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We have studied the absorption spectrum of a Doppler-broadened ladder system, where the highest level is coupled

into two middle hyperfine sublevels by a strong coherent field. We find that, when the system is considered as homoge-

neous, either two or three spectral components are observed, depending on the detuning of the coherent field. But when

the velocity distribution of atoms is considered, we can always observe one electromagnetically induced transparency

(EIT) window with high dispersion. So the atomic hyperfine structure cannot be an impediment for obtaining EIT.
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1. Introduction

The study of spectral properties in multi-level
atomic systems has been a focus of quantum optics
research since the 1970s.['2] In the last ten years, with
the advance in electromagnetically induced trans-
parency (EIT),[>~¢ lasing without population inver-
sion (LWI)["~11 and electromagnetically induced two-

[12—14]

photon transparency (EITT), it is again an in-

(1517 Most often, no hyperfine

teresting research field.
structure is considered either in a three-level system
or in a four-level system. While in a real atomic sys-
tem, atomic states always have hyperfine structure,
which it is essential to consider if the system is opti-
cally thick (which means that the Doppler broaden-
ing has to be included) or the coherent field is very
strong (comparable to the energy difference between
hyperfine sublevels). The question then arises: how do
the hyperfine sublevels affect mutually to contribute a
spectrum that is different from that of a system with-
out hyperfine structures? For simplicity in calcula-
tion, here we just consider a system with only two
hyperfine sublevels, but conclusions in this paper can
be easily generalized to systems with more hyperfine
sublevels.

In this paper, we focus on the absorption spec-
trum of a four-level ladder system (see Fig.1) both
with and without Doppler broadening. If we ignore

the velocity distribution of atoms, i.e. the system is

considered as homogeneous, we find that the absorp-
tion spectrum here is different from that of a driven
three-level ladder system, because a third spectral
component may appear or disappear depending on the
detuning of the coherent field. However, if the atomic
velocity distribution is taken into consideration, then
only one EIT window can be observed at the point of
A, = A, even if there are three spectral components
in fact. The Doppler-broadened dispersion spectrum
is also explored, which is similar to that of a corre-

sponding driven three-level system.

This paper is organized as follows. Firstly, we
obtain the complex susceptibility of the probe transi-
tion by a semiclassical analysis in section 2. Then, a
few graphic results under different situations are illus-
trated and analysed in the dressed-state representa-
tion in section 3. Finally, a few important conclusions

are presented in section 4.
2.Calculation of the complex
susceptibility

As shown in Fig.1, a coherent field couples level

|4) into two hyperfine sublevels |2) and |3) simulta-
Ee ,u,c’ we and A; are the Rabi fre-

quency, carrier frequency and detuning of the strong
E; - p,

neously. G, =

coherent field, respectively. G, = , wp and

A, are the Rabi frequency, carrier frequency and de-
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tuning of the weak probe field, respectively. 51, V31,
V42, and 7,5 are the spontaneous decay rates of the
corresponding atomic levels, respectively. 2A is the
frequency difference between the two middle sublevels.
To simplify the following calculation, Rabi frequencies
G. and G}, are set to be real numbers and the constant

h is set to equal one.
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Fig.1. A schematic representation of a four-level

ladder atomic system with a hyperfine structure.

Under the dipole approximation and the rotating-
wave approximation, the absorption and dispersion
spectra of this system can be obtained as follows. In
the interaction picture, the interaction Hamiltonian of
this ladder system with a hyperfine structure can be

expressed as

00 -G, -G, 0.0
H - -G, A,—A 0.0 —G. ’
-G, 0.0 A, + A -G,
00 _GC _Gc Ap + Ac
(1)
where A. = (ws — wp) — we, Ap = wy —wp, A =

1
> (w3 —w2), wo = 5 (w3 + w2).

