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By making use of the theoretical framework presented by Bostroem (K. J. Bostroem, LANL quant-ph/0009052), we

generalize the standard quantum information theory of block messages with fixed block length to the variable one. We

show that the states belonging to a sufficiently large Hilbert space are the highly distinguishable states. We also consider

the collection states (product states of more than one qubit state) and seek a “pretty good measurement” (PGM) with

measurement vectors to improve the mutual information. The average mutual information over random block-message

ensembles with variable block length n is discussed in detail.
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1. Introduction

The mutual information I(X : Y)!'=% is one of
the first information-theoretic quantities investigated
with respect to quantum systems.”~'2! It quantifies
how correlated two messages are. How much do we
know about a message drawn from X" when we have
read a message drawn from Y "7 The maximum mu-
tual information of an ensemble of quantum states
obtainable between the states of the ensemble and
the outcomes of a positive operator-valued measure-
ment (POVM)!13-16] on these states is called accessi-
ble information.[17—1°!

Information theory is the theory of messages com-
posed from letters. Classical information theory can
deal with the messages of not only the fixed-length
blocks but also the variable-length blocks. It can be
easily generalized to describe the messages of variable-
length blocks.

since quantum systems obey the laws of quantum me-

Unlike classical information theory,

chanics and are usually based on the Hilbert space of
fixed dimension, quantum information theory cannot
directly use the results of classical information theory
to deal with the messages of variable-length blocks.
However, as we cannot directly deal with quantum
block messages of variable lengths, we can construct
an infinite direct sum of Hilbert spaces with differ-

ent dimension number n. Since a quantum message

block with length n is a quantum state in the Hilbert
space with dimension number n, we have many quan-
tum block messages with different length n in the in-
finite direct sum of Hilbert spaces. By making use
of this infinite direct sum of Hilbert spaces, we can
describe the quantum block messages with different
block lengths. Bostroem!” has presented a theoreti-
cal framework which allows the treatment of quantum
messages with components of variable lengths.

The description of the direct sum of Hilbert
spaces may appear rather unphysical to the reader,
since everything in quantum mechanics is usually de-
scribed in terms of direct products. But without ex-
plicitly using it, the direct sum is always present. For
example, the fundamental space of quantum infor-
mation theory, the two-dimensional complex number
space C? of a single qubit is in fact the direct sum
of two C. The reason is that the Cartesian product
C? = C xC can be embedded into the direct sum C ®C
by preserving the Hilbert space structure, since both
components of C? are mutually orthogonal. Hence the
Cartesian product and the direct sum are just dif-
ferent representations of the same principle; adding
separate levels of an observable, i.e. combining prop-
erties of a system by a quantum mechanical “OR”.
In many-letter theory the distinct degenerate levels of
the length operator are added.
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As standard quantum information theory de-
scribes block messages of a fixed block length, we
would go further now and allow quantum messages
to have an arbitrary length. With the theoretical
framework described by Bostroem,!”) in this paper, we
discuss the mutual information about the many-letter
random block ensemble with a variable length n of the
block-message ensemble and study the average mutual
information over the whole random block-message en-
semble. In section 2 we review briefly some basic con-
cepts of the many-letter quantum information theory
in order to motivate the corresponding notions pre-
sented in section 3, which is dedicated to the varying-
length many-letter quantum information theory. In
section 3, we generalize the standard quantum infor-
mation theory of the block message of a fixed length to
the variable length. We show that the states belong-
ing to a sufficiently large Hilbert space are the highly
distinguishable states, and we discuss the average mu-
tual information of the many-letter quantum system.

A concluding remark is given in section 4.
2.Description of many-letter

quantum information systems

In order to discuss the variable-length quantum
block message, one should seek a quantum analogue
of the set AT of classical block messages of arbitrary
lengths. This can be done by mapping each classi-
cal message 2" € AT to a product Hilbert vector
|z™) € H™. Regarding the set of the product block
message of length n, we have

oQr={lz"yeH" |z"e A"} (1)

With Q% = {|-)} being defined as the set formed by
an empty message |-), one can construct the Hilbert
space that is spanned by members of Q™ as Hg =
Span(Q") = Hgo @ --- ® Hg, with its dimension
being given by dimHg = (dimHq)" <| Q |* and
the subscript @) indicating that the Hilbert space
¢ 1s spanned by the elements of Q". By mak-
ing use of Eq.(1), one can construct the infinite set
Q. =U>2, 9" The space spanned by the elements of
Q4 is called the many-letter space: Mg = &7 He-
Here the direct sum of two Hilbert spaces is defined
as the orthogonal sum of their elements. Of course,
the many-letter space can be restricted to a maxi-
mum number of letters, ./\/lg = 69,]:]:07-[6, due to a
finite reservoir of available qubits. Mg is a subspace
of the total many-letter space Mg, i.e. Mg C Mg,

and each many-letter message can be truncated to this
subspace by an appropriate projector.

