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For the nonlinear wave equation with quartic polynomial potential, bifurcation and solitary waves are investigated.

Based on the bifurcation and the energy integral of the two-dimensional dynamical system satisfied by the travelling

waves, it is very interesting to find different sufficient and necessary conditions in terms of the bifurcation parameter

for the existence and coexistence of bright, dark solitary waves and shock waves. The method of direct integration is

developed to give all types of solitary wave solutions. Our method is simpler than other newly developed ones. Some

results are similar to those obtained recently for the combined KdV-mKdV equation.
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1. Introduction

In the several decades, the

waves of some fundamental nonlinear wave equa-

past solitary

tions such as the sine-Gordon (sG), Klein—Gordon
(KG), Korteweg—de Vries (KdV)
Schrodinger (NLS) equations have been investigated

and nonlinear

extensively.' "4 In Ref.[1], the solitary and shock
waves of partial differential equations (PDEs) were
viewed as the homoclinic and heteroclinic orbits of
ordinary differential equations (ODEs) satisfied by
the travelling waves. In Ref.[5], a one-dimensional
damped system was investigated and different soli-
In Ref.[6], kinks in a

system with degenerate critical points for the poten-

tary waves were predicted.

tial possessing two minimal values were discussed.
For solving the exact periodic, solitary wave and
multi-soliton solutions of various nonlinear PDEs, the
inverse scattering method, Backlund transformation
and bilinear form were the most used methods. In re-
cent years, some new methods such as homogeneous

7=10] hyperbolic function expansion!'*—13]

balance,|
and elliptic function expansion'# have also been de-
veloped. However, the mechanism for the existence
of different solitary waves of nonlinear PDEs is not
known completely. The newly developed methods are
not simple. The method of direct integration has

not been well developed to give all types of solitary

waves, although it is standard. For these reasons, re-
cently we studied the solitary waves of a perturbed
sG and the combined KdV-mKdV equation based on
bifurcation!'®16] and we obtained some new results.
In this paper, we apply the methods in Refs.[15]
and [16] to the nonlinear wave equation with quartic
polynomial potential, U(u) = iu‘l—i—émﬁ—i—%ﬂzﬂ—/\u,

namely,

Ugy — Cotlyy + U’ (u) = 0, (1)

where subindices indicate the second-order deriva-
tives with respect to the corresponding variable. A
vast variety of important nonlinear systems, such as
the standard ¢* model,l? the combined KdV-mKdV

3,16] the system with potential function pos-

equation,!
sessing two minimal values,®% have the form of po-
tential function like U(u) directly or indirectly. For
a = 0 and A = 0, a dissipative nonlinear wave equa-
tion with quartic polynomial potential was studied
and the exact solitary wave solutions were given by
the homogeneous balance method.!8! In this paper, we
investigate the existence and solvability of the solitary
waves of Eq.(1) based on the bifurcation and the en-
ergy integral of a two-dimensional dynamical system
satisfied by the travelling waves. In section 2, we anal-
yse the bifurcation of equilibrium states by selecting A
as the bifurcation parameter. In section 3, we obtain

different sufficient and necessary conditions for the ex-
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istence and coexistence of solitary or shock waves. In
section 4, we give all types of solitary wave solutions

by direct integration.
2.Bifurcation analysis

In this section, as a preparation for studying the
solitary waves of Eq.(1), we analyse briefly the bifur-
cation of equilibrium states of the ODE satisfied by
the travelling waves of Eq.(1).

Setting2 u=1u(§), & =x—ct in Eq.(1) and denot-

ing u' = we obtain

u
dgz’
e RO 2)

2 —c2 ’
where the constant ¢ is the wave speed, f(u) =
U'(u) + A = v + au® + Bu. Equation (2) describes a
generalized nonlinear oscillator and can be rewritten

as the following equivalent two-dimensional dynamical

system
{u'zv,
1 (3)
v = CQ_C%[—f(u)—i—)\],
du dv
e B
Whereu—df,v &

The bifurcation of equilibrium states of Eq.(3) can
be analysed by selecting A as the bifurcation parame-
ter and generalizing the method of bifurcation analy-
sis for the absorptive optical bistability equation.'”]