The master equation of motion for the density op-
erator in an arbitrary multi-level atomic system in the
interaction picture can be written as

dp i

28 = ——[H1,p] + p. (2)

On the right-hand side of Eq.(2), the first part
includes all the coherent terms arising from the coher-
ent and probe fields, while the second part includes
all irreversible contributions due to the spontaneous
emissions. For the system under study, according to
Egs.(1) and (2), we obtain the following equations of
density matrix

P11 =2751 P22 + 2731P33 +1Gpp3y
+iGppa1 —1Gpp1z — 1Gppys,

P12 :(iAp — 1A = 491)p12 + 1Gpp32
+iG (o — p11) — 1Gepra,

P13 =14, +14 — v31)p13 +iGpp23
+iGy(p33 — p11) — 1Gepra,

pra =(1Ac + 14, — a0 — Ya3) P14
+1Gp(p2a + p34) —1Ge(pr2 + p13),

P2z =2Y42P44 — 2721 P22
+iGp(p1g — p21) +iGc(pyy — P24),

P23 =(21A — 31 — ¥31)p23
+iGp(p13 — p21) +1Ge(pag — p24),

p2a =(1Ac +1A — a1 — Y42 — Va3)P24
+1Gpp1a — iGepas +1Gc(pay — P22)s

P33 =2Ya3Paa — 2V31P33
+1Gp(p13 — p31) +1Ge(paz — P34),

P34 :(iAc —1A —v51 — Y42 — 743)934
+iGpp1a — iGepsz +1Ge(pag — p33),  (3)

P11+ Pag + P33+ pas = 1,
Pij = P}kz
Since the probe (coherent) field is a weak (strong)
field, i.e. G, < 73 < G, the polarizations p;, and
P13 just need to be calculated to the first order of Gy,
but all orders of G.. Solving Egs.(3) in steady state

order-by-order, we obtain
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—iGp (14 + Va3 — 14p —1Ac) (73 — 14,

—iA (4)

P12 =

(Va2 + a3 — 14, — 1Ac) (731 — 14, — 14)(7v21 — 14, + iA) + G2
—1Gp(Ya + Va3 —14p — 1A) (71 — 14, +iA

Vo1 + Y31 — 214;)’
(5)

1
P13 =

A straightforward semiclassical analysis shows
that the total linear complex susceptibility of the
probe transition is given by
Nolif)(Pm + p13) (6)

250Gp ’

where p, = po1 = f15; is the dipole moment of the

X=X1tX2=

(Vag + Va3 — 14p —14c) (73 — 14, —14)(7y — 14, +14) + G2

piag NEZsag N2

Vo1 + V31 — ZiAp).

|probe transition, Ny is the density of all atoms, and
X1(X2) represents the linear complex susceptibility
arising from the transition of |1) < |2)(|1) < [3). In
an optically thick inhomogeneous medium, the atomic
velocity distribution cannot be neglected. The contri-
bution of the atoms with velocity v to the complex
susceptibility of the probe transition is

—iNo/,Lf)/(Qﬁ €0Up)

x(v) =

<731 1A, —icw, — iA> (M —iA, —icwy + iA)
C C

G2
+ c

. .U
Vo1 + V31 — 214, — 21;“’13

where v is the most probable velocity of all atoms.
Then the absorption and dispersion coefficients of the
probe field can be calculated from the imaginary and
real parts of the complex susceptibility of all atoms ;,

respectively. In the next section, for simplicity in cal-
Nop? Nop?
0Hp s 1> when the

=1
260 <2\/7_T€0’Up

atomic velocity distribution is neglected (included).

culation, we set

3. Analysis of the results

In this section, the main task is to show a few
graphic results under specific conditions according to
the equations in section 2. Firstly, a few cases are
considered, where the velocity distribution of atoms

is neglected. When the coherent field does not exist,

0.5
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AP

. .U . v
<'y42 + Yy — 1A+ 1;(4;C —iA, — 1pr>

(7)

|i.e. G.=0, A.=0, as depicted by the dashed curve in

Fig.2(a), there are two components in the absorption

spectrum due to the two hyperfine sublevels |2) and
|3), as expected.

