g Prax + Vog,
vy =99 030y + 29" 0opry
+ 9”410:514103/ + glgozzy + Voy,

w, =h 20, + 20" 0oy,

+ hH‘Pz‘Pyy + h’QOmyy + Wog, (15)

Wy = h®e? yt 30 yypy + B @yyy + voy.

(16)

Substituting Egs.(8)—(12) and (13)—(16) into
Eqgs.(1) and (2) respectively, and collecting all homo-
geneous terms in the partial derivatives of ¢(z,y,t),

we have

3 4
31 h" )by
3f(3)h’)bgozgoj<pyy
61" 9" )bpy Py

+ 4004 Oy Poaa + 40Py Pyyye + 3002, 0y + 3boa 02, + cp2py + dodp,

— 3avg ‘Pi‘»@y

3bw0(py§0z) - 3‘1“09( )QO - 3bu0h(3)<p - 3‘1(3(:03090910290101; + (Pa:(p:vzy)f

1 1

— 3b(30yyyPay + PoPayy) I " — 3a(0aPuaapy + PouPy + 200 0uaPay) [

— 3b(02 Py Pyyy + P2Pay + 20y Py Pyy) f'B — 3a(PayPazs + PazPaay)f'H

— 3b(PayPyyy + PyyPaeyy) F'9 + [ (Patpy + Payt + Pray

+40P200Pay + 60022 Pray + 40PsPrrry + 40Py Pyyy + 660y Pyyz + 4bPyPayyy

+ aPrrzaPy + b‘Pz(Pyyyyc(szQOy + d‘Pyy‘Pa: + ZCQOm(Pmy + Zd‘PySOzy - GGUO%:S%W

- 3av0<py§0zz - 6bw0§0y§0my - 3bw0§0w§0yy - 3av0m§0z§0y - 3bw0y§0m§0y)

- 3a9”(3u0<)0z50m + qu‘Pi) - 3bh”(3u0(py(pyy + uOy‘Pi)

- 3bf’((pacyt + a(pam;:c:cy + b(Pacyyyy -
— 3bwoPayy) —

(F® = gBN20y, + (" = 9")Pantpy
+ 2(f” - g”)(:owwzy

+ (fl - g,)goa:my + Upr — UOy = 07 (18)
(f(s) _ h(?’))%api (= B gy

+ 2(.f” - g”)@ys%y

+ (f' = 9')Payy + oy — wo, = 0. (19)

For simplicity, from Egs.(18) and (19), we take the

special solution as

f=g=h, uo =0,v9 = vo(x,t),wyg = wo(y,t). (20)

3ava (P:cy + cgo:cwy + d‘pwyy -
3agl(u090zzz + uOm‘Pzz) - 3bhl(u0§0yyy + uOyQDyy) = 07

3(1’()0 Praxy — 3bw0y¢zy

(17)

Now we can simplify Eq.(17). First setting the
coefficients of the terms with apy, and b(p‘lyapz to
zero, we obtain an ordinary differential equation for
function f(yp)

f& —6f' f® (21)

which indicates that the nonlinear terms and the
second-order derivative terms appearing in Egs.(1)
and (2) have been partially balanced. This is why
we assume that the solution of Egs.(1) and (2) is of
the form Egs.(5)—(7). Solving Eq.(19), we have

f=-2lng, (22)
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which yields

f/2 — 2f”, f/f// — f(B),

1 2
m_ Lo e 2 23
=, e =2f (23)
By using Egs.(21)-(23), Eq.(17) can be simplified as

follows

FONpapy (1 + APrae + bpyyy + cpn

+ do, — 3avgp, — 3bwoy,)

+ 3(a2PaaPay + Oy PyyPay

- a‘Pi‘Pzwy - bwigozyy)]

+ "oy (01 + 0Pazz + boyyy + cpa
+dpy — 3avop, — 3bwowy ).

+ (Pt + @Prre + bpyyy + cp.