If a® > 38 or A = o? — 33 > 0, then Eq.(3)
has two bifurcation points denoted by (up1,0,Ap1)

1
—g(/\ + VA), wy =

1 .
-3 - VA), Ap = f(upr) and Apa = f(up), which
are defined by f(u) = X and f'(u) = 0.
f'(u) = 3(u — up1)(u — up2) and up; < upz, we have

and (upz,0, Ap2), where up =

Since

A2 < Ap1. Equation (3) has an infinite number of
equilibrium points like (u(\),0,A) with u()) satisfy-
ing the equation f(u) = A, which is called the equi-
librium curve. The algebraic equation f(u) = A has
three solution branches that depend on the bifurcation
parameter A as follows: u = wui(A), u; > upy (upper
branch); u = ua(A), upy < uz < upe (middle branch);

and u = uz(\), uz < upz (lower branch). Furthermore,

du; dus du
P ﬁ>0andd—)\2<0.

If ¢? < ¢, then (u1,0,\) and (u3,0,)) are both
unstable saddles, whereas (uz,0, A) is a stable centre.
Hence the bifurcation diagram of Eq.(3) when ¢? < ¢2
is the S-shape curve depicted in Fig.1(a). Similarly,
the bifurcation diagram of Eq.(3) when ¢ > ¢2 is the

S-shape curve depicted in Fig.1(b). In Fig.1, the solid

and ‘+’ typed lines denote the stable centres and the

unstable saddles, respectively.
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Fig.1. The bifurcation diagrams of Eq.(3).

3. The existence of different soli-

tary waves

In this section, in order to show the mechanism for
the existence of different solitary waves of Eq.(1), we
investigate the existence of different homoclinic and
heteroclinic orbits of the ODE (3) based on the bi-
furcation diagram of Fig.1 and the energy integral of
Eq.(3) as follows

%1;2 +P(u) = 4, (4)

where A is the integral constant denoting energy, and

P(u) is the potential function

P(u) :ﬁ Uu Fu)du /\u]
1

] 5)

For the bifurcation parameter A\ in the bistable
range, we know from Fig.1 that three branches of the

equilibrium solutions coexist when Apy < A < Apg.
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Hence for the bifurcation diagram Fig.1(a) and ¢® <
cZ, if a heteroclinic orbit of Eq.(3) exists connecting
the saddle (u;,0,A) with the saddle (us,0,A), then
there is a shock wave of Eq.(1). An important and
interesting phenomenon is that there is a homoclinic
orbit of Eq.(3) starting from the saddle (u1,0,\) (or
(us,0,A)) and returning to the saddle (uy,0,A) (or
(us,0, A)) itself. Thus there is a dark (or bright) soli-
We emphasize here that this

phenomenon depends on the bifurcation parameter A

tary wave of Eq.(1).

and has not been analysed elsewhere for Eq.(1). In
the following analysis, we divide the whole discussion
into two cases.

Firstly, we study the case of the bifurcation dia-
gram Fig.1(a) and ¢ < 2. Taking v = 0 in the en-
ergy integral (4), we obtain the equation of the equi-
potential line by P(u) = A. Since in Fig.1(a), the
integral constants of orbits of Eq.(3) passing through
the saddles (u1,0,) and (ug,0, ) are respectively

A1 :P(ul), A3 :P(U3),

the corresponding equations of the equi-potential lines
are P(u) = A; = P(u;) and P(u) = A3 = P(ug), or

respectively

Gi(u) = P(u) = P(u1) =0, (6)
G3(u) = P(u) — P(u3) = 0, (7)
where G1(u) and Gs(u) satisfy lirjrzl Gi(u) = —©
U—> L OO
and liril G3(u) = —oo, respectively. Equation (4)
U— 00

now becomes two different forms as follows

u' = £+/2[P(u1) — P(u)],

2[P(u3) = P(u)],

for u s.t. P(us) > P(u) or G3(u) < 0. (9)

The existence of the solitary waves of Eq.(1) is related
to the algebraic Egs.(6) and (7).
Eq.(6) mainly. On one hand, since

We now consider

1
Gi(u) :m[f(u) = A
:ﬁ(u—ul)(u—ug)(u—u;g)
Az <A< Ay,

we have G1(u1) = 0, G} (u1) = 0 (i.e. Eq.(6) has a dou-
ble root u1), and G{(u) > 0 when ug < u < uy. On

the other hand, if and only if P(u3) > P(u1), G1(u)
satisfies the following two conditions:

(i) G1(u) is continuous in the closed interval [u
uz| and has a derivative function Gj(u) = (f(u) —
A)/(c? — ¢2) with a fixed sign in the open interval (u3
uz);

(il) G1(u2) < G1(u1) = 0 and Gy(u3) = P(ug) —
P(uy) > 0.

