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We have investigated the interaction of an electromagnetic (EM) wave with a standing gravitational wave (GW)

in an external static magnetic field, and obtained concrete forms of first-order perturbative EM energy fluxes. Unlike

the propagating properties of the “left-circular” and “right-circular” waves of the tangential perturbative energy fluxes

around the symmetrical axis, the radial perturbative energy fluxes are expressed as the outgoing and imploding waves

to the symmetrical axis. We also examine several physical examples and show that this effect can produce very small

but nonvanishing radial perturbative photon fluxes. This may be useful for EM detection of the high-frequency relic

GWs of the GHz region in quintessential inflationary models.

Keywords: gravitational wave, electrodynamical response, outgoing and imploding photon fluxes

PACC: 0440, 0480, 0430

1. Introduction

Though the electromagnetic (EM) detection and
generation of the gravitational waves (GWs) in labo-
ratory conditions have been extensively discussed,* ¢
the Grishchuk-Sazhin (G-S) model®® and the com-
posite toroidal EM resonant system!”) may be the
most typical schemes, because they represent the ul-
timate form that one can hope to achieve in terms
of compactness, geometric efficiency and energy stor-
age. Thus they have aroused extensive interest and

reviews.[1:2:8—10]

Large gaps between the schemes and
reality are mainly expressed as the excessive signal ac-
cumulation time (~10°s), giant dimensions (~ 10%—
10*m?) of the whole system, and power losses (~ 107
—10°W).15-7]

In some previous works!*112] we considered a new
scheme, in which we showed that, if the detecting sys-
tem is not an EM cavity but an EM wave propagating
along the symmetrical axis z of the focal region of
the G-S toroidal EM cavity, where a static magnetic
field is distributed within the focal region, then under
special resonant conditions it is possible to provide a
new way of simultaneously narrowing such gaps, as

stated above. Namely, in this case not only the first-

order axial perturbative EM energy fluxes can be gen-
erated, but the tangential perturbative energy fluxes
can also be produced. The latter are perpendicular
to the propagating direction of the background EM
wave. Thus, this effect might provide a new possibil-
ity to resolve and display the EM perturbation caused
by the GW.

In fact, in addition to the tangential perturbation,
there is the radial perturbation. Although the tangen-
tial and radial perturbative energy fluxes have much
in common, there are some important differences. As
shown below, the major properties of the radial per-
turbative energy fluxes are expressed as the outgoing
and imploding waves in the local regions, or in quan-
tum language, as the outgoing and imploding photon
fluxes. Moreover, the maximum of the radial pertur-
bative energy flux is almost one order of magnitude
greater than that of the tangential perturbative energy
flux. In particular, the resonant frequency discussed
in this paper is just distributed in the peak value re-
gion of the high-frequency relic GWs, expected by

(13] Therefore, such

quintessential inflationary models.
properties may be very useful for further improving
the electrodynamical response of the GWs and detect-

ing the relic GWs in the GHz frequency window.
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2.Construction of the energy-

momentum tensor of the EM

fields in the GW field

The time-dependent perturbation solutions we
obtained in Ref.[11] for the Maxwell equations in a
curved space-time caused by the standing GW are
given by (in MKS units)

1
B :§ACB§0>kng1(kgr) sin(wgt + ),

1
BM =ABO) | Jo(kyr) — 5k-ngl(kgr) cos(wgt + ),

B =) = B0 = B =0, 0
E®M =4 (r) cos ¢Re[exp{i[(wg + we )t — kez + d]}]

+ Ax(r) cos ¢pRe[exp{i[(wg — we)t + kez + 6]},
Eg) =B (r) sin pReexp{i[(wg + we)t — kez + 6]}]

+ By(r) sin ¢pRefexp{i[(wg — we)t + kez + 6]},
E®M =C(r) cos pIm[exp{i[(wy + we )t — kez + d]}]

+ Cy(r) cos pIm[exp{i[(wg — we)t + kez + 0]},
o _Dir)

