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‘We have investigated the problem of teleporting a three-particle entangled W state and we propose a scheme

based on entanglement swapping to complete the teleportation. We also put forward a scheme for the teleportation of

a general W state by using nonmaximally entangled quantum channels. The probability of success of the latter scheme

is obtained.
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1. Introduction

Quantum entanglement is one of the most strik-
ing features of quantum mechanics and has been used
as an essential resource for many applications in quan-
tum information processing, such as teleportation,!]
superdense coding,!? quantum cryptographic key
distribution,® entanglement-enhanced communica-
tion complexity,[*) and quantum computation.® Much
attention has been paid to generating entanglement, (!
but for some applications entangled states have to
be transported between spatially separated spots; for
example, distributed quantum computation!” needs
to exchange data encoded in multiparticle entangled
states between different dots of a network. So tele-
portation of entangled states, especially multiparti-
cle entangled states, is demanded in many schemes of

quantum information processing.

As pointed out by Bennett et all'l in their origi-
nal proposal for quantum teleportation, entanglement
can be transferred through teleportation of the state
of one of the entangled pairs. This is known as entan-
glement swapping.!8! Based on this, several schemes
for teleportation of entangled states have been pre-
sented. Teleportation of a two-particle entangled state
in various conditions has been studied by Gorbachev
et al,l! Shi et al, 1% Tkram et al,[*V) Lee et all'? and Ye

et al'® Yang and Guol'¥ and Lul'l have proposed
schemes for the teleportation of a three-particle en-
tangled state by using three Einstein—Podolsky-Rosen
(EPR) pairs and one EPR pair and one Greenberger—
These

schemes can be generated to N-particle entangled

Home—Zeilinger (GHZ) triplet, respectively.

states, but all of these are restricted within the sim-

plest form

N N
|9) =@ [Jlu) £y ] Iuf), (1)

i=1 i=1
where u; represents the binary variable, and uf =1 —
u;, ¢ and y are complex numbers with \:L‘\Z + |y|2 =1.
For a two-particle system, schemes for teleporta-
tion of the entangled state in the form of Eq.(1) can be
regarded as general since any other two-particle entan-
gled state can be converted to this form under asymp-
totic local operations assisted by classical communi-
cation (LOCC).['®! For a system of three or more par-
ticles, unfortunately recent contributions have shown
that there are several inequivalent forms of entangle-
ment under asymptotic LOCC.'7] Schemes presented
in Refs.[9]-[15] are not general for teleportation of en-
tangled states of three or more particles. Fortunately
Diir et all'®] have found that if we just demand that
the conversion of states is through stochastic local

operations and classical communication (SLOCC),!!”]
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that is, through LOCC but without imposing that it
has to be achieved with certainty, then any (nontriv-
ial) three-particle entangled state can be converted,
by means of SLOCC, into one of two standard forms,
namely either the GHZ state!!*]

1

|Youz) = 7

or else a second state (the so-called W state)

(/000) + |111)) (2)

1
V3

This surprising result allows us to teleport an ar-

|Wy) = — (|001) + [010) + [100)) . (3)

bitrary three-particle entangled state if only we can
carry out teleportation of states |¥gnz) and | ¥y ).
That is, for an arbitrary three-particle entangled state
we can first convert it into one of the two states | ¥anz)
and | ¥y, ) by means of SLOCC. Then the teleportation
operation will be carried out on | ¥gpz) or | ¥y ), after
which the states |¥qnz) or | ¥w) can be reconverted
into the initial entangled state if we wish. As we know
that previous work in Refs.[14] and [15] has presented
schemes for teleportation of the state | ¥gnz), the re-
maining work is to find a method to teleport the state
| Uw ). In this paper, we propose a scheme for the tele-
portation of a three-particle entangled W state | Uy).
We show that, if a GHZ triplet and an EPR pair are
taken as quantum channels, after two Bell measure-
ments and a Hadamard operation on Alice’s side and
some unitary operations on Bob’s side, the state | ¥y )
can be teleported completely. Then we show that if
the quantum channels are constructed by nonmaxi-
mally entangled states and the W state takes a general
form ‘ !P"/V> = (2 |001) 4+ y |010) + 2|100)) , where z,y
and z are complex numbers and |az:|2 + |y|2 + |z|2 =1,
the teleportation can still be implemented with certain
probability by introducing a collective unitary trans-

