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‘We have studied the algebraic structure of the dynamical equations of a rotational relativistic Birkhoff system. It
is proven that autonomous and semi-autonomous rotational relativistic Birkhoff equations possess consistent algebraic
structure and Lie algebraic structure. In general, non-autonomous rotational relativistic Birkhoff equations possess no
algebraic structure, but a type of special non-autonomous rotational relativistic Birkhoff equation possesses consistent
algebraic structure and consistent Lie algebraic structure. Then, we obtain the Poisson integrals of the dynamical

equations of the rotational relativistic Birkhoff system. Finally, we give an example to illustrate the application of the

results.
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1. Introduction

In 1979, Bengtsson and Frauendorf [!! accurately
measured the maximum values of spin velocity of four-
teen types of nucleon, and the results showed that
these maximum values were different from each other.
With the development of science and technology, more
and more experimental results are related to high-
In 1985, Carmelil®>=5] constructed

the theory of rotational relativistic mechanics. Since

speed spinning.

1996, we have constructed the theory of rotational
relativistic analytic mechanics.[6~13] Birkhoff dynam-
ics is more general than Hamilton mechanics.[14—26]
Hamilton mechanics is diffusely applied in the field
of modern physics, so Birkhoff dynamics should play
an important role in the field of modern physics. Re-
cently, we have constructed the basic theory of dy-
namics of the rotational relativistic Birkhoff system,
and we have discussed its relations with Lagrange me-
chanics and Hamilton mechanics of the rotational rel-
ativistic system in Ref.[27]. Furthermore, we have
given the geometrical and symmetrical theories and
the integral method of dynamics of the rotational rel-
ativistic Birkhoff system in Refs.[28]-[31]. In 1999, the
algebraic structures of classical and quantum systems

were studied by Yang and Hou.®2:33! In this paper,

the algebraic structure and Poisson integrals of a rota-
tional relativistic Birkhoff system are studied. Firstly,
it is proven that autonomous and semi-autonomous
rotational relativistic Birkhoff equations possess con-
sistent algebraic structure and Lie algebraic struc-
ture. In general, non-autonomous rotational relativis-
tic Birkhoff equations possess an algebraic structure,
but a type of special non-autonomous rotational rel-
ativistic Birkhoff equation possesses consistent alge-
braic structure and consistent Lie algebraic structure.
Then the Poisson integrals of the dynamical equations
of the rotational relativistic Birkhoff system are ob-
tained. Finally, an example to illustrate the applica-

tion of the results is given.
2.Birkhoff equations of a rota-
tional relativistic system

We study the fixed-axis rotation of a mechanical
system of N particles. At time ¢, the angular velocity
of the ¢th particle is éi, the limiting angular velocity
is I, the classical rotational moment of inertia is Ip;,
and its relativistic rotational moment of inertia isl®~7]

Io;
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Constructing the Birkhoffian B* and the Birkhoff

functions Ri(v = 1,---,2n) of a rotational relativistic

system
B* = B*(I;(t,a"),t,a"),
R, = R(Li(t,a"),t,a")
(,ual/:17"'72n;7":17"'7N)a (2)

and letting

R = R:(t,a") = R:(Li(t,a"), t,a"),  (3)

the Birkhoff equations of the rotational relativistic

system can be written in the forms/27-28l

aB* OR;
e o 0 (wr=1.-2n) (4)

~. .
Q;wau —
or

= (0B* OR:
at = O+ (W‘i‘ 8t> (H:V:L"'a2n)v (5)

where the repeated subscripts express making sum,
and Egs.(5) are the contravariant algebraic forms of
Eqgs.(4). f?;l, is the Birkhoff tensor of the rotational
relativistic system, and 2**¥ is the contravariant ten-

sor of 2% . l.e.

pro
% D D D uy
"é*u _ 8Ru - aRH, f)*p,u — aRﬁ _ 8Roc
H da*  da* da>  OaP

(uayaaaﬂ:]-a"'vzn)' (6)

In general, we suppose that system (4) is non-singular,
ie.

det(£23,) # 0. (7)

If ]N%; and B* do not include time ¢ explicitly,
the system is autonomous; if R}, do not include time
t explicitly, the system is semi-autonomous. For the
autonomous and semi-autonomous systems, the rota-
tional relativistic Birkhoff equations (4) and (5) have

the simple forms as follows

~, ., 0B* B

'Qy,ua - dat =0 (M7V - ]-7 e ,QTL), (8)
~ . OB*

s L O Loy o —

a* — Bar 0 (pyv=1,---,2n). (9)