® =P i pRefespil(w + )t — oz + 4]}
+ 220 G Refexp il(wy — we)t + Koz + 0]},

Bf;) :FlT(") cos pRe[exp{i[(wg + we)t — kez + ]}]
+ B0 o R efenpil(g — wlt + bus + 1}

BW = GIC(T) sin ¢Im[exp{i[(wg + we)t — kez + 6]}]
N GQT(’“) sin ¢Imlexp{il(wg — wo)t + kez + 8]}],

(2)
where Egs.(1) and (2) represent the first-order per-
turbation produced by the direct interaction of the
standing GW with the static magnetic field and the
EM wave, respectively (i.e. FI(L,lj) and F;(“l,) are the first-
order perturbations to the background EM tensor F, ,S,O,)
in the presence of the GW), A is the amplitude of the
standing GW, Jy and J; are Bessel functions, w, and
k. are, respectively, the angular frequency and wave
vector of the GW, B,EO) is the external static magnetic
field, § is a retarded phase factor. Ay As ... G1 G»
in Eq.(2) are functions of r, k. and kg, their specific
forms are given in Ref.[11].

Now we can construct the energy-momentum ten-
sor (EMT) of the EM fields in the GW. According to
generic expression for the EMT of the EM fields

1

1
™= < — F# o F" + Zg’“’FagFo‘ﬁ) (3)

and with the help of Egs.(1) and (2), and using the
form of the standing GW in the synchronous gauge

reference (and using standard cylindrical polar coor-

dinates expressions)!®7:11]
J1(k
hi1 =hp, = —AM cos(wgt + 9),
kgr
J1(k
hoy =hg, = —Ar? | Jo(ker) — Ji(kgr) cos(wgt + 9),
T
hss =h., = AJo(kyr) cos(wgt + 6), (4)

we obtain

©
T =eo[(E”)? + (EQ))

.
(7)
O D _1 ) 50 5O
St =c T% =— (B E® — B BO)
Ho
1
=—EOBO), ]
o e By (8)

O Do _ 10 4 20 A0
§"=c T = (EOBY + EO B

Ho
— BEWBW + EVBO + EVBO),  (9)
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(1) (1) 1

(1) (1) 1

z 03 0) (1 (1 0 0 1
S =¢c T Z%(Eﬁ)B&)—i—Eﬁ)B&)—E&B()
1 0 (1 0
+E{B® + EVB), (11)
(2) (2)
S"=c T ~ O(h?),
@ @
S¢=c T =~ O(h?),
(2) (2)
S§*=c T ~ O(h?). (12)

Because the EM field tensors satisfy |F,E,1,)\,
\Fﬁ,l,)| < |F,5?,)| for the nonvanishing F,S?,), Flsll,) and
- (1) (0) (1) (2)

F,)/, we have | TH | > | TH | > | T* | for
o (2) o
the nonzero TH”, TH* and TH”, where T"” is the

(1)
EMT of the background EM fields, while T#” and
(2)
TH¥ represent the first-order and second-order per-
(0)
turbations to TH"” in the presence of the GW, re-

spectively. Consequently, for the effect of the GW,
1) (0) (2)
we are interested in TH*” but not in TH” and TH".

Nevertheless, it is easily shown from Eq.(7), that the
2

average value of (7300 with respect to time is always

positive. Thus it expresses essentially the net increas-

ing quantity of the energy density of the EM fields.