Therefore according to the well-known existence theo-
rem of zero points of continuous functions, G1(u) has
a unique zero point uj, € (us ug), which is a single
root of Eq.(6) other than the double root w;. It is
also known that G;(u) < 0 or P(u;) > P(u) only
when uf, < u < uj. The function P(u) can be illus-
trated as in Fig.2(a). By using the geometric relation
between the potential function of the Hamilton sys-
tem and the homoclinic orbit on the phase plane, we
know that there is a unique homoclinic orbit of Eq.(3)
starting from the saddle point (u1,0,A) of Fig.1(a)
and returning to the saddle point (uy,0,\) itself, as
illustrated in Fig.2(b). It is easily seen that u on the
homoclinic orbit varies between u; and uj,. The ex-
istence of a unique homoclinic orbit of Eq.(3) implies
that there is a unique solitary wave of Eq.(1) with the
height uy — u}, under the given condition. Moreover,
the solitary wave is a dark one.

Plu)
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(a) The potential function.
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A
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(b) The homoclinic orbit on the phase planc.

Fig.2. The geometric relation between the potential

function and the homoclinic orbit on the phase plane.

In summary, we have obtained the first sufficient
and necessary condition:

Condition (I) If and only if P(us) > P(uq1),
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there exists a unique dark solitary wave of Eq.(1) with
the height u; — uj,.

In the same way, we have another two conditions:

Condition (II) If and only if P(u3) < P(u),
there is a unique bright solitary wave of Eq.(1) with
the height u3, — uz, where U3, € (uz up) is unique
single root of Eq.(7).

Condition (IIT) If and only if P(u3) = P(uy),
there is a pair of shock waves of Eq.(1) with the height
u; — us3.

It follows from condition (III) that Gi(u3) =
G3(u1) = 0. Hence Gi(u) = Gs(u) = G(u). At
this stage, G(u;) = G'(v;) = 0,4 = 1,3, or G(u) =

(u—uy)?(u—wuz)?. This determines a critical
—a/3 at which the bright and

dark solitary waves of Eq.(1) are distinguished from

4(c2 — ?)
parameter value A\, =

the shock waves. Furthermore, in terms of the bifur-
cation parameter A, the three sufficient and necessary
conditions can be rewritten respectively as follows.

Condition (I)’ If and only if A\ps < A < Asp,
there is a unique dark solitary wave of Eq.(1) with
the height u; — uj,.

Condition (II)’ If and only if Ao, < A < Apy,
there is a unique bright solitary wave of Eq.(1) with
the height u3, — us.

Condition (III)’ If and only A = A, there is a
pair of shock waves of Eq.(1) with the height u; — ug.

Secondly, we study the other case of the bifurca-
tion diagram Fig.1(b) and c? > cZ. We can also obtain
three different conditions for the existence of solitary
waves of Eq.(1) by modifying the previous discussion.
Thus the results are listed without detailed analyses.
The equation of the equi-potential line of the orbit
passing through the saddle (u2,0) is

Ga(u) = P(u) — P(ug) =0, (10)

where Ga(u) satisfies the condition ugrjrzloo Ga(u) =
+o0. Equation (8) has a double root us. We have
Condition (IV) Ifand onlyif Aja < A < Ap1, a
bright solitary wave of Eq.(1) with the height u}; —us
and a dark solitary wave of Eq.(1) with the height
Uy — Upg coexist, where uj; and uj, are two single
roots of Eq.(10) satisfying ujs < us < ug < uy < uj;.
Condition (V) If and only if A = Ay, there is|

s (u — u1y) + i o — g e Bmlwul—u;g)( e - 6]

a unique bright solitary wave of Eq.(1) with the height
uj; — Up1, where up; is a triple root of Eq.(10), uj; is
unique single root of Eq.(10) satisfying uj; > u.

Condition (VI) If and only if A = Ay, there is
a unique dark solitary wave of Eq.(1) with the height
Upy — Uy, Where upy is a triple root of Eq.(10), uj, is
unique single root of Eq.(10) satisfying uj, < us.

We have seen that the mechanism for the exis-
tence of different solitary waves of Eq.(1) is quite clear
on the basis of the bifurcation diagram Fig.1 and the
The simplest condition (III)’ is
just the well-known case (usually a=0, ., = 0). Ac-

energy integral (4).

tually, these interesting conditions modify those pos-
sible ones of Ref.[6].

4. The solitary wave solutions by

direct integration

In some simple cases, the solitary wave solutions
may be given in the limiting cases of the periodic
wave solutions expressed by the elliptic functions (see
Refs.[1] and [3] for examples). However, in most cases,
in seeking the solitary wave solutions of PDEs we en-
counter mathematical difficulties, and a large variety
of analytic methods have to be adopted.[7=1¢! In this
section, we give briefly all types of solitary wave so-
lutions of Eq.(1) using a direct integration method
similar to Ref.[16], in which one can find more details
for the combined KdAV-mKdV equation.