When the coherent field is employed and at res-
onance with the transition between level [4) and the
centre of gravity of levels |2) and |3), as shown by the
solid curve in Fig.2(a), we can observe two spectral
components whose locations are different from those
by the dashed curve. This means that the EIT of the
two sublevels has been reached, but the coherent field
does not contribute more spectral components in this
resonant case. In the following, we show why only
two, but not three, spectral components are observed

in this case.
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Fig.2. (a) The absorption spectrum Im(x) without Doppler broadening against Ay for Gc=0 (dashed)
and G.=40 (solid). (b) The dashed (solid) curve Im(x;) (Im(x,)) corresponds to the contribution of
P14 (p13) to the solid curve in (a). Other parameters are: v, = v3; = 3, V45 = V43 = 0.5, A=60, Ac=0.
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1)

Fig.3. The corresponding dressed-state schematic

representation when A.=0.

As shown in Fig.3, it is obvious that, under the
action of the coherent field, sublevels |2) and |3)
Un-

der the eigenvalues of the dressed-state upper levels

should be split into three dressed-state levels.

of the probe transition in the interaction picture can
be obtained as Ey = wg + /A2 +2G2, Ey = wy,
E_ =wy—+/A? + 2G?, and the corresponding eigen-

states in the dressed representation are

1 A
4 =5(1- 7@) 2)
+1<1+#>|3>
2\ Ve
-
G. G.
0) = s~ s

A

JAZ + 2G2
=5 (14 s )12

2 VA% +2G?

1 (1 4 >|3>
2\ /A% 12G?
G

-(1- )M

VA2 +2G2

With the above results, the dipole moments of

+ 14),

the corresponding transitions in the dressed-state rep-
resentation are derived as py; = (+|P|1) = pp,
o1 = (O|P|1) = 0, p_y = (—|P|1) = pp, where
P = pp(]2)(1] + [3)(1]) is the atomic polarization op-
It is clear that the

transition between levels |0) and |1) is not allowed

erator of the probe transition.

because of the complete interference cancellation be-
tween the transitions of |1) > |2) and |1) + |[3).

The heights of the two spectral components by the
solid curve in Fig.2(a) are still symmetric because of
41 = p_1, while they are higher than those by the
dashed curve in Fig.2(a) because of the interference
enhancement contribution of Im(x;) and Im(x,), as
shown in Fig.2(b). From Fig.2(b), it is also distinct
that the contribution of Im(x;) and Im(y,) to the
transition of |1) <> |0) is interference cancellation, al-
though the corresponding values are too small to be

observed.
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Fig.4.
Doppler broadening against A, for Gc=40 and A.=60.
(b) The dashed (solid) curve Im(x,) (Im(x,)) corre-
sponds to the contribution of p,, (p;5) to the curve in

(a) The absorption spectrum Im(x) without

(a). Other parameters are the same as those in Fig.2.

In Figs.4 and 5, two cases in which A, # 0 are
taken into consideration, and we always observe three
spectral components. Figure 4(a) corresponds to the
case where the coherent field is at resonance with the
transition |3) <> |4). The locations of the left two
spectral components are similar to those observed in
a three-level ladder system, but those heights are not
symmetric again because the coherent field is so strong
that level |2) is coupled into them. Although the
eigenvector of the dressed-state level |0) is difficult to
obtain in this case, it can be inferred that the contri-
butions of levels |2) and |3) to |0) should be opposite
and unequal. Thus, due to the incomplete interference

cancellation between the transitions of |1) +> |2) and
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[1) <> |3), the middle spectral component is very small
compared to the other components, which can also be
explained by Fig.4(b). In Fig.4(b), the contributions
of Im(x;) and Im(x,) to the transitions of |1) < |—)
and |1) <> |+) are interference enhanced, while their
contribution to the transition of |1) > |0) is interfer-

ence cancelled, which is the same as in Fig.2(b).
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Fig.5. (a) The absorption spectrum Im(x) without

Doppler broadening against Ay for G¢=40 and A.=100.
(b) The dashed (solid) curve Im(x;) (Im(x,)) corre-
sponds to the contribution of p;, (p;3) to the curve in

(a). Other parameters are the same as those in Fig.2.

