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1. Introduction

The field theories that describe spin 0, 1/2 and
1 fields have been well established and they provide
powerful tools in many areas of application. An exten-
sion of these to the theory that could describe fields of
an arbitrary half-integral spin is of crucial importance
both in theory and in applications. Theoretically, this
theory is a foundation for the complete Fermi—Dirac
statistics. In applications, the analysis of amplitudes
in high-energy processes relies on explicit high-spin

relativistic wavefunctions.[!—3!

Based on the work of Dirac and Fierz,[*~©
Bargmann and Wigner!” found a set of general equa-
tions for an arbitrary spin more than half a century
ago, to our knowledge. However, except for the sim-
ple cases of spin 1/2, 1 and 3/2, this set of equa-
tions has not been solved rigorously (see, for exam-
ple, Ref.[8]).
method to solve the Bargmann-Wigner (B-W) equa-

Recently, we have proposed a rigorous

tion for spin 5/2.[9] In this paper, we generalize this
method to the more general cases, that is to solve
the Bargmann—Wigner equation for an arbitrary half-
integral spin and to deduce correspondingly the ex-
plicit relativistic wavefunctions, and thus to constitute

a complete theoretical system.

2.Bargmann—Wigner equation
for an arbitrary half-integral
spin
The original form of the B-W equation for an ar-
bitrary half-integral spin n+1/2 reads!”!

(a + m)alall wallﬁlazﬂzmanﬁnp(x) = 07 (13“)

(@ + m)ﬁh@i alﬂiazﬁzmanﬁnp(x) =0, (1b)
@ + m)azaé 061,310412/32"'0¢nﬂnp(m) = 0’ (IC)

(a + m)ﬂzﬁé alﬁlazﬂ;"'anﬁnp(x) = 0’ (1d)

(@ + M)anar, Yoy praspsalap(@) =0,  (le)
(@ + M), YarBraspsanprp(z) =0,  (1f)

(a + m)PP' Wa1ﬁ1a2/82"'anﬂnpl(m) =0, (1g)

where Yo, 8,0,8:-anp.p(T) is a completely symmetric
multispinor of rank 2n+1. In order to solve this set of
equations in coordinate representation, we first trans-
form them into a form more easily solved by generaliz-
ing the procedure used to deal with the B-W equation
for spin 5/2.[°]
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On the one hand, by utilizing Dirac equations
(1a) and (1b), (1c) and (1d),..., (1e) and (1f), and
taking into account the symmetry requirement of

Vo, Brasfa-r-anBnp(®) in the indices oy fraz0s - - - o By,

Vo1 B1a28s--anbnp(T) 1s expanded as

Walﬂlazﬂz"'anﬁnp(x)

= H(im'yl/jc + X0, CO; oy, g (z), (2)
j=1

where C = 7457, is the charge conjugation matrix,
7 C and X, ,C are the symmetric matrices, and
@yrvzvn () is the tensor-spinor satisfying the follow-

ing equations
(O = m?) @ (z) = 0, (3a)
8, Uy (k) =0 (i=1,2,--,m),  (3b)
7 (z) = 0, (3¢)

W/;--V¢Vi+1-~~(l,) — Wl')"'/i+1’/i"'('r) (Z =1,2,---,n — 1).

(3d)

On the other hand, ¥.,8,0,8;--a,.8.p(¢) satisfies

the Dirac equation (1g) concerning the index p. Sub-
stituting Eq.(2) into Eq.(1g), we have

H (imy,C + X0, COp;) a8,

=1
X (@ +m) p U5 (2) = 0.

