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‘We propose a scheme for the implementation of nonlocal quantum swap operation on two spatially separated

entangled pairs and we show that the operation can swap two qubits of these entangled pairs. We discuss the resources

of the entangled qubits and classical communication bits required for the optimal implementation of the nonlocal

quantum swap operation. We also put forward a scheme for probabilistic implementation of nonlocal swap operation

via a nonmaximally entangled quantum channel. The probability of a successful nonlocal swap operation is obtained

by introducing a collective unitary transformation.
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1. Introduction

The most essential features of quantum infor-
mation and computation are making use of quan-
tum coherence and quantum nonlocality to realize in-
formation processing. By using quantum coherence
the parallel computation can be performed, and it
gives a quantum computer marvellous power in some
algorithms.[*2] Moreover, the quantum nonlocality,
i.e. there are nonlocal correlations among quantum
systems, plays a central role in quantum informa-
tion. Many novel results have been obtained by us-
ing quantum nonlocality of entangled particles, such
as the protocols of superdense coding,¥] quantum
teleportation,[*9 and telecloning.[®! However, most re-
search on quantum nonlocality has been devoted to
the issue of nonlocality of quantum states. In fact, an-
other important issue is that of nonlocality of quantum
operations. This situation arises, for example, in the
context of distributed quantum computation,”] where
nonlocal operations between different quantum com-
puters are required. Two other examples are quantum

network communication!® and the production of mul-

tiparticle entangled states.[?! For these alluring poten-
tial applications, some fundamental research on non-
local quantum operations has been presented.[®:19:11]
Although it is well known that control-not
(CNOT) gates together with a set of general one-qubit
gates are sufficient to implement any multiqubit uni-
tary transformation.213] Yet some other gates that
can achieve the implementation of two or more logic
operations simultaneously are important for practical
applications, because they would be useful in reduc-
ing operational time in circuits that require a large
number of logical operations. The swap operation is
just one of these efficient gates. It is used to exchange
the states of a pair of qubits completely, and might
be useful during the course of a computation when
qubits need to be permuted. Experimental implemen-
tation of the local swap operation in NMR has been
presented by Madi et all'*! and Linden et al.['5! Proto-
cols for the implementation of the swap operation in a
quantum dot quantum computer have been offered by
Sousa et al.1®! In this paper, we investigate how the

nonlocal swap operation can be implemented by using
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local operations and classical communication, and pre-
viously shared entanglement. In particular, the nonlo-
cal swap operation on two entangled pairs is discussed
in detail, and we show that this operation can swap
two qubits of two entangled pairs completely. The
consumption of resources of ebits (maximally entan-
gled pairs of qubits) and cbits (bits of classical commu-
nication) is compared for two protocols of implementa-
tion of nonlocal swap operation. Finally, we propose a
scheme of implementation of nonlocal swap operation
via a nonmaximally entangled quantum channel, and
the probability of successful nonlocal swap operation

is given.
2.Nonlocal swap operation

The swap operation is defined by

Uswap|¥)A ® |9)B = |6) 4 @ |¢) B. (1)

For a two-qubit system, the swap operation may

be constructed by concatenating three CNOT opera-

tions

Uswap (¥; ¢)

=Ucnot(9;¥)Ucnot(¥; #)Ucnor(9; )
1 0 0 O
0 0 1 O

= (2)

1 0 O

0 0 0 1

It is not difficult to check that this unitary trans-
formation has the effect of interchanging the states
of a pair of qubits completely. For example, suppose

Alice and Bob prepare two entangled pairs locally
a|00>A1A2 +b|11>A1A2 and c|00>BlB2 +d|11>B1Bz7 (3)

where Alice’s particles are labelled A; and A; and
Bob’s are B; and B;. Now performing the swap op-
eration represented by Eq.(2) on particles Ay and B,

the straightforward calculation gives

Uswap(A2; B2)[(a[00) 4, 4, + b[11) 4, 4,)
® (c|00) B, B, + d|11) B, B, )]
=(al00) 4, B, + b|11) 4, B,)
® (c|00) B, a, + d|11) B, 4, ). (4)

For the case of local operation we have completed
the required operation. But if Alice and Bob are sit-
uated far from each other, how could they perform

the operations on to each other’s particles to carry

In fact, if Alice and

Bob share some prior entanglement and are allowed

out the desired interchange?

to communicate with classical bits, the nonlocal swap
operation can be accomplished by two entanglement
swapping!1718 operations.