3. Algebraic structure of a rota-
tional relativistic Birkhoff sys-

tem

For the autonomous and semi-autonomous Birk-
hoff equations (9) of a rotational relativistic system,
we differentiate a function A*(a*) with respect to ¢

using Eqgs.(9), then we define an algebraic product
. Z* - %

I 0 e 0B

dat da¥

The product satisfies the right distributive, left dis-

tributive and scalar laws

= A* o B*. (10)

g*o(g*—i—é*)zg*oé*%—g*oé*, (11)
(Z*+§*)05*:Z*05*+§*o(7*, (12)

(AA*) 0 B* = A* o (AB*) = A(A* 0 B¥)
(X is a constant). (13)

An algebraic function satisfying Egs.(11)-(13) is con-
sistent algebraic. So we have:

The Birkhoff equations of the
autonomous and semi-autonomous rotational rela-

Conclusion 1.

tivistic systems possess consistent algebraic structure.
Moreover, the product (10) satisfies anti-symme-

tries and Jacobi identity
A* o B* + B* o A* =0, (14)
A*o(B*oC*)+B*o(C*oA*)+C*(A*oB*) = 0. (15)

An algebraic function satisfying Eqs.(14) and (15) is
Lie algebraic. So we have:

Conclusion 2. The Birkhoff equations of the au-
tonomous and semi-autonomous rotational relativistic
systems possess a Lie algebraic structure.

We can define a generalized Poisson bracket
[A*, B*] using Eq.(10)

OA* ~ OB* def .~ ~
— "W — = [A* B* 16
oat da” A%, B7, (16)

which satisfies the Lie algebraic axiom

[Z*ag*] + [E*,AV*] =0, (17)

+[[C*, A*], B*] = 0. (18)

For the non-autonomous Birkhoff equations (5)
of the rotational relativistic system, we differentiate a
function A*(a*) with respect to t by Egs.(5), then we

define an algebraic product

A(a") =

DA* ~ oB* OR*
Q*HV( + v

def 75 s
dat da” ot > = AT-B(19)
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We have
~ o~~~ o~ A"~ OC*
A* . B* C* :A* . B* —Q*HV—
(B"+C7) + dat da?
#A*-B*+ A" - C7, (20)

(A*+B*).C*=A*.C*+B*-C*, (21)
(AA*) - B* # (A* - B*)\. (22)

Hence the product A* . B* does not express an alge-
braic structure. The non-autonomous Birkhoff equa-
tions (5) of the rotational relativistic system do not
possess a consistent algebraic structure expressed by
the product (19).

We study a type of special non-autonomous
Birkhoff equations of the rotational relativistic sys-
tem. If the Birkhoffian and the Birkhoff functions of
the rotational relativistic system in Eqs.(5) satisfy the

following equation

T*W% = ﬁ*“”%, (23)
where
T 0 ... 0
@y | OO0
o e e

is the symmetrical tensor of the rotational relativistic
system, and is determined by Egs.(23). Then the non-
autonomous Birkhoff equations (5) of the rotational

relativistic system can be expressed in the following

form _
~ B*
at — S*’“’—a =0, (25)
da?
where
S*HV — Q*/_Ll/ + T*Hu. (26)

Differentiate a function A(a*) with respect to ¢ using

Eqs.(25), we then define a product

o A" <, OB* qet ~, =
A (a) = 5§ LA B (21

The product satisfies the right distributive, left dis-

tributive and scalar laws
A*(B* +C*) = A*B* 4+ A*C*, (28)
(A* + B*)C* = A*C* + B*C*, (29)
(AM*)B* = A*(AB*) = A\(A*B")

(A is a constant). (30)

So we obtain:
Conclusion 3. The special non-autonomous
Birkhoff equations (25) of the rotational relativistic
system possess a consistent algebraic structure accord-
ing to the product (27).
From the product (27), we can define a new prod-
uct

ToB ™ g BA, (31)
which satisfies the Lie algebraic axiom
A*oB* 4+ B*o A* =0, (32)

(A*0B*)oC*+(B*oC*)oA* +(C*0A*)oB* = 0. (33)

So we obtain:

Conclusion 4. The special non-autonomous
Birkhoff equations (25) of the rotational relativistic
system possess a consistent Lie algebraic structure ac-
cording to the product (27).

4. Poisson integrals of a rota-
tional relativistic Birkhoff

system

Because the autonomous and semi-autonomous
Birkhoff equations (9) of a rotational relativistic sys-
tem possess Lie algebraic structure, the Poisson the-
ory integrating the holonomic conserved system can
be used to the system. So we have:

Conclusion 5.  &*(t,a") = &*(I;(t,a"), t,a") =
C is a first integral of the autonomous and semi-
autonomous Birkhoff equations (9) of a rotational rel-
ativistic system if and only if

dP* ~. ~
* B*1 =0 34
o e BT=0, (34)

where [¢*, B*] = &* o B*.