formation in Bob’s laboratory.
2.Teleportation of a three-

particle entangled W state

Suppose Alice want to teleport a three-particle

entangled W state
1
| W) 195 = %

to Bob, and the two other entangled states they share

(1001) +1010) 4 [100)),55  (4)

and take as quantum channels are
1

5 (100) +11))5. (5)

| VEPR) 45 =

5
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1
\UGHZ)grs = 7 (1000) + |111)) 475 - (6)
The total initial state is |¥;) = |¥w) 95 | YEPR) 45

| YGHz)grs, Where particles 1, 2, 3, 4 and 6 are on
Alice’s side while 5, 7 and 8 are on Bob’s side. To
teleport the state of |¥y ), to Bob, using the tech-
nique of entanglement swapping, Alice performs two
Bell measurements on particles 3, 4 and 1, 6 respec-

tively. There are sixteen possible outcomes

16<¢+‘34<¢i| !pt>
1
=——=(]1000) = [0100) + |0011))2578,  (7)

44/3

16( 9 |34(DF| 1)
1

17511000} = 0100) — 0011 ))ages, (9

16( T |54 (0F| W)
1
=——=(]1011) £ [0111) + |0000))2578,  (9)

44/3

16( ¥ [34(PF| W)
1

15 1011) & 0111) — 0000) sz, (10)

16( DT |34 ( UE| T)
1

4\/§(|1100> + |0000) + |0111))257s,  (11)

16( D7 |34 (UF| W)
1

4\/§(|1100> =+ |0000) — |0111))257s, (12)

16{ U |34 (UE| W)

1
=—(|1111) & |0011) + 0100 , 13
4\/§(| ) £(0011) + |0100) 2578 (13)

16{ ¥ [3a( | W)
1

=——(|1111) £|0011) — |0100 , 14
- (1111) & 10011) ~ [0100))azs,  (14)
where [¢F) = (]00) £ |11)) /\/5 and |UT) =
(|o1y £ |10)) /\/5 are Bell states. After these two Bell
measurements, the entanglement between particles 1,
2 and 3 has been converted into the entanglement be-
tween particles 2, 5, 7 and 8. In order to achieve
the three-particle entangled state, Alice carries out a

Hadamard operation on particle 2 to separate particle
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2 from the entangled state. For instance, if the result

of the two Bell measurements is

16( 0T |34(®7]. )

:%(\IOIU —]0111) + |0000))257s, (15)

the Hadamard operation
H0) = 7 (10) +11)), (16)

1
H0) = 7 (10) = 11)), (17)

will transform Eq.(15) into

[(1000) + |011) — [111))575 |0),,

[111)) 575 (1)) - (18)

7
+ (/000) —

Alice measures particle 2. If the result is |0),, particles
5, 7 and 8 collapse to the state

011) —

(1000) + [011) — |111))..g . (19)

1
46
Otherwise, the state of particles 5, 7 and 8 is

(1000) —[011) — [111)) 575 - (20)

1

m
Alice informs Bob, by classical communication, of
the results of her three measurements. According
to the information, Bob can perform some unitary
operations on particles 5, 7 and 8 to convert the
state of particles 5, 7 and 8 into the desired state
(]001) + |010) + |100)) /+/3. For example, Bob can
perform the operation U = (Ucnor)s; (02)5 (02)g to
convert Eq.(19) into the desired state (|001) 4 |010)
+100))/v/3 with a probability (1/4v2)” = 1/32,
where(o.), and (0,)g are Pauli operations acting
on particles 5 and 8 respectively, (Ucnor)s, is the
control-not operation on particles 5 and 7. The other
31 results can be converted into the desired state in

the same way. The total probability is unity.

3. Teleportation of a general W
state via nonmaximal quan-
tum channels

Now we consider the problem in a somewhat prac-
tical way. That is, the three-particle entangled W

state is in an unknown form

| Wiy )125 = (2 [001) + y [010) + 2 [100)) 55,
jl” + Jyl* + 2" = 1, (21)

and the quantum channels are in nonmaximally en-

tangled states

|¥) 45 = (a]00) +b[11)),5
lal > b, |a]® + B> = 1; (22)

‘W>678 =
c| > |d],

(c|000) + d[111))g7g,
ef® +1d]* = 1. (23)

We show that in this case the teleportation can still
be completed by using entanglement swappings, but
with a probability of less than one.