To show this, suppose Alice and Bob previously

share two ebits
1
|E1)cip, = —2(|00> + 11)) ey n,

1
7z

and the initial entangled pairs are

and |Ez)c,p, = —=(100) + [11))c,p,,  (5)

|A)a, 4, = (a|00) +b|11)) 4, a,

and |B>BIB2 = (C|00> + d|11>)Ble' (6)

Firstly, Alice employs ebit |E1)¢, p, and performs
entanglement swapping on As and Cy, which will
transfer A5 to Dy from her side to Bob’s side

|A>A1A2|E1>01D1|B>Ble — ‘A>A1D1|B>BlB2
=(al00) + b|11)) 4, p, (c|00) + d[11)) B, 3, (7)

Then Bob performs a local swap operation on D

and Bs, as shown in Eq.(4), to give

|A)4,D,|B)B,B> +— |A) 4,B,|B) B, D,
=(al00) + b|11)) 4, B,(c|00) + d[11))p,p,-  (8)

Finally, Bob employs another ebit |Es)c,p, to
perform another entanglement swapping on By and

C5 to swap Bs to Dy from his side to Alice’s side

|A>A132|E2>02D2|B>31D1 — ‘A>A1D2|B>31D1
=(al00) + b|11)) 4, D, (c|00) + d[11)) B, p, - (9)

Note that A5 and By have been transferred to D;
and D in the entanglement swappings, respectively.
Replacing the subscripts Dy and Dj in Eq.(9) by As
and Bs, the nonlocal swap operation is completed,
that is

|A)4,4,|B)B,B, ¥ |A)A,B,|B)B,a,  (10)

or

(a]00) + b|11)) 4, 4,(c[00) 4 d|11)) B, B, —
(a]00) +b[11)) 4, B,(c[00) + d[11)) B, n,.  (11)
We have thus shown how to implement a nonlocal

swap operation and seen that it consumes two ebits

and two cbits in each direction.
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It is remarkable that if we implement the nonlocal
swap operation with three CNOT operations one af-
ter the other as shown in Eq.(2), then three ebits and
three cbits in each direction are required since to im-
plement a nonlocal CNOT operation at least one ebit
and one cbit in each direction are required.'?) Further-
more, it has been proven!!®! that the upper bound of
the resources required to carry out an arbitrary nonlo-
cal unitary operation efficiently is two ebits and four
chbits.

swap gate in situations that need nonlocal state in-

So it is more economical to use the nonlocal

terchange than to use the ordinary gate array that
consists of a set of nonlocal CNOT gates and local
unitary operations. This may be useful in distributed
quantum computers and other quantum information

processing.
3. Probabilistic nonlocal swap

operation

In realistic conditions, instead of maximally en-
tangled states, Alice and Bob may share nonmaxi-
mally ancillary entangled states. This means that the
quantum channels for swapping will be imperfect, the
states to be swapped will be distorted, and the pro-
tocol described above for the nonlocal swap operation
will not work well.

Suppose the ancillary nonmaximally entangled

pairs are

|E1>C1D1 = (Oé|00> + ﬁ|11>)C1D17

e + 8P =1 |a| >8], (12)
|E2>C'2Dz = (7|00> + 6|11>)C'2D27
WP+ =1 |yl > al; (13)

and the initial states are still |A)4, 4, and |B)g,B,
giving in Eq.(6). When Alice employs |E1)¢, p, and
performs a Bell measurement on A; and C1 to teleport
As to Bob, Bob will receive the corresponding states

as follows
1205 (65| W) A, A0,y = %(aa\om +bp|11)) 4, D,
(14)
(aB|01) £ ba|10)) 4, D, ;
(15)

+
4,0, (VF W) 4, 4,0,D, =

Sl

2

where

)0, = = (100) £ 1)wcy,  (16)

s = (00 £[10) e (1)

are Bell states of A; and C7, and

|\II>A1A201D1 :|A>A1A2‘E1>01D1
=(a]0000) + a3|0011)
+ ba|1100> + bﬂ‘ll]-]-))AlAzClDl-