Figure 5 corresponds to the case when the coher-
ent field is very far off resonance with the transition
of |2) <+ |4). Then the height of the middle spectral
component becomes closer to that of the left spectral
component because level |2) cannot be effectively cou-
pled into |3) and |4). Just as shown in Fig.5(b), the
interference cancellation and enhancement of Im(x;)
and Im(x,) become much weaker. It can be concluded
directly that the left two spectral components will be
the same as those observed in a corresponding three-
level system if we choose G, < A and A, > A, since
a weak and off-resonant coherent field cannot act on
|2) effectively. So only when the coherent field is far
off resonance with the transition [2) < |4) and its
Rabi frequency is very small compared with the fre-

quency difference between levels |2) and |3), can this

homogeneously broadened system be simplified into a

three-level system composed of levels |1), |3) and [4).
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Fig.6. The Doppler-broadened (a) absorption spec-

trum Im(x); (b) dispersion spectrum Re(x) against

Ap for wp=>530, vp=250m-s 1, we=0.99wp. The dot-

ted, solid, dashed curves correspond to G¢(A¢)=0, 40,

40 (0, 0, 60), respectively. Other parameters are the

same as those in Fig.2.

Next, we show a few cases where the velocity dis-
tribution of atoms is included. In the following cal-
culation, the most probable velocity vy, is set to equal
250m-s—1, the Doppler width of the probe transition
dwp = ZMWP’UP/C is set to equal 530, and the fre-
quency of the coherent field w, is set to equal 0.99w,.
In Figs.6(a) and 6(b), the dotted curves correspond
to the situation where the coherent field does not ex-
ist, the solid curves correspond to the situation where
the detuning of the coherent field A. equals zero, and
the dashed curve corresponds to the situation where
the detuning of the coherent field A. equals A. All
curves have been scaled by the value at the point of
Ap=0 in the corresponding dotted curve. It is evi-
dent that only one EIT window with high dispersion
at the point of A, = A, is observed when the coher-
ent field is employed and, with the same parameters,
we can get the same results as those shown in Fig.6,
if we consider this system as composed of levels |1),
|a) and |4), where |a) is located at the centre of sub-
levels |2) and |3) (i.e. w, = wp). Hence, even in an

atomic system with two hyperfine sublevels, as long
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as it is optically thick (the Doppler width is much
larger than the frequency difference between hyper-
fine sublevels), we can still have a Doppler-broadened
absorption spectrum similar to that of a three-level
system. The above results can be easily generalized

to systems with more hyperfine sublevels.

4. Conclusions

In summary, we have studied the steady-state ab-
sorption and dispersion spectra of a four-level ladder
system with two hyperfine sublevels driven by a coher-
ent field. After obtaining the complex susceptibility x,
which is relevant to the absorption and dispersion co-
efficients, by a straightforward semiclassical analysis,
a few graphic results have been shown and analysed

in the dressed-state representation.

The following have been found. (a) If the sys-

tem under study is considered to be homogeneous,
there may be two or three spectral components on
the probe transition, whose locations depend on the
detuning and intensity of the coherent field, indicat-
ing that the EIT of the two sublevels can be easily
controlled by only one field. (b) The contributions of
Im(x;) and Im(x,) to the spectral side components
are always the same, while those contributions to the
centre component are always opposite to each other,
in particular the centre component disappears when
A.=0 because of the complete cancellation. (c) If the
system is considered as inhomogeneous and optically
thick, we will always observe one EIT window with
high dispersion under the action of the coherent field,
which is the same as that of a three-level system ex-
cept for the location of the EIT window. Therefore the
atomic hyperfine structure cannot be an impediment
for obtaining EIT.
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