Because of the independence of matrices v, C and
2,,,C, this equation leads to (omitting the spinor in-
dex p)

(@ +m) gz () = 0. (3e)

Furthermore, the right-hand side of Eq.(2) is symmet-
ric with indices a181a20s - - - @ By,. In order to make
sure that ¥y, 8 0s8:an8,p(¢) 18 completely symmet-
ric with all the 2n + 1 indices a1 102085 - - - anfBnp, We
further require that the right-hand side of Eq.(2) is
also symmetric with indices a,(,p. A condition for
this requirement is that the contraction of the part of
(im7,,,C + 24,0, COp, g, U7V () in equation
(2) with the three independent antisymmetric Dirac
matrices C~1, C~!v; and C1vy57y, with respect to

the indices §,, and p vanish, namely

(imv,,,C + X110, COu )
@O, =0, ()

(imv,,,C + X1, 0, C0u, o,
X Wy (2)(C 1 yg) g, = 0, (4b)

(imy,, C+ X n,,ncaun)angn
X W2 (3)(C Y573 ) gap = 0. (4c)

Expanding Eqs.(4) and using Egs.(3a)—(3d), we find
(omitting the spinor index p)

Voo (P + m) T2 (2) =0, (5a)

B U () 4 7, () + ) P (1) =,
(5b)
(@ 4+ m)wrzrn(g) = 0. (5¢)

Both Egs.(5a) and (5c¢) are equivalent to Eq.(3e), and
the last term of Eq.(5b) vanishes while the first term
gives

B () = 0, (36)
Combining all the above results, we obtain the wave

equations for spin n 4 1/2

Walﬂlazﬁz'”anﬁnp(x)

= [[Gmy,C + Z,0,C,)asm, ¥ " (), (6)
j=1

where )12 (z) is a rank n tensor-spinor satisfy-
ing the following equations (the spinor index p is sup-
pressed)

(O —m?) g (z) = 0, (7a)

aVi !plllllz---u,----y" (ﬂ',') =0 (Z — 1’ 27 . 7n), (7b)

P (@) = 0, (7c)

P (g) = UM () (1= 1,2, ,n - 1),
(7d)

(@ +m) e (z) = 0, (7e)

Y, TPV () = 0, (71)

3. The Lagrangian density

The Lagrangian density for fields with arbitrary

half-integral spin could be expressed as

L) == T @)@ 4 )
L )00, 42,0, 9 2)

_ EEW’T"V"
3

—FV1V2 ' VUn

with ¥ (z) = Gos 2 Ga i ...gun#n%( GH1H2
T , 1v2vitt¥n () @ symmetric tensor-spinor sat-
(), e o) tric tensor-spinor sat

(@)Y (P — M)y, T2 (2),(8)

isfying the condition ¥*""(z) = 0. Substituting
Eq.(8) into the Euler-Lagrange equations
oL oL

Iz — VU2 Up

08,9

0]

— VU2 Upn ?

) v
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we have or in a discrete form with a simplified notation
1
() ) £ 1A g )
(0B o Yl (p)e b (ple P, (17)
+ gapB - g’}’u(a - m)B =0, (9) \/v — ’
p

where

A= 0,07 (2), B = 5,07 (2). (10)
Multiplying Eq.(9) by v, gives
24 = mB. (11)

With 0, acting on Eq.(9) and with the aid of Eq.(11),
we have

A=0. (12)

From Egs.(9)—(12), the following field equations could

be reproduced

b )

(0 — m2) v (z) = 0, 8, ¥ " (z) =0

(@ +m) @ (z) =0, 4 #72 (2) =0,

which are in agreement with Eqs.(7).

4.Solution to the B—W equation
for spin n+1/2

We now generalize the method!®! used to solve the
B-W equation for spin 5/2 to the more general cases
for spin n+ 1/2. We begin with ¥*1¥2""¥n(z) which is
expanded into plane waves

ViV, d4p ipx yviva-v
grive "(x):/(27r)4ep grvee(p).  (13)

Substituting Eq.(13) into Eq.(7a) yields
(1 + m2) B () = 0. (19)

By virtue of z8(z) = 0, ¥**2"*~(p) in Eq.(14) could

be written as

Pliv2n (p)

=5(p® +m?*)B"""" (p)
1

=57 0(E —po) +8(E + py)] B"7(p), (15)

where E = 1/p? + m?2. Inserting Eq.(15) into Eq.(13)

and integrating over p, gives

Wulugn-un(x)
d3p 1 ...
_ 1p-r71EtBu1V2---Vn E
| gt (. )