Alice can construct a random block-message en-
semble |®), from which she chooses variable block
messages |¢) to communicate with Bob. This random

block-message ensemble can be expressed as

1) = {lle)p(@)] | lp) €I}, (2)

where I' is the set of block messages chosen with

nonzero probability p(p):

The corresponding message matrix is o =

> p (9l

pel’
In order to discuss block messages of different

lengths, one should define a length operator for quan-
tum block messages. Since the length of a quantum
block message is an observable quantity, there is a self-
adjoint length operator L acting on the many-letter
space Mg with a spectral decomposition of mutually

orthogonal projectors I, on Mg, such that

L= nlly, Iyl = 6pm Iy, » M, =1.  (4)
n=0 n=0

Every message |¢) drawn from the ensemble has

a well-defined length L(y) because it is in one of

the eigenspaces of the length operator, i.e. i\g@) =

L(#)lp)-
block messages can be block-diagonalized into a con-

Thus the message matrix o of random

vex combination of block-message matrices oy, i.e.
oo

o = E An0,. Here we have o, € He and the
n=0

probability A, given by A, = Z p(p), such that
L(p)=n

3. Average mutual information

In the general communication theory, the Shan-
non mutual information is defined in terms of the con-
ditional probability P(j|i) of obtaining output y;, pro-
vided that the letter sent was x;, which can be ex-

pressed as follows

P(jli)
Zpkp(ﬂk)
k

1Y) = Y p Y Plilios L)
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where log denotes the logarithm with base number
2, {z; € X} are the input letters and {p,} are their
prior probabilities; in addition, {y, € Y} denote the
output letters. In classical information theory, the
channel matrix [P(j|¢)] depends only on the commu-
nication channel, with which the classical information
communicates, and it is a constant for a specific com-
munication channel and characterizes the noise in the
channel. The mutual information is a convex func-
tion of the prior probability p; of the input letters and
depends only on p,. In contrast, in a quantum in-
formation theoretic context where signal carriers are
quantum states to be transmitted without noise, the
channel matrix [P(b|a)] (see Eqgs.(7) and (16)) gener-
ally becomes a variable, which is usually called condi-
tional probability. This is because the act of quantum
detection itself generally has a probabilistic output, so
the channel matrix is dependent on the choice of quan-
tum detection strategy. As a result, the mutual infor-
mation should depend on both the prior probability
p,; and the choice of the quantum detection strategy.

A quantum detection strategy is described by a
POVM on a Hilbert space H. A POVM is any set E,
of Hermitian positive operators forming a resolution

of the identity:

Bt =F, F.>0 Va, Y E.=T  (6)

a

The detection operator E, corresponds to the output

letter y; and the conditional probability is given by
P(bla) = Tx(Fupa). ()

Thus, in the quantum context the value of the mu-
tual information I(A:B) is carried out with respect
to the choice of POVM {F‘a} for a fixed ensemble
¢ = {pu,Pa}, and the mutual information I(A:B) is a
convex function on the set of all POVMs[2! provided
that the input ensemble ¢ = {g,, p,} is fixed.

There is a maximum value for the mutual in-
formation at a group of POVM. In general, it is no
longer obvious what Bob’s optimal measurement will
be. But Bob can invoke a general procedure that,
while not guaranteed to be optimal, is usually at least
pretty good. The POVM constructed by this proce-
dure is generally called a “pretty good measurement”
(PGM).21

For this procedure, we want the overlaps between
the different signal states (code words) to be suffi-

ciently small provided that the code words are very

long. The smaller the overlaps, the better the detec-
tion strategy, and hence the higher the mutual infor-
mation. We see that the average overlap of two typical
n-letter code words becomes zerol®! if n —s oo.

For a typical code, each typical code word has
a large overlap with a typical subspace A(™ that
has a dimension dimA(™) > 27(5(P)=9) " wwhere S(p)
is the von Neumann entropy of a random ensemble
¢ = {|¢sz), pz}. Furthermore, for a typical code, the
marginal ensemble governing each letter is close to e.