+ dy, — 3avgp, — 3bwopy )y

+ Pay (Pt + APraz + bpyyy + cox + dipy
— 3avpps — 3bwopy) + 3(—aPursPay

+ 0P Poaay — bPayPyyy + bPyPayyy)]
+ f'(pt + @pran + bpyyy + cpa

+ dp, — 3avgp, — 3bwowy)sy = 0. (24)

Setting the coefficients of f(®), f” and f’ in Eq.(24)
to zero yields a set of equations satisfied by ¢(z,y,t)

Pt + APrxa + b‘Pyyy + CPg
+ dp, — 3avpp, — 3bwoyp, =0, (25)

WP Prrey + Py Payyy = WPrscPay — bPayPyyy =0,

(26)

APz PaaPay + DOy PyyPay — GP%Paay — DO2Payy = 0.

(21)

Thus it can be seen that, in terms of Eqs.(20)-

(21), the GNNV equation may be simplified into

Egs.(25)—(27) by using the above transformations (5)—
(7), that is

20, 204
u:(p_z%J_ﬂ’ (28)
2 12
202 20u0
v = — + vo(x,t), 29
2 ” (z,1) (29)
2905 2pyy
w=—————+wy(y,t), 30
2 g (y,1) (30)

which are just the Backlund transformations of the
GNNYV equation.

4. Variable separation solution
for the (241)-dimensional
GNNYV equation

Because vy(z,t) and wy(y,t) are arbitrary func-
tions of variables {z,t} and {y,t} respectively, from
Egs.(25)—(27) we can find the following variable sepa-

ration solution

d(z,y,t) =1+ a1p(z,t) + azq(q, t) + Ap(z,t)q(y, 1),

Pt + APrxx + CPx

Uo(xat) = Ta
T

) _ q + beyy + qu

t
Wo (y7 Saqy

; (31)

where p(wz,t) is an arbitrary function of variables
{z,t}, q,(y,t) is an arbitrary function of variable
{y,t}, and a1, az and A are three arbitrary con-
stants. Inserting solution (22) into Eq.(18), we obtain
a rather general exact solitary wave solution of the
(24+1)-dimensional GNNV equation in the form

2(A - a1a2)pzqy
14+ a1p+ axq+ Apql?’

u(z,y,t) = [ (32)

2(a; + Aq)?p?
1+ a1p + azq + Apq)?
_ 2(a1 + AQ)pus
1+ aip+azq+ Apgq
¥ 43 + AP gz + CPg

- 33
+ 3ap, ’ ( )

v(z,y,t) :[

2(az + Ap)?q?
14 a1p + asq + Apq)?
2(a1 + Ap)gea
1+ ap+axq+ Apg
t + OPpaws + d

w(:‘E? y) t) = [

(34)

When ¢ = 0 and d = 0, similar exact solutions
to Eqgs.(32)—(34) have been given by using the vari-
able separation method in Ref.[4]. It is here obtained
again by the extended homogeneous balance method.
We can see that the calculation process herein is much

simpler than in Ref.[4].

5.Summary and discussion

In summary, by using the extended homogeneous
balance method for the (2+1)-dimensional GNNV
equation, we may obtain a rather general variable
separation solution because of the existence of two
arbitrary functions. It has been pointed out!* that
the multiple localized structures may be dromions,
lumps, ring solitons, breathers and instantons, etc, for
the (241)-dimensional NNV equation by selecting the
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arbitrary functions appropriately. It should be em-
phasized that the richness of the solitons caused by
arbitrary functions may be a universal phenomenon
in (241) and more dimensions. It can be seen from
the above that there are more abundant coherent lo-
calized structures for the higher-dimensional integral
models and even for some types of higher-dimensional
nonintegrable models.

The variable separation method in linear physics

is a very powerful method. Now, by the extended
homogeneous balance method, we have obtained
the variable separation solution to (2+41)-dimensional
nonlinear integrable models. This fact describes that
the extended homogeneous balance method is a very
powerful method for the study of nonlinear physics
model in higher dimensions. The applications of the
method to other (2+1)-dimensional nonlinear physical

models is worth discussing further.
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