+ e—iﬁ-F+iEtBu1u2--~un (_p’ —E)], (16)

where a”1¥2"(p) and b”'¥2""~ (p) correspond to the
positive and negative solutions respectively, and V'
is the normalized volume. Substituting Eq.(17) into
Eqgs.(7b)—(7d), we obtain equations in momentum rep-

resentation

P, b (p) =0 (i=1,2,---,n), (18a)

a”""(p) =0, b (p) =0, (18b)
QI (p) = @ (),

s (p) < b () (180

Utilizing p,eX(p) = 0, the solution to Eq.(18a) could

be expressed as

ViV -V,
a’1v? n(

p) = et (P)exi(p) - eX" (P)ar, x,-. (P)

()‘i = 1505_1)7 (198.)

b1 (p) = eyt (p)ext (p) -« - ex” (p)bY s,...x, (P),

(19Db)
where ay, x,..-x, (p) and b;:)\z"')\n (p) need to be further

determined. eé (p) are the eigenstates of the helicity
Ipl
their explicit form has been given previously,®] while

operator S - with eigenvalues A = 1,0,—1, and

=V

e5(p) = guu(eX(P))*s g = diag{1,1,1,-1}. (20)

We use Eqs.(18b) and (18c¢) to determine ay, x,...x, (P)
and b;Az--J\n (p) in Eq.(19) in a step-by-step way. For
the simple case of n = 2, the method used to de-
termine ay,»,(p) and b;)\z (p) has been presented in
Ref.[9], in what follows we further give the procedure
that determines ax,x,x,(p) and b;:)\z)\a (p) for the case
of n = 3 and we then give directly, as a generalization,
the result of ay,,..x, (p) and bj\l)\z---An (p). For the
case of n = 3, Eqs.(18b) and (18c) could be expressed

explicitly as

a”"(p) =0, b (p) =0,
a?’1v2vs (p) = qY2V1vs (p)’ privavs (p) — pY2vivs (p)’
(21a)
a’*?(p) =0, b*(p) =0, (21b)
a”¥?"s (p) = a”'****(p), 62" (p) = b2 (p).
(21¢)
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Using the result for the case of n = 2 (see Ref.[9]), we
find from Eq.(21a)

ViVa

p) = €x1a (p)eiss (P)ax,,z, (P);
pvivzvs (P) — 61;11:2 (p)—is (p)b_;lzz\g (P), (22)

ViUV,
a123(

where

vivz

€1 (p)

—Zexl

A1 o

<1 )‘lala)‘2|1 7)‘12>

(Al? = 271707_17_2)7 (233‘)

€ (P)

— Y e (p)

A1z

P){(1,A1;1,A2]1,1,2, A12). (23b)

Substituting Eq.(22) into Eq.(21b) yields

viv 14

ety (p)eX, (P)ax,,x (p) =0,

viv

extr(plex, (p)by 5, (P) = 0. (24)

By virtue of (see Ref.(9))

ex(p) =

Eq.(24) can be rewritten as

Ll/l/ l/ ((‘))7 LVUlLl/l/z — 5,/11/2’

ezw(o)eia (0)‘1)\12)\3 (P) =0,

extr(0)ex, (0)b3,,x, () = 0.
Now we focus our attention on the solution to
Eq.(25a), and the solution to Eq.(25b) will be ob-

tained in the same way. Equation (25a) indicates that

(25a)

(25b)

ax,,xs (P) is related to two magnetic quantum num-
bers A2 and A3 (A2 = 2,1,0,—1,—2,A3 = 1,0,—1).
Recalling the Clebsch—Gordon coefficients for coupling
two spin angular momenta with spin 2 and spin 1 re-

spectively, a general candidate for ay,,x,(p) is

AX13)3 (p) = Z<27 A12; ]-7 /\3|27 173am>a3m(p)

+) (2, M025 1, 4312, 1,2, m)agne (P)

+) (2, M02: 1, 4302,1,1,m" Y@y mn (p)

m'’