Proof & is a first integral, then we have

e | o2, Y 90" 1
dt | Ot & 0L ot
N
09" 99* 9L\ ~
7 Q*p.l/
+ <8a” + P ol; 8a“)
(9B, o~ OB* L\ _
da? =1 8[1 da? o
noticing
09" 99" 99" 9l
ot ot & oI ot
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8d* 08" <00 I,
dar  dat — 0I; dar’
dB*  9B* . 9B* I, (35)
da¥ = Oa¥ P 0I; Oa¥’

So Eq.(34) holds and vice versa.

Equation (34) is the generalized Poisson condi-
tions about the first integral of the autonomous and
semi-autonomous rotational relativistic Birkhoff sys-
tem.

For the autonomous system, the Birkhoffian B*

of the rotational relativistic system does not include
*

time t, so ——— = 0 holds. Substituting ¢* = B* into
Eq.(34), it holds evidently. So we have:
Birkhoffian of an au-

tonomous rotational relativistic Birkhoff system is the

Conclusion 6. The

first integral of the system.
If the rotational relativistic Birkhoff system (9)
possesses the following two first integrals which are

mutual absolute
&} = &} (t,a") = &y (Li(t,a"),t,a") = C,

;= 85(t,a") = By(Ii(t,a"),t,a") = Ca, (36
then they must satisfy the generalized Poisson condi-
tion (34). So we have

0P~ ~

. me_ o 0%
8t +[¢1’B]703

ot

+[8:,B*]=0. (37)

Constructing a generalized Poisson bracket [5{, 55],

and solving its partial derivative with respect to t, we

obtain
d %, =, [0 = ~, 005
—[@F. PX] = 1 o* &* 2
at[la 2] |:8t52:|+|:178t:|
D 002 9B}
. 38
da* 0Ot Oa (38)
Note that E; of the autonomous and semi-

autonomous rotational relativistic Birkhoff systems

OR}
does not include time t, so we have Bty = 0 and
a1
T 0. Furthermore, we obtain
0 Tk Ek] a5ik Tk Ex 855
grion = ||+ (3. 50 ] )

Using the Lie algebraic axioms (17) and (18), we have

197, 251, B"]
= - [[#5, 8", {] - [[B*, 9], &3]
=[9],[5, B"]] + (3, [B", #{]]. (40)

Considering Egs.(39) and (40), and noting Eq.(37), we
obtain

0 Tk Rk Tx Rk] ¥
[¢17¢2]+[[¢1’¢2]7B ]

ot
097 Tk Dk Rk
_|: 8t1 +[¢17-B ]7¢2:|
- 8PF  ~  ~
+ [@;,8—; +[¢;,B*]} =0. (41)

In contrast with the generalized Poisson condition
(34), we know [5{, 55] is an integral of the system.
So we have:

Conclusion 7. If the autonomous and semi-
autonomous rotational relativistic Birkhoff system (9)
possesses two integrals &} (t,a*) = Cy and &3 (t,ak) =
C5 which are not mutual involution, then their gener-
alized Poisson bracket [@;, @3] is also a first integral
of the system.

If 5*(t, a*) = C'is a first integral including time ¢
of the autonomous rotational relativistic Birkhoff sys-

tem, solving the partial derivative of Eq.(34) with re-

. 0B~ oK
spect to t, and noting = = 0, then we
ot ot

have

o [(0o* 0d* ~,

(o) ] -0 @)
Hence is a first integral of the system. So we
have:

Conclusion 8. If the autonomous rotational

relativistic Birkhoff system possesses a first integral

~ ao* 929"
&*(t,a") = C including time ¢, then 50

are also first integrals of the system.

Similarly, we can prove the following conclusions.
Conclusion 9. If the autonomous and semi-
autonomous rotational relativistic Birkhoff systems
possess an integral including a”, 2**¥ and B* do not
o09* 029"
include a”, then ——

507 Bart’ are also first integrals

of the system.

Because the special non-autonomous rotational
relativistic Birkhoff system (25) possesses a consistent
Lie algebraic structure, but no Lie algebraic structure,
the Poisson theory can be partly used to the system.
So we have:

Conclusion 10.  &*(t,a") = C is a first integral
of the special non-autonomous rotational relativistic
Birkhoff system (25), if and only if

0o
ot

+ &*B* =0. (43)
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Proof &* is a first integral, then we have

_ae Y 96" 0l
T ot £~ ol; ot

N
0 o* 09* 01I; \ =
t S*pu
+ (aau + 25T, _aau>

9*
ot

(27)

L (9B, N 9B* oI;
da¥ & 0OI; da”
aqs*
& B* =0,
==t

and vice versa.