Because the typical subspace is very large for a
large n, Alice can choose many code words, yet is
assured that the typical overlap of two typical code
words is very small. Heuristically, the typical code
words are randomly distributed in a typical subspace
and, on average, two random unit vectors in a space
of dimension D have overlap 1/D. Therefore, if |u)

and |v) are two code words, we have
< [ulv)|? >, < 27R)=9), (8)

Here < - >, denotes an average over random typical
code words. One can convince oneself that the typical
code words really are uniformly distributed in the typ-
ical subspace as follows. Averaged over the ensemble,

the overlap of random code words |¢), and |¥),, is

(el = D el

L(g)=n,L(3)=n
=Tr(p'™)?, (9)

where the subscript n indicates that |p) has n qubits

(or a quantum state in a Hilbert space of 2" dimen-
sions). p(") =p@p@---@p, and p= Y pale.){esl

is the density matrix of ensemble ¢ = {|goa;>,pw}. L(y)
(or L(%)) is the length of the message blocks presented
by quantum states |p) (or |1)).

We restrict the trace in Eq.(9) to the typical sub-
space A which has dimA(™ < 27(5+9) and the
eigenvalue 7 of p(™ to A(") satisfies 7 < 2759,

Thus we obtain

< l@)n2 SA=Tra[p™]2 < 2n(SH)[2-n(S-)}2
:2777.(5736)’ (10)

where Tr, denotes the trace in the typical subspace.
Now we further suppose that 27(5=%) random
code words {|¢,)} are selected. If |p;) is any fixed

code word,
Z < Upilpi)? > < 27578 .9=n(5=9) 4 ¢
i#j
=270 1 ¢, (11)
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where the summation is taken over all code words, and
the average is no longer restricted to the typical code
words, and the € on the right-hand side arises from the
typical case. Now for any fixed §, we can choose ¢’ and
€ as small as we please for n sufficiently large. Then
we conclude that when we average over both code and
code words with a code, the code words become highly
distinguishable as n — oo, i.e. the code words are al-
most orthogonal to each other for the length n of code
words sufficiently large.

For the random block-message ensemble (2), the
n-letter states drawn from random block-message en-

semble |@) are expressed as

|20) ={[e)ns Pull@)n)] | |0)n € Heys Pull)n)
>0, L(|¢)n) = n}, (12)

where the |p),, states are the eigenstates of the length
operator L corresponding to the eigenvalue n, i.e.
L) = L(|@)n)|@)n with L(|@)n) = n. As is demon-
strated above, those states chosen from Eq.(12) are
highly distinguishable provided that n is sufficiently
large.

Now if Alice send the signal states chosen from
Eq.(12), which are not assumed to be orthogonal or
normalized, then Bob can exploit the aforementioned
high distinguishability in his choice of measurement,

i.e. PGM.2! We first construct an auxiliary matrix G
G = [la)nn{PallL(e))=n: (13)
a=1

where |@g,), is the ath block message with length n.
It is easy to check that G is a positive operator on
the subspace Hg, of the total random block space I'.
Therefore, on this subspace Hp,, G has an inverse,

G, and the inverse has a positive square root G~1/2.
By defining the POVM operator
Fa = I:Gil/z Pa)nn\Pa G71/2:| ) 14
(ebmnleadG 2 L 04)
one can easily find that
>l i),)=n
a=1
- G_1/2 (Z Qoa>nn<<pa|> G_1/2
a L(le}n)=n

_ [G71/2GG71/2}
L(|l¢)n)=n
=1, (15)

on the space spanned by |p,),s. Performing a PGM,
Bob will obtain, if Alice chooses preparation |¢, )y, the

I,(A:B)=

measurement outcome b with conditional probability,

which comes from Eq.(7),

p(bla) =n (valFblpa)n = Tr (Fyl@a) nnl{pal) . (16)

These conditional probabilities, together with the en-
semble (12), determine the amount of mutual infor-
mation that Bob can gain from the n-letter message.