(m = 35 25 ]-a Oa 7]-7 727 73;
m =2,1,0-1,-2; "'=1,0,-1). (26)
Letting

512 (0)

m

= 3 e

A121)‘3

0 (0)(2,A125 1, A3(2,1,3,m), (27a)

Vol. 11
€om’ (0)
= ) er2(0)e (0)(2, Aaz; 1, As[2,1,2,m), (27b)
A127A3
el (0)
= ) exr2(0)eX (0)(2, Mi2; 1, As[2,1,1,m"), (27c)
>\127>‘3
then Eq.(25a) takes the form
€5m. (0)asm(P) + €3, (0)azm (P)
+ €417 (0)ay e (p) = 0. (28)

With the help of the explicit form of Eq.(27) and the

following sum relations

ef(0)ey (0) = eZ,(0)e”,(0)
=¢5(0)er (0) = ( )es (0)
=e”1(0)eg(0) = eg(0)eZ,(0) = 0,

€ 6 0) = ]-a
we find
egirl;u(o) =0 ( - 3727 170 -1 _27 _3)7
err0)=0 (m'=2,1,0-1,-2),  (29)

5
VY (0) = _\ﬁe;;,, 0)£0 (m"=1,0,-1).

(29b)
Substituting Eq.(29) into Eq.(28) gives
100 (p) = 0. (30)
Thus Eq.(26) is simplified to
1224 (P)
= Z<27 )‘12; 17 )\3‘27 17 3>m>a3m(p)
—|—Z<2,)\12;17)\3|271727ml>(12m1(p); (31&)
and, similarly, Eq.(25b) leads to
b3 120, (P)
= (2, M12; 1, A3[2, 1,3, m)bi,., (p)
(31b)

+ > (2,023 1, A82,1,2,m")b5, . (p).-
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On the other hand, the symmetric condition (21c) re-

quires
AX12 s (p) = Ax3);2 (p)’ b;m)\g (p) = b-)\:)\m (p) (32)
However
<27 >‘12; 17 >‘3|27 17 37 m> = <17 A37 25 Al?‘la 27 37m>a
(33a)
<27 )‘12; 17 )‘3|27 17 27 ml> = _<17 )‘37 27 )‘12|1a 2a 2a m’>'
(33b)
Substituting Eq.(31) into Eq.(32) and with the aid of
Eq.(33), we have
by (p) = 0. (34)
Therefore Eq.(31) is simplified to

Ax1223 (p) = Z<27 )‘12; 17 )‘3‘27 17 37 m>a3m(p)7 (35&)

m

bi_u)\s (p) = Z(za A12; ]-7 A3|27 17 37m>bg_m(p)a (35b)

m

A2/ (p) = 05

and Eq.(22) becomes correspondingly

a”"?"(p) = e, (P)asm (p),
b2 (p) = @™ ()b, (P), (36a)
with
o) = Y ) p)ek (o)
A1A2)3
X <1a )‘17 17 A2|1a 15 25 A12>
X <27A12;17A3|271737m>7 (36b)
égirl:zw (p) = ngngVzlegValbs (6gr1nu2u3 (p))*

(m=3,2,1,0,—1,-2,-3), (36¢),

or (using the Wigner formula for the Clebsch—Gordon

coefficients and omitting the index 3)

evivava(p)
1
= 3 @R @) P)d(M + A2 + Az, m)
A1 A2 Az3=—1
(3+m)!(3 —m)!

- . (36d)
90 TT(@+ Xt —A)!