The total initial state now is |!7;> = |&17{/V>123
| U) 45| P)6rs. After Alice performs Bell measurements
on particles 3, 4 and 1,6 separately, the possible six-

teen outcomes are

16( D |54 (DF| 0,)

1
zi(ibcx|0100> + acy|1000) 4+ adz|0011))a57s, (24)

16(2" lsa( 2| 1)
1
zi(ibcaz|0100> + acy|1000) — adz|0011))257s, (25)

16( ¥ ]34 (DF| ;)
1
zi(ibdm|0111> + ady|1011) + acz|0000))2578, (26)

167 [34( 87T 7;)
1
zi(ibd:c|0111> + ady|1011) — acz|0000))257s, (27)

16( D 30 (UE| 1)
1
— (acz|0000) + bey 1100 + bd2|0111) asrs, (25)

16( P [54(VF| 7;)
1
zi(iacx|0000> + bey|1100) — bdz|0111))257s, (29)

16 O |3 (T )
1
zi(iadx|0011> + bdy|1111) 4 bcz|0100))257s, (30)

16( 0 [ ( TE| ;)
1
— 5 (Fadz|0011) + bdy|1111) = bez[0100)) 5z - (31)
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Alice carries out a Hadamard operation on particle 2
to separate it from the entanglement of particles 2, 5,
7 and 8, then she informs Bob of the result of her mea-
surement via classical communication. For instance,

if the state after the two Bell measurements is
16{ ¥ |34(PT|. Wcl>
1
=3 (bdx |0111) + ady [1011) — acz |0000)),s . , (32)

the Hadamard operation on particle 2 (Egs.(16) and
(17)) will transform it to

1
Wi [(bdz |111) + ady |011) — acz [000))..q |0),

+ (bdx |011) — ady [011) — acz|000) )5, |1),] - (33)

Alice measures particle 2. If the result is |0),, particles

5, 7 and 8 collapse into the state

1
WG (bdzx [111) + ady |011) — acz [000))..s .  (34)
Otherwise, the state will be
1
——= (bdx |011) — ady |011) — acz|000)).,. .  (35)

2V/2

After that, Alice informs Bob of her measurement
results via a classical channel. Next, Bob will try to re-
construct the original state | lI/{,V) with his particles 5,
7 and 8. In the scheme we described above for telepor-
tation of the standard W state | ¥y, ), this is achieved
by performing some appropriate unitary transforma-
tions on Bob’s particles. In the present case, the states
of particles 5, 7 and 8 in Eqgs.(24)—(31) cannot be ro-
tated back to the desired state without having any
knowledge of the state parameters z, y and z. Unfor-

tunately, z, y and z are supposed to be unknown. So

Bob cannot reconstruct the original state just by per-
forming some unitary transformations on his particles
5, 7 and 8.

It is well known that any operation in quantum
mechanics can be represented by a unitary evolution
together with a measurement (a unitary-reduction

(20.21] Based on this idea, probabilistic tele-

operation).
portation was proposed.?2l Though a unitary trans-
formation suggested in Ref.[21] can be used to prob-
abilistically teleport a two-particle entangled statel1?]
and a three-particle entangled GHZ state,'®! it fails
for a three-particle entangled W state. Here we pro-
vide the following strategy.

Firstly, Bob needs to establish a correspondence
such that z, y and z can correspond to |001)s7s,
This can be

achieved by performing a unitary transformation Uj

|010)57s, and |100)57s, respectively.

on particles 5, 7 and 8. For instance, a unitary
transformation (Uy)s,s = (Uswap)sg (UcnoT)s7 (02)g
will transform the state (H)a(16(¥ |34(PT| ¥, ))257s

in Eq.(33) into
(U)srs (H); (16( 2 lsa( @7, 9,) )
— 1 (b |001) + ady|010) — ac=|100)), |0),

2V2

+ (bdax |001) — ady |010) — acz|100)).,¢ [1),],(36)

2578

where the SWAP operation Uswap is defined as

Uswap |ui) 4 ® [uj) g = |uj) 4 @ |ui) g - (37)

The unitary transformations corresponding to the

states of particles 5, 7 and 8 are given in Table 1.

Table 1. Unitary transformations U; corresponding to the states of particles 5, 7 and 8.

