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Based on an analytical expression of electron dynamical diffraction derived recently, the exit wavefunctions of non-

periodic samples have been calculated. The results have shown that the amplitude and phase obtained by the analytical

expression were in good agreement with those obtained using the multi-slice method. Besides, the influence of the

higher-order Laue zone on the wavefunction for different sample thickness was studied in detail and the results showed

that the exit wavefunction is dominated by the zero-order Laue zone. When the sample is very thin, the influence of

the higher-order Laue zone should be considered.
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1. Introduction

In recent years, the field of electron crystallog-

[1-8] hecause of

raphy has become increasingly active
the two important advantages over x-ray crystallogra-
phy for the determination of atomic positions of spec-
imens: phases of wavefunction can be determined di-
rectly from images and extremely small samples can
be analysed. However, the strong interaction be-
tween electrons and matter!®! gives rise to complicated
multiple-beam dynamical effects which make the ob-
served diffraction intensities of a sample often signifi-
cantly deviate from their kinematical values.[1%11] To
solve the dynamical diffraction problem, a much more
accurate analytical expression for electron dynamical
diffraction has been derived in two papers!'?'%! in
which most of the electron propagation in the sample
was considered. The results calculated by the new ex-
pression are much more accurate than those calculated
by the phase object approximation (POA) formula.
Moreover, the new formula is a general expression
which can be used to calculate the scattering wave-
functions from zero-order to higher-order Laue zones.
In this paper, we study the contribution of scattering

wavefunctions from higher-order Laue zones.
2.Formula and calculation pro-

cess

2.1. Introduction of the formula

An analytical expression of dynamical electron

diffraction for crystal has been derived as follows['?]

1 — exp(—i\wg'2’
h k

47r2gl
x exp(—=2mi(h'z + k'y + 1s132)), (1)

2[813

where ¢’ = (Wa}+k'b])? +2K ., (h'aj +k'by) — 1

z'=z+£w+2y, B =h+snul, k'=k+ sl
s s

and the scattering wavefunction can be written as

6= eXp<zl:n(l)>, 2)

where [ can take number 0, 1, 2,..., denoting the Ith or-
der Laue zone, etc. Based on this expression, we can
calculate the wavefunction of the sample under the
following conditions: the zero-order or higher-order
Laue zone was included; the incident beam can be
along the normal of the surface of the sample or not;
the incident beam can be along the crystal axis or
not. More importantly, the wavefunction of a non-
periodic sample can be calculated after some necessary

modifications. In this paper, the wavefunction of C60
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(fullerene structure) is calculated for both zero-order

and higher-order Laue zones.
2.2. Calculated examples

In order to calculate the wavefunction of a non-
periodic entity according to expression (1), a necessary

modification should be made as follows.

a) The summation Z Z should be changed into
bk

an integral / / in Eq.(1) for a non-periodic structure.

hok
Thus Eq.(1) is naturally changed into

"=/

X exp(727r1(h z+ k'y + ls132)).

1 —exp(—iAmg'z ) F (kD)

4m2g’
(3)

b) For computation, the integral in Eq.(3) can
only be realized through summation. The difference
between Eqs.(1) and (3) is as follows: in Eq.(3) h,k
can only be integers, while in Eq.(1) they can be any

real values. As is well known, the greater the num-
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ber of sampling points, the closer to the integral the
summation is, and therefore more computation will be
needed. Thus, it is necessary to find a suitable num-
ber of sampling points to make sure that the error
brought by the change from integral to summation
can be neglected, and that the computation time is
not too long.

¢) In order to use the above expression, a unit
cell should be defined for a non-periodic sample. For
C60, the diameter is 0.7nm!'3l and we may define a
bigger unit cell to decrease the influence from the non-
periodic structure. In this paper, the parameter of
C60 is defined to be 1.05nm in three dimensions ac-
cording to the atomic potential plots of C as a function
of diameter 7 from the centre of the atom.!4

d) We calculate n(") according to Eq.(3) for dif-
ferent .

e) We calculate the phase angle and the ampli-

tude of the wavefunction ¢ after it is obtained.

2.2.1. Only zero-order Laue zone considered
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Fig.1. The wavefunctions of C60 molecules for the [001] Laue zone calculated using the new formula, the
MS method and the POA formula with the wavelength of the incident beam A=0.00251nm and sample
thickness=1.05 nm. The abscissa corresponds to the position (z, y) in a unit cell with z=0. The sampling

points are 64x64, and the interval between sampling points is 0.0082 nm.
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Firstly we just consider the zero-order Laue zone
of C60 and assume that the incident beam is a
monochromatic plane wave along the Laue zone axis
and parallel to the normal of the sample surface. In
this case K4y = 0, p =0,¢=0,s=1and ! = 0.
Substituting these parameters into Eq.(3), we may cal-
culate the scattering wavefunctions of samples, with
different thicknesses. For comparison, the scattering
wavefunctions calculated using the multi-slice (MS)
method and the POA formula are also obtained and
plotted in Fig.1.

From Fig.1, we see that the amplitude and phase
of the wavefunction calculated using the new formula
are in good agreement with those calculated using the
MS method, even for thicker samples. However, those
calculated using the POA formula deviate significantly
from those calculated using the MS method, especially

with no amplitude contrast shown.