Especially, under resonant conditions, it should cor-

respond to the resonant graviton—photon conversion

at a quantum level.[210]

Unfortunately, even under
limit conditions of the present experimental possibil-
ities, the second-order perturbation is still far below
the requirements of the observable effect.[®1% There-
fore, it has only theoretical interest. But for some
astrophysical situations, an observable effect is possi-
ble because very large EM fields and very strong GWs

often occur simultaneously.['4]

the
outgoing and imploding pho-

3. The radial perturbation:

ton fluxes

In the following, we study mainly the first-order

radial perturbative energy fluxes. Equations (9)—(11)

RN CORNC ()
(ie. S™, S¥ and S?%) represent the first-order ra-

dial, tangential and axial perturbative energy fluxes,

respectively. For high-frequency perturbative energy

fluxes (here we discuss the perturbative effects at fre-
quency of v ~ 10°Hz), only their nonvanishing av-
erage values with respect to time have an observable
effect. It is easily seen from Eqgs.(1), (2), (9)-(11), that
the average values of the perturbative energy fluxes,
Eqgs.(9)—(11) vanish in the whole frequency ranges of
We # wg and we 7# wg/2. In other words, only under

the condition of we = wg/2 (half-frequency resonance)
1) (1) (a
Or we = wy (synchroresonance), S, S¥ and S* have

nonvanishing average values with respect to time. In

the following, we study only the radial perturbative
1)
energy flux < S” >. Here the symbol < > means the

average value with respect to time.

Introducing Egs.(1) and (2) (including concrete
expressions of the amplitudes of BEI) and Eﬁl) pre-
sented in Ref.[11]) into Egs.(9), and setting § = =«

(which is always possible), we = wg/2 and we = wy,

we have
& L _zop0) _ pgo
<S >we:%g:% < Ew BY - FE; BLP >we:w2_g
A 2
= el i) sin® e
+ fa(r) cos? o] sin(kgz), (13)
where
°° 2p® + 8p + T)k2PH3r2pH3
fi(r) _Z(l)p{ ( P ) | 1
[(2p +4)? — 4](p + D)(p + 2)!

p=0

k§p+1r2p+1
i (14)

C4lp+D(p+2

_ N (gl 2ot 3)kEE2T
hn= pz::o(_l) { [(2p +3)* = 1]pl(p + 2)! } 15)

and
G _1 _popn
< >we=wg—% < © z >we:wg
Aango)

Ho
x sin ¢ cos(kgz). (16)

[2J0(kgr) — kyrJq (kgr)]

Equations (13) and (16) express the average values of
1)
S” with respect to time under the resonant conditions

of we = wy/2 (half-frequency resonance) and we = wy
(synchroresonance).

Figures 1 and 2 give the rating curves between
the functions fi(r), f2(r) and the radial coordinate
r; and the relative parameters are chosen to be A\, =

20¢=0.2m. Figure 3 gives the angular distribution of

1)
<S" >.=w,/2 at the plane z = Ag/4.



464 Li Fang-Yu et al.

Vol. 11

fi(r)

[ |
5 4
4
24
14
0 . . . . -

0 5 10 15 20
7‘/10”2111
Fig.1. Rating curve between the function fi(r),
Eq.(14), and the radial coordinate r. Here A =
22g=0.2m.
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Fig.2. Rating curve between the function fa(r),
Eq.(15), and the radial coordinate r. Here A =
22g=0.2m.
YA
ks Yy,
0 7z

(¢Y)]

Fig.3. Angular distribution of < S” >we=wg/2 b the
circumference of r = Ae = 2Ag=0.2m and the plane
z = Ag/4.

. @ -
It is easy to show that <S" >, _,, /2 has a simi-
Ag/4, but the prop-
agating directions are contrary to that at the plane

z = Ag/4.
Figure 4 gives
1)
<S">

lar distribution at the plane z = —

the angular distribution of

we=w, at the plane 2=0. It is also easy to

(1)
show that < S" > e =wg has a similar distribution at

the plane z = A,/2, but the propagating directions

are contrary to that at the plane z=0.

y

outgoing propagation

. @)
region of <S5">w.=wg

-z

imploding propagation
. (1)

region of <Sr>ue:ug

(1)
Fig.4. Angular distribution of < S" >y =u, at the

circumference of 7 = Ae¢ = Ag=0.1m and the plane
z=0.
(13)—(15), Figs.1-3 and the an-
(1)

distribution of <S”

Equations

gular show that

1)
<S">

bative energy flux at the plane z = A;/4, but as

>we:wg/2

we=wg/2 18 expressed as the outgoing pertur-

the imploding perturbative energy flux at the plane
z = —Ag/4, and their maximums occur at ¢ = 0,.