Generalizing the above procedure, ajy,a,...a, (p) and
bi)\zm)‘n (p) in Eq.(19) can be determined in a step-
by-step way. When the final result is inserted in
Eq.(17) we have

ViVs3 -V, 1 ViV2+Un ipz
g (z) = Z[eM (p)am(p)e™
P

+e (p)by (P)e )], (37)

with M=0,+1,42,---,+n,

5 (p)

1 n
= > [
Ai=—11i=1
n—1
X @A+ A+ X
i=1
L], L+ 1, + Ao+ A1)
1
Ado-e Ap=—1
2"(n+ M)!(n — M)! o,
D [ ). (39)
@n) T+ 2011 = x)r =t

i=1

~

S+ X+ - A, M)

n

Substituting Eq.(37) into Eq.(7e) yields
(if + m)an(p) =0 (=ip+m)by(p) =0. (39)

These are the Dirac equations for spin 1/2 and their

solutions are (see Ref.[9])

CLM(p) = Ur(p)aMm(P)a

1 1
Vo) = @b, ) (r=3.-3) (0)
Inserting Eq.(40) into Eq.(37) gives
o ) = S (P (Pan ()
\/V ~ M ,

+ e (P)ve(p)bas . (P)e )] (41)

With this expression, Eq.(7f) becomes

Yer? " (p)ur (p)ar, - (p) = 0, (42a)
ey (p)vi(P)byy . (P) = 0. (42b)

Hence Eq.(42a) can be rewritten as (see Ref.[9])

ey (0)ur(0)arr(p) = 0, (43)

where an-(p) is related to two magnetic quantum

1
M =0,£1,+2,--- £n;r = 2’

1
—5) Recalling the Clebsch—Gordon coefficients for

numbers M and r

coupling two spin angular momenta with spin n and
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spin 1/2 respectively, a general candidate for apr,-(p)  However

is
v B 1,3 1
W@ =0 (mexhal (o),
anm,-(p) (47a)
_ 1 1 1 o [2n41
_; ’I’L,M,i,T|n,§,’I’L+ §7m>an+%,m(p) VVUn_2%7m7(0)2175 " Unz——m ( )#0
1 1 1 3 1
+Z<R,M;5,r|n,§,nE,m'>an_§7m,(p) <m =+5,%5 ,:i:<n—§>> (47D)
Substituting Eq.(47) into Eq.(46) yields
1 3 1
— - 4+ L+ -
(m 25 27 3 <n+ 2>7 an—%,m’(p) = O7 (48)
13 1 . . 1,
m' = :I:E,:Izg,-n,:lz n—5]) (44) and Eq.(44) becomes (omit the index n + 5
Letting an-l—%,m(p))
yrve _ X2 Vn (n)q, 1 1 1
n+2,m (p) %ﬂ M (p) (p) aM,r(p) :;<n’M;§’rn,§’n+§’m>am(p).
1 1 1
X <n,M;—,r|n,—,n—|——,m>, (45a) (49a)
2 2 2 Similarly, Eq.(42b) leads to
Vi 0 = 3 (M3 Jorln o+ 5m 00
Vivs Viva- ~\P) = n, Yo T, 55 5o )0 (P).
Uy (p) = e (p)u,(p) M, - 2 2 2
M,r (49b)
<n M: 1 In, %’ n— % /> (45b) Inserting Eq.(49) into Eq.(41) gives the final result
g1V - - [Vivz=vn ipx
then Eq.(43) takes the form @) \/Vzﬁ:[a )V ()
B + b (p) Vv ve (p)e™PT)] (50
Un+2 mn (O)an-f-%,m(P) (p) (p) )l (50)
+% U2 (0)a, 1, (P) = 0. (46)  with
1 1/2 n

g =3 S IIex A1+ A2+ Ap +1,m)

Az, Ap=—1 p=—1/2 i=1

2n<n+z+m>!<n+;_m>! .
2n+1'ﬁ ,\i)!<%+r>!<%—r>!

1 1/2 n

Vnullugn-un — Z Z H 1 )\1 + )\2 + - An + m)

A1z, Ap=—1 r=—1/2 i=1

) <n+2—|—m> <n—|—%—m>' | 62)

(2n +1)! ﬁ(l L= A)! (; + 7‘) ! <; - r>!
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where the Wigner formula for the Clebsch—-Gordon co-

efficients has been used in the last step. By utiliz-

ing the normalization and orthogonality properties of

e¥ (p), ur(p), vr(p) and the properties of the Clebsch—
Gordon coefficients, it can be shown that both the
positive and negative solutions possess normalization

and orthogonality properties.
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