States of particles 5,7 and 8

Unitary transformations Uj

16( % [34( D% | ;)
16(¥E|3a(9F| 0y)

16(BF |34 (FF| @)

16(¥E |4 (E| 0;)

(Uswap)ss (UcnoT)s7 (02)7
(Uswap)ss (UcnoT)s7 (02)s
(UswaP)ss (UcnoT)s7 (02)5 (02),

(Uswap)ss (UcnoT)s7 (02)5 (0z)s

Secondly, Bob introduces an auxiliary particle A
with its initial state |0), and performs a collective uni-
tary transformation on particles 5, 7 and A. In order
for Bob to reconstruct the original state, under the
basis {|000)s74, [010)57a, |100)574, |110)s574, [001)57a,

||011>57a7 101)574, [111)57,}, @ unitary transformation

(an 8 x 8 matrix) may take the form

A A
U2: ! ? )

(38)
Ay -4y
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where A; (1 = 1,2) is a 4 x 4 matrix, and may be

expressed, respectively, as

Ay = diag(ay, aq,as,a4), (39)

Ag:diag(\/l—a%,\/l—ag,\/l—ag,\/l—ai»
(10)

where a; (i = 1,2,3,4, and |a;| < 1) depends on the
6), if we take

state of particles 5 and 7. For Eq.(3

A1 = dlag <1,

o-s(oi- (2
PG -() @

the unitary transformation U, will transform the

states

(bdx |001) £ ady [010) — acz [100))..c @ |0),

1
2v/2

(43)
into
1
775 (2 1001) +]010) + =100) )57 [0}
1 2 2
+ Z—ﬁ(i Va2 — b2 dy|010)
—/(ac)® = (bd)? 2[100)) |1}, (44)

In fact, U; and U, can be incorporated into a sin-
gle transformation U = U, (U1 ® 1,,).

the values of ay, as, ag and a4 corresponding to each

Table 2 gives

state.

Table 2. aj, az, a3 and a4 of unitary transformations Uz corresponding to the states of

particles 5, 7 and 8.

States of particles 5, 7 and 8 ay az as a
ULHSE) (1608 a4(2%] 7)) +dfc () bd/(ac) b/a !
Uy H(;t) (16@ |34<¢i‘wt'>) +d/c (£) bd/(ac) —b/a 1
UlH(i) (16< +|34<¢i|q,t’>) +1 (£)b/a bd/(ac) d/c
U1H(i) (16< ‘34<¢i|,pt’>) +1 (£)b/a —bd/(ac) d/c
UL (16(@+5a( 0] 7)) £bd/ (ac) () dfe ! e
ULHE (16(9 |54 ¥ | 9,)) +bd/(ac) (£)d/e -1 b/a
Uy 1 )(16<K‘7+\ S(0E| ) +b/a (£)1 d/c bd/(ac)
Uy HE® (1607 s 0] 2))) +b/a (£)1 —d/c bd/(ac)

* Héi) denotes the Hadamard operation on particle 2, + and — in (£) correspond to the results [0), and |1), of the measurement

on particle 2.

Finally, Bob measures the state of particle A. For
Eq.(44), if the result is |1),, teleportation fails; if the
result is |0),, the state of particles 5, 7 and 8 collapses

into

bd ([001) + y |010) + 2 [100)) 1 , (45)

1
2V2
so teleportation is successfully realized, with the prob-
ability being (1/8)|bd|?.
that 32 types of state have the same results, there-

It can be easily verified

fore the total probability of successful teleportation is
(1/8) |bd|? x 32 = 4|bd|?. For the maximally entangled
|d| = 1//2, the

quantum channels, |a] = |b| = |¢| =

total probability reaches unity.

|4. Conclusions

We have investigated the problem of teleporta-
tion of a three-particle entangled W state and found
that, by taking an EPR pair and a GHZ triplet as
quantum channels, the standard entanglement swap-
ping operations can be used to implement the tele-
portation completely. Furthermore, we have consid-
ered the three entangled particles in a general W state
and taken nonmaximally entangled states as quantum
channels. We have found that, by introducing a col-
lective unitary transformation expressed as an 8 x 8
matrix, the teleportation can be implemented with a
probability 4|bd|? where |b|* <1/2, |d|* <1/2. Accord-
ing to a result that Diir et al obtained in Ref.[17] re-
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cently, any (nontrivial) three-particle entangled state

can be converted, by means of SLOCC, into one of
two standard forms—either the GHZ state or the W

state. Then, combining our scheme with the previ-

ous schemes!'*1%] for teleportation of the GHZ state,

teleportation of an arbitrary three-particle entangled

state can be completed by using either maximally or

nonmaximally entangled quantum channels.
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