In the above two cases, the angular distributions of

(1)
< 8" >y —w, /2 are all ellipses. Equation (16) and Fig.4

(1)
show that <87

mums at ¢ =

> pe=w, ab the plane z=0, has maxi-

+7/2, while it vanishes at ¢ = 0, 7.
1)
In the region of 0 < p <, <S" >, =y, is expressed

as the outgoing perturbative energy flux, while in the
region of T < ¢ < 2m, it is expressed as the imploding
perturbative energy flux.

Integration of Eq.(16) over the cylinder (r =
“Ag/4 <z < AJ4, 0 < o < 7 or
m < ¢ < 2m) gives the total outgoing (or imploding)

R.=const.,

perturbative energy flux passing through the cylinder

as follows

Ay /4
<u > emwg = / / <ST >pe=wg,r=R, Tdpdz

Ae/4
AaB"R,
B ©12J0(kgRe) — kgRoJ1 (kg Re))-
g
(17)

It can be shown from Eq.(17) that the first max-
(1)

imum of < u” >.=w, OCCurs at the position of R. =
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Ag=0.1m. This means that the effective radially per-
turbative outgoing (or imploding) energy flux can be
concentrated on the region with a magnitude of one

wavelength A, near the axis. Equations (13) and

ey
(16) indicate that <S"> is often a function of the

space coordinates r, ¢, z, and there are corresponding

“equivalent emission sources” and “equivalent implod-
ing sources”. Thus %)T is essentially a radial energy
flux (photon flux) fluctuation superimposed on the
background EM fields in the local regions. In other
words, the GW causes the change of the physical be-
haviour of the photons in the local regions.

It is interesting to compare the properties of the
radial perturbative energy flux with those of the tan-
gential one. In the same way, from Eq.(10), we
can obtain the total tangential perturbative energy
flux passing through the plane (=0, 0 < r < R,
BWESEIWAL

(1) AaBY

R,
<uf > mw, = Spioks /0 [2To(kgr) — kgrdy (kgr)]dr.

(18)

1112] that the effective tangentially

We have shown!
perturbative energy flux can also be concentrated on
the region with a magnitude of one wavelength A\, near
the axis. Consequently, we can compare the maximum
of the radial perturbative energy flux with that of the
tangential one in the same scale, although they have
different propagating directions. From Egs.(17) and
(18), we have

(1)
<u” >we=w,
(1)

7
_<U >we:wg Re=X;=0.1m

_ ) 2R [2Jo(keRe) — ByRoJ (Ro) 10

Re
/ [2Jo(kgr) — kgrJq(kgr)]dr

Rc.=Ag=0.1m

(19)

i.e. the effective radially perturbative energy flux is
almost one order of magnitude higher than the effec-
tive tangentially perturbative energy flux. Thus, un-
der the synchroresonance condition the radial pertur-
bation has a better physical effect than the tangential
perturbation. Nevertheless, due to the faintness of the
interaction of the GW (gravitons) with the EM fields
(photons), it is necessary to describe the perturbation

in quantum language (photon flux). Clearly, the cor-
1)
responding perturbative photon fluxes of < u” >, —.,

1)

and <u¥ >, —,, can be written, respectively,

1)

”
<U > =w,

=" 20

n o, (20)
(1)

_ < u® >We:u,g 91

Ng = T’ (21)

where A is the Planck constant. Therefore, the per-
(1)
turbative photon numbers caused by < u" >, =, and
(1)

<u? >, =w, in the time interval At are

ABY ant

HOkghwe

x [2R.Jo(kgRe) — kg R2J; (kg R.)],

N, =n, At =
(22)

R

(0)
AB; 7 aAt
£5: ant / 230 (kyr) — kgrdy (kgr)]dr.