For the random block-message systems (2), the

n-letter probability p,(]¢)n) in Eq.(12) becomes

pu(le)n) = [pif)] Lig)=n

This depends only on the n-letter states |¢) which sat-
isfy L(p) = n, and the symbol A, in Eq.(17) is the to-
tal probability of the random block-message quantum
state |p) with the block length equal to n. Substi-
tuting Eqgs.(16) and (17) into Eq.(5), one can obtain

the mutual information for the random n-letter block

(17)

message, which is expressed as follows

Z[p((/’a)/)\n] Z<(Pa|Fb|§0a>
a b

<‘Pa|Fb|§0a>

Z<p<wc>/xn><soc|Fb|wc>HL(@_n'

c

xlog[

(18)

For a mixed state, the n-letter ensemble (12) can be

rewritten as
|¢n> = {pn,aapn,a}a (19)

and the density operator of this ensemble reads
Pn = an,apn,a- (20)
The conditional probability p(bla) (Eq.(16)) becomes

p(b‘a) = Tr(Fbpn,a)a (21)

and the a priori probability p, . in Eq.(19) satisfies

the following relation
an,a =
a

Now the mutual information for the random mixed

Z pn(‘Pn) = An. (22)

L(pn)=n

n-letter-state block ensemble can be written as

I,(A:B)=> pna Tr(Fopn.a)

Tr(Fppn.a
X log H(Fipn.a)
ZPn,ch“(Fan,c)

(23)
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As demonstrated above, the overlap of the two
code words approaches zero as n — oo. Alice can
choose highly distinguishable code words which al-
most become mutual-orthogonal code words as n is
sufficiently large, and Bob can perform a PGM at a
finite n, which approaches an optimal orthogonal mea-
surement as n — oo; therefore, we have the results
of Egs.(18) and (23). We assume that Alice can also
choose highly distinguishable code words at a smaller
n, and Bob can still perform a PGM for those n-states
so that Eqs.(18) and (23) are still valid. We now con-
sider the total random block ensemble, and calculate
the average mutual information of the total random
block ensemble.

Considering the total random block-message en-
semble of Egs.(2) and (3), whose corresponding mes-
sage density operator is represented by o, we can write
the mutual information of the total random block-

message ensemble as

I,ue(A: B)

- Z < Zp(tpa) Z<<Pa|Fb|<Pa>
a b

<<Pa|Fb|(Pa>

, (24
Z(p(‘Pc)/Anx‘PcFb|@€>]]L(¢)—n> .

c

X log{

Imlxed A: B

Z )‘ an aTr Fbpn a)

’I‘I.(Fbpn,a)
an,c’j[‘r(Fbpm,c)

where I,ue(A @ B) is the average mutual informa-

x log ,(25)

tion for the pure-state random block-message ensem-
ble and Iiixed(A : B) is that for the mixed-state ran-
dom block-message ensemble.

The length L(p) of the message block |¢) is

n{p|Il,|¢), whereas the length L(o) of the mes-

||M8

ge ensemble o is given by

L(o) = < (9|L|®) >= Y p(¢)L(»)

pEX

(plIL)p) = Tr{oL}. (26)

=3 > i)

pel’ n=0

Every block-message matrix o,, has a definite length

n, i.e. Lo, = no,, hence it commutes with the length

operator. Then the average length L(o) of the en-

semble o is Z Ann. Therefore, the average mutual
n=0
information for the random block-message ensemble

per letter can be expressed as

Il(A : B) :Ipure,mixed(A : B)/L(O)

:Ipure,mixed(A : B)/ Z TLAn (27)
n=0

If we choose basis sets B,, of mutual orthogonal
block messages |e} ) of the block-message matrix oy,

with length n, the block-message matrix becomes di-

agonal:
K"
on =3 | D R P leR)en]  (28)
in=1 \L(p)=n

with the wave components "

= (e} |p) and K" is
the dimensional number of the space H.

It is worthwhile noting that the block mes-
sages |ef ) are generally not product messages. It
is clear that Eq.(28) looks like an ensemble &, =
{le ), p(ef )} with a priori probability p(e}' ) =

Z i |2 To Bob, this ensemble ¢, = {le} ),
L(p)=n
p(ef )} appears as if Alice would send him states |e} )
# ). If Bob

takes a von Neumann measurement, then he obtains

of well-defined length n with probability p(e

K"

S(on) == > (e} ) logp(e}). (29)

ip=1

Because |ej ) are basis vectors with length L(le} ))
equal to n, they are orthogonal normalized states. In-
serting p(ej ) = Z o2 |? into Eq.(29), we can ob-

L(p)=n
tain the mutual information of the n-letter ensemble

= {le, ). p(ef,)} -

I :S(Un)
*Z Z o Plog [ > e P ] . (30)
in=1L(e L(g)=n

Using the random block-message ensemble (2) and the
density matrix o, and considering the orthogonal rela-
tionships between o,, that have different length n, one
can obtain the average mutual information of the ran-

dom block-message ensemble under the von Neumann
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measurement as follows