After performing Bell measurement, Alice informs
Bob of her result with classical communication, but
Bob finds that he cannot evolve the state to the ini-
tial state which Alice wants to share with him, because
the states given in Egs.(14) and (15) include the pa-
rameters of the imperfect quantum channel, a and
. For example, Alice informs Bob that her measure-
ment result is |¢T)a,c,, then the entangled state of
A; and Dy is not (a|00) + b|11)) 4, p, but (ac|00) +
bB|11)) 4, p, /v/2. In order to distill the former from
the latter, an auxiliary qubit with the original state
|0), is introduced, and a collective unitary transfor-
mation based on the basis {|00), |10),]01),|11)}p,, is

constructed/20]

cos@ 0 sinf 0
0 1 0 0
U1 = I (18)
0 0 0 -1
sinf 0 —cosf O

where cos@ = 3/a. Bob applies Uy on the qubits D,
and |0)4, the state (aa|00) +b8|11)) 4, p, /V/2 is trans-

formed to the result

€ {ﬁ(a|00> +0|11)) 4, D, |0)4

V2
+ aay/1 - §—201>A1D1|1>a} (19)

Then a measurement on the auxiliary qubit fol-
lows. If the result is |1),, teleportation fails and no
information about the initial state is left. If |0), is ob-
tained, the teleportation is successfully accessed, and
Bob receives the state (a|00) 4 b|11))4,p, with the
probability p = |3]2/2. If Alice’s measurement result
is |¢7 ) 4,0, , Bob’s result is

1
y [ﬂ<a|oo> ~B{11)) Ay [0}

ﬂ2
taay1 - 901>A1D1|1>4, (20)

Bob obtains the state (a|00) —b|11)) 4, p, still with the
probability p = |3|*/2.
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While if Alice’s result is [¢*)4,c,, Bob should

employ another unitary transformation Uj

0 cosf sin@ 0
1 0 0 0
0 0 0 -1
0 sinf —cosf O

to transform (a8]01) % ba|10)) 4, p, /V/2 to

1
% [,B(a|00> +b[11)) 4,0,(0)a

ﬂZ
F ab\/1- =5 [11)4,p, |1>a]. (22)

Because the probability of successful teleportation
of each transformation is |3|?/2, the total probabil-
ity of successful teleportation from Alice to Bob is
P, = 4x]8]?/2 = 2|B8|%. In the same way, Bob employs
a nonmaximally entangled pair |Es)c,p, = (7]00) +
8|11)) ¢, b, to teleport qubit Bs to Alice after he swaps
Bs and Dq locally. The total probability of telepor-
tation from Bob to Alice is P, = 4 x |[§]?/2 = 2|4|%.
Hence the probability of successful nonlocal swap op-
eration on two qubits when the quantum channel is
nonmaximally entangled is P = P, P, = 4|3/%|6]%.

We thus see that, by using an auxiliary qubit and
performing local unitary operations on each side, Alice
and Bob are able to complete a nonlocal swap oper-
ation via nonmaximally entangled quantum channels
with certain probability P = 4|8]2|6|2. This will be
useful in some practical cases of distributed quantum
information processing where the quantum channels

are nonmaximally entangled.

4. Conclusions

In conclusion, we have investigated the nonlocal
swap operation starting from the local situation. We
have proposed a scheme based on entanglement swap-
ping and local swap operations to implement the non-
We have found that the re-

sources required for accomplishing the scheme are dif-

local swap operation.

ferent from the case when the scheme employs three
concatenating nonlocal CNOT operations to complete
the same task. That is, three ebits and three cbits in
each direction are required by the latter and the for-
mer requires only two ebits and two cbits in each di-
rection. This will be useful in situations where a large
number of nonlocal permutations of states are needed,
such as distributed quantum computation and quan-
tum network communication.

We have also investigated the nonlocal swap oper-
ation via a nonmaximally entangled quantum channel.
We have found that the nonlocal swap operation can
be implemented by introducing an auxiliary qubit and
performing a local unitary transformation on the aux-
iliary qubit and the swapping qubit to rectify the dis-
torted state with certain probability. The probability
is 4|8)?|6|%, where 3 and § are the smaller coefficients
of the two ancillary entangled pairs given in Eqs.(12)
and (13), respectively.
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