From the energy integral (4), and the further
qualitative results and some notations in section 3, we
conclude that different solitary waves of Eq.(1) must
satisfy different forms of Eq.(4).

(i) If ¢ < ¢ and My < A < Ao, except for the
double root uy, Eq.(6) also has another single root uj,
satisfying uj; < uz. Hence

1

——02)(u1 —u)"(u—ujy)(u—uis),

Pl e

—P(u) =

by Eq.(8), and the dark solitary wave of Eq.(1) now
satisfies the ODE

u! = by (uy — )y (0 — uy) (1 — uiy)
uls <u < ug, (11)

where m; = . Integrating Eq.(11) yields

2(c2 — ¢?)

u =

* *
ujs —ujp + (ur — uj;)sech? [ may/(u1 — ui,)(

; (12)

e - o)
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where & is determined by the initial value uy = u(0).
It holds that u — uy as £ — Foo.

another single root uz; > wuy.

u =

solitary wave of Eq.(1) satisfies the equation

! = e (= g )y (u — ) (u — w3y

(i) If ¢ < ¢ and A\er < A < Ap1, Eq.(7) also has Uy S S gz (13)
By Eq.(9), the bright  Integrating Eq.(13) yields
|
ug(ujy — udy) + uly(ul; — ug)sech’ { ma/(ugy — us)(uiy — uz)(€ - 50)]
; (14)

u3y — uzy + (u3; — us SeCh [ ml\/ (uz; — us)(usy —us)(€ — fo)}

where £ is determined by the initial value ug = u(0).
It holds that u — ug as £ — Foo.

(iii) If ¢ < ¢ and A = A, the shock waves of
Eq.(1) satisfy the equation

v =2mi(ug —u)(u—uz) uz<u<wu;. (15)

Integrating Eq.(15) yields

" — ug + uydsexp[E£my (ug — us)f] : (16)

| Equation (16) is also known as a pair of kink and anti-
kink solutions of Eq.(1).
(iv) If ¢* > ¢ and A\p2 < X < Ap1, the solitary

waves of Eq.(1) satisfy the equation
u' ==+ /2[P(uz) — P(u)]

= malu— ualy/(ugy — w)(u — uzy)

* *
Ugg < U < Ugyq,

(17)

1+d + — 1
F dgexpltmi (un — u)¢] where mgy = @) Integrating Eq.(17) yields
- ¢ G
where d3 = il U3’ and ug = u(0) is the initial value.  the bright solitary wave of Eq.(1) as
Ui — Uo |
up(ujy — uzs) — ugy (uz — ujz) sech { m2\/ (u3y — uz)(uz — u33)(§ — 50)]
3y — uy — (uz — ujy)sech? [ may/(uhy — uz)(uz — uss)(§ — 50)}
and the dark solitary wave of Eq.(1) as
up(ujzy — ujs) — ujz(uzy — uz sech { m2\/ (u3y — u2)(uz — u3s)(§ - 50)]
u= (19)

uyy — Uz — (u3; — u2 sech [ m2\/ (uz; — u2)(uz2 — u3z) (€ — EO)}

It holds that u — uy as & — Foo.
(v) If ¢ > ¢ and A\ = )y, the bright solitary

wave of Eq.(1) satisfies the equation

u = tmo(u — ubl)\/(u — upy ) (uf; — w)

Upy < U < UG- (20)
Integrating Eq.(20) yields
1 2
R ]
u = s,  (21)
1
1t [ gmaluy — )€ - 0]

where £ is determined by the initial value uy = u(0).
It holds that u — wup; as £ = £oo.

(vi) If ¢ > ¢ and A = Ay, the dark solitary wave
of Eq.(1) satisfies the equation

u' = tma(up — u) \/(u — uj,) (up2 — )

Upy < U < Upg. (22)
Integrating Eq.(22) yields
1 2
iy i a0z = 03, )6~ o)
u = , (23)

1+[1m2(ub2 UZz)(f—'fo)r

where £ is determined by the initial value uy = u(0).
It holds that u — upz as £ = £oo.
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Our conclusions here are not easily derived by

other new methods,[7=14 thus the method of direct

integration for solving the solitary wave solutions is

simpler. It is a fact that some results are similar to
those obtained recently for the combined KdV-mKdV
equation.[®!
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