I, =—Trologo

— i Tr(A,04) log(Ano,)

n=0

_ io: )\n log /\n — i AnT\I‘O'n log Oy,
n=0 n=0

— i A log A, + i AnS(on)
n=0 n=0

- i A log A, + i Al
n=0 n=0

Hence, the mutual information per letter reads

Ii(o) =1I(0)/L(c) = I(0)/ > nA,.  (32)
n=0

The expressions (27) and (32) are the average mutual

information per letter for the random block-message

ensemble; they are, most likely, higher mutual infor-

mation that can be achieved with any measurement

over the many-letter random block messages.
4.Concluding remarks

By making use of the theoretical framework,!”]
and allowing the treatment of messages with com-
ponents of variable length n, we have constructed a
many-letter space and generalized the standard quan-
tum information theory of block messages of a fixed

length to the varying length case. The PGM with

highly distinguishable measured states can improve
the mutual information. Firstly, Alice is able to con-
vey more information to Bob by “increasing” the di-
mensional number of the Hilbert space of her code
word. It is better for Alice to choose messages from
the highly distinguishable signal states than from the
less distinguishable ones. Secondly, Bob is able to read
more information if he performs a collective measure-
ment on many qubits instead of one at a time. The
PGMI[21] described in this paper can give better infor-
mation gained from any known measurement.

In practice, Alice may convey varying-length
block messages, and Bob has to read the average
mutual information over the variable length random
block messages. As we have demonstrated that the
PGM can achieve a better mutual information for the
block messages of a fixed length n, so the average mu-
tual information is, most likely, the highest that can be
achieved with any measurement over the many-letter
random block messages.

The average mutual information of the random
block messages for the many-letter systems is a very
interesting problem. Moreover, the quantum channel
of these ensembles is also interesting as well as useful,

and it is worthwhile discussing in future works.
Acknowledgments

We are grateful to P Wang and K J Shi for help-
ful comments and the first author (S R Hao) wishes to
thank L Y Wang for his encouragement and support.

References

[1] Holevo A S and Multivar J 1973 Analysis 3 337
[2] Helstrom C W 1976 Quantum Detection and Estimation
Theory (New York: Academic) chap. 1
[3] Peres A 1993 Quantum Theory: Concepts and Methods
(Dortrecht: Kluwer Academic) pp 279-289
[4] Peres A and Wootters W K 1991 Phys. Rev. Lett. 66 1119
[5] Kato K, Osaki M, Sasaki M and Hirota O 1998 IEEE
Trans. Commun. 47 248
[6] Fuchs C A 1996 Distinguishability and accessible informa-
tion in quantum theory Preprint quant-ph/9601020
[7] Bostroem K J 2000 Concepts of a quantum information
theory of many letters Preprint quant-ph/0009052
[8] Hao S R and Wang L' Y 2000 Acta Phys. Sin. 49 610 (in
Chinese)
[9] Liu D Y 1998 Acta Phys. Sin. 47 1233 (in Chinese)
[10] Duan L M 1997 Acta Phys. Sin. (Overseas Edition) 6 811
[11] Fang M F, Zhou Q P and Zhou P 1999 Acta Phys. Sin.
(Overseas Edition) 8 401
[12] Li L X and Guo G C 1998 Acta Phys. Sin. (Overseas
Edition) 7 727

[13] Eldar Y C and Forney G D 2000 On quantum detec-
tion and the square-root measurement Preprint quant-
ph/0005132

[14] Peres A 1993 Quantum Theory: Concepts and Methods
(Dortrecht: Kluwer Academic) chap. 5

[15] Yuen H P, Kennedy R S and Lax M 1975 IEEE Trans.
Inform. Theor. 21 125

[16] Ban M, Kurukowa K, Momose R and Hirota O 1997 Int.
J. Theor. Phys. 36 1269

[17] Levitin L B 1995 Optimal quantum measurements for two
pure and mixed states Quantum Communications and
Measurement ed V P Belavkin, O Hirota and R L Hudson
(New York: Plenum) pp 439-448

[18] Sasaki M, Barnett S M, Jozsa R, Osaki M and Hirota O
1999 Phys. Rev. A 59 3325 (Preprint quant-ph/9812062)

[19] Shor P W 2000 On the number of elements needed in
a POVM attaining the accessible information Preprint
quant-ph/0009077

[20] Cover T M and Thomas J A 1991 Elements of Informa-
tion Theory (New York: Wiley) chap. 4

[21] Hausladen P and Wootters W K 1994 J. Mod. Opt. 41
2385