Ny = nyAt =
¢ =" 2uokghwe
0

(23)

4. Numerical estimations
Now we choose some achievable limit values of
the EM parameters for the present experiments. (1)
a =3x10°Vm™', a/c = 1073T, the amplitude of
the background EM wave.

the background wave is limited in the region of ra-

If the cross section of

dius Rc = A = Ag=0.1m, then the corresponding
power is about 106W. This is equivalent to a photon
flux n(® of 10%%s~1 roughly for the background EM
wave of A\;=0.1m. Modern klystrons or free-electron
lasers can, in principle, generate such a power.!*! (2)
Bgo):3OT, the strength of the background static mag-
netic field (this is the achievable strength of a sta-
tionary magnetic field under the present experimental
condition!f]).

According to Eqs.(20)—(23) and the above param-
eters, and setting At = 10%s, we obtain the following
results (see Table 1).

We see from Table 1 that, if A = 10733, then
Ny = 103, N, = 10*. Unfortunately, generating a
standing GW with 4 = 10733, A\,=0.1m seems to be
beyond the ability of the present experiments.®:11:12]
However, when A = 107, we have Ng=10 and
N, = 102. Although then the perturbative photon
numbers are two orders of magnitude less than that of
the first scheme, the requirements of other parameters
can be greatly relaxed.['1:12] In particular, in this case
the whole EM system can be reduced to the typical
laboratory dimensions. It is worthwhile investigating
further.
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Table 1. The perturbative photon number N, Ny and corresponding rele-

vant parameters.

The tangential perturbation The radial perturbation A
(1) (1)
<u® >upe=w, /W ng /st Ny < U Spe=wg /W ny /st N,
(a) 10724 1 10® 10—23 10 104 10733
(b) 1072 107t 102 1024 1 103 1034
(c) 10726 1072 10 1025 1071 102 10735

5.Concluding remarks

1. In this paper we have calculated the first-
order radial perturbative photon fluxes produced by
the high-frequency standing GW (v ~ 10°Hz). Unlike
the “left-circularly” and “right-circularly” propagat-
ing properties of the tangential perturbative photon
fluxes, the radial perturbation is expressed as the out-
going and imploding photon fluxes around the sym-

metrical axis. Under the half-frequency resonance

(1)
condition (we = wg/2), we have | <S" >, _,_ /2 |r—0

— 0; while under the synchroresonance condition
(we = wyg), the outgoing and imploding photon fluxes
have the “anti-symmetry” around the symmetrical
axis. Thus, in the above two cases there are no “accu-
mulation” or “loss” effects of the photon fluxes at the
symmetrical axis, i.e. there is no singular behaviour.
2. The effective tangentially and radially pertur-
bative fluxes can all be concentrated on the region
with a magnitude of one wavelength )\, near the axis,
but the maximum of the latter is one order of magni-
tude greater than that of the former. Since any pho-

ton measured in the local regions and in such special

directions may be a signal of the EM perturbation pro-
duced by the GW, the scheme described in this paper
provides a new possibility to resolve and improve the

ER of the GW.

3. The energy spectra of the relic GWs, recently

(3] in the quintessential infla-

estimated by Giovannini
tionary models, are expected to have quite a high spike
region of the energy density in the GHz frequency win-
dow. It corresponds to a dimensionless amplitude of
the order of 1073°. This is about five orders of magni-
tude higher than that of the amplitude of the standing
GW discussed here! Because our resonant frequency
lies just in the peak value region, using this scheme (or
other similar schemes of the small EM detectors[m)
for the detection purposes of the high-frequency relic

GWs may be more useful.

For the purpose of ease and straightforwardness,
our approach for the interaction of the EM fields with
the GW is classical in itself.
caused by the high-frequency relic GWs (gravitons) in

For quantum effects

the EM systems satisfying realizable boundary condi-

tions, we will give further argument elsewhere.
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