Equation (43) is the generalized Poisson condition
about the first integral of the special non-autonomous
rotational relativistic Birkhoff system (25).

Substituting ¢* = B* into Eq.(43), we obtain

dB* . N 5B+ oL  (9B°
ot oL, ot T

2" 0

dar £ 9I; dar
y 8B* oB* 9
Ba" BI 3a"

oB* a§*~ dB*
— * v

ot T aar | a

aB* 9B* R
— Qv ) 44

at T an o 0 (44)

So we have:
Conclusion 11. B*(t,a*) = B*(I;(t,a"),t,a")
= C is the first integral of the special non-autonomous
rotational relativistic Birkhoff system (25), if and only
if Eq.(44) holds.
Solving the partial derivative of Eq.(43) with re-

spect to a”, we obtain
o (0F 8 (00 =,,, 0B
- 4+ — S*I—Wa_
dar \ 0Ot dar \ dat da¥
8990* 9 (=, 0B
Z * Uy
* dak OaP <S Oa¥ >

_9 (097 09 5 09" 0 (508" _,
Ot \ dar Odar oa* OaP dav )

(45)

So we have:
Conclusion 12. If the special non-autonomous
rotational relativistic Birkhoff system (25) possesses
an integral including a”, S*# and B* do not include
0" 92

p .
af, then 927’ Dar?’

- are also first integrals of the
system.

5. Example

We study the fixed-axis rotation of a mechanical
system with a constant moment of force My. Its ro-
tational relativistic Birkhoffian and Birkhoff functions

are respectively

1

B*:MFZ—(JI, R} =0,
I I (a?)2\ 7"
Ri=|(-—I?-a')—(1- 46
2 (MO a >M0 < 1—12 ) ( )
(a2)2 —-1/2
where I = I <1 > , and I' is a limiting

angular velocity. We attempt to study the system’s
integrals by using Poisson theory.

We can obtain the Birkhoff contravariant tensors
of the second-order rotational relativistic Birkhoff sys-

tem from R;

(@)=

M, a2 2
—70 <1 it FZ) > 0
(47)
The system is a second-order autonomous rota-
tional relativistic Birkhoff system. Using conclusion 6,
we know that the system has an integral

*=B*=_—TI?—a' =0C. (48)

Using conclusion 5, it is easily proven that

I
¢f = —T?-2a' +a’t=C 49
VA 1- (49)
Using conclusion 8, we know that the autonomous ro-
tational relativistic Birkhoff system possesses a first
integral &7 including time ¢, and we can construct a

new integral from @7

097
oF — 1 _ 2 _ C,. 50
2 ot a 2 ( )
Constructing a generalized Poisson bracket [®7, @3],
we obtain
095 0d;
& ¥ = ln*pu 2
[ 21, 2] dat da?
M, 2\2
_ oMoy @)y
I Iz

Using conclusion 7, we know that

= _2];40 <1 — (3‘1)2) =Cs; (51)

is also a first integral of the system.

o5 = [27, &3]
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6. Discussion where
. . . oL,
We have proven that the canonical equations of H.(t,¢",p,) =p.i° — L., p,= e
a rotational relativistic Hamilton system are a special s
example (')f Eqs.(4? in Ref.[27]. In t}'us paper, .1f. R.u Lo(t,q*,d*) =T —V,
does not include time ¢, for the rotational relativistic
Birkhoff system (4), we let TF = I l?(1 — /1 — 012/[’12)
I — A _ g
w_Ja (w=1,---,n) (s=1,---,n;i=1,---,N). (55)
Pu—n (p=n+1-,2n); Therefore, in this paper we give the algebraic struc-
. . [8] . D
. P (n=1,---,n), t}1res anfi Poisson integrals'® of a rotational relativis
R, = tic Hamilton system.
0 (/,L:TL+1,,27L),

B* = H,, (52)

then the Birkhoff tensors of the rotational relativistic

system are

(2.) = " S (53)

*1n><n Onxn

We can obtain immediately the canonical equations of

the rotational relativistic Hamilton system

Under the classical approximation 0, < I}

Io;
Nowryre

B* = B*(Li(t,a"),t,a") ~ B(t,a"),

R: = R:(Li(t,a"),t,a") = R, (t,a").  (57)
Therefore, in this paper we give the algebraic struc-
tures and Poisson integrals of a classical rotational
Birkhoff system.

OH OH
S T 5 = T =1.... 54
q 8175 » Ps aq.s (S ’ ,’I’L), ( )
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