2.2.2. Contribution of higher-order Laue zones to the

wavefunction
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According to Eq.(3), the scattering wavefunctions
¢ are calculated by considering a different order of
Laue zone, as plotted in Fig.2. In order to obtain
more accurate results, we take the number of sampling
points to be 96x96, and hence the interval between
neighbouring points is 0.0055 nm.

In Fig.2 we may find that the wavefunction is
dominated by the zero-order Laue zone for amplitude
and phase, and the thicker the sample is, the less the
contribution of the higher-order Laue zone. When the

sample is thin (see Figs.2(a) and 2(b)), the difference
2 3

of wavefunction between Zn(l) and Zn(l) is very

1=0 1=0
little, and thus the contribution from the third-order

zone can be neglected. While if the sample is thick (see
1

Figs.2(c) and 2(d)), the difference between Z n®) and
1=0

2
Zn(l) is very little, and the contribution from the
1=0

second-order zone can also be neglected.
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Fig.2. The scattering wavefunctions of C60 molecules calculated using the new formula for different order
Laue zones with the wavelength of the incident beam A=0.00251nm. The abscissa corresponds to the
position (z,y) in a unit cell with z=0.0nm. (a) Thickness=1.05nm; (b) thickness=5.25nm (five periods
along the z-axis). The number of sampling points is 96x96.
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Letting ¢ = exp(n®), ¢ = (9 x ¢(1) x $(2)
-x and ¢ = |pD|exp(iaV)), we have

1 — cos(A
6] —exp< / / CLSFQ 9'Z) (ki)
x exp(=2mi(h'z + k'y + lslgz))> (4)

and
( // sin(Arg'z)
exp(la =exp
4m2g’

x exp(=2mi(h'z + k'y + l3132))> . (5)

F(hkl)

sin(Arg’z)
47r2g’
then ¢() can be expressed as

1 — cos(Arg'z)

0 _
We let T’ = In2g ,

and TIE‘Z) =

o) = exp{F[T F(hkl)}exp{F[iTy F(hkl)]}, (6)

where F represents Fourier transformation. As above,
we call Tg) and TI(DZ ) the intrinsic transfer functions for
the Ilth order Laue zone. In order to study the con-
tribution of the higher-order Laue zone to the wave-
function for different thicknesses, we plot the intrinsic
transfer function versus the square of reciprocal vector

in Fig.3.
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Fig.3. Intrinsic amplitude and phase of the transfer functions versus the square of reciprocal vector

g2 for different order Laue zones and different thicknesses calculated using the new formula.

From Eq.(3), we see that the contribution of ampli-
tude from the Ith order Laue zone can be expressed ap-
proximately by the product of Tg) and the structural
factor F'(hkl), whereas the contribution of phase is ex-
pressed by the product of Tlg) and F(hkl). As is well
known, the value of F(hkl) decreases rapidly when the
value of reciprocal vector g(hkl) increases. In Fig.3,
we find that the transfer functions for different orders
of Laue zone are oscillation functions. For the zero-

order Laue zone, the location of peaks for amplitude

[and phase transfer functions correspond to small val-
ues of reciprocal vector g(hkl). For the higher-order
Laue zone, the locations of peaks or valleys correspond
to large values of reciprocal vector g(hkl), and the
higher the order of Laue zone, the greater the recipro-
cal vector corresponding to the peak of transfer func-
tions. In this way, we can conclude that the wavefunc-
tion is dominated by the zero-order Laue zone and the
higher the order of Laue zone, the less the contribution

to the wavefunction. Comparing Figs.3(a) and 3(b)
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(thin sample) with Figs.3(c) and 3(d) (thick sample),
we can see that the thicker the sample is, the less the
contribution of higher-order Laue zones to the wave-
function. Thus it can be concluded that the influence
of higher-order Laue zones can be neglected for thick
samples.

In order to study the results obtained using the

new formula, in which higher-order Laue zones are
|

~ MS method 16slices
New formula (:=0)

* New formula (=0,1)
---New formula (:=0,1,2)

Amplitude

taken into account, and using the MS method, we
have divided the sample, with a thickness of 1.05 nm,
into sixteen slices and we calculate the wavefunctions
of C60 using the MS method. We can find that the
result calculated using the new formula, considering
the second-order Laue zone, corresponds to that cal-
culated using the MS method with the sample divided

into sixteen slices (see Fig.4).
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Fig.4. A comparison of the wavefunctions obtained using the new formula and using the MS method.

3. Discussion and conclusion

Based on the analytical expression, the exit wave-
functions of C60 have been calculated for zero-order
and higher-order Laue zones. The following conclu-
sions have been obtained. (a) The new formula can be
used to calculate the wavefunctions of a non-periodic
structure if a necessary modification is made. (b) The
exit wavefunctions are dominated by the zero-order
Laue zone for any sample thickness. (c) The thicker

the sample is, the less the contribution from higher-

lorder Laue zones to the wavefunction.

In principle, the difference among the three meth-
ods (the new formula, the MS method and the POA
In the MS

method, all the propagation of all electrons is con-

formula) can be described as follows.

sidered, while in the new formula, most of the propa-
gation of the electrons in the sample is considered. In
the POA formula, none of the propagation is consid-
ered. So it is understandable that the results obtained
using the new expression are much more accurate than
those obtained using the POA formula.
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