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Noether’s theory of a rotational relativistic variable mass system is studied. Firstly, Jourdain’s principle of the

rotational relativistic variable mass system is given. Secondly, on the basis of the invariance of the Jourdain’s principle

under the infinitesimal transformations of groups, Noether’s theorem and its inverse theorem of the rotational relativistic

variable mass system are presented. Finally, an example is given to illustrate the application of the result.
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1. Introduction

The study of symmetry and conservation law of
mechanical systems is an important topic of mod-
ern analytical mechanics. In 1918, using the invari-
ance of the Hamilton action under the infinitesimal
transformations, Noetherl!! studied the symmetries
of a mechanical system and formulated the famous
Noether theorem. The symmetries and conservation
laws can also be studied by using differential varia-
tional principles.[?! In recent years, a series of impor-
tant results have been obtained on the study of the
Noether symmetry and conservation law of classical
mechanical systems.3~11] With the progress of science
and technology, more and more experimental phenom-
ena are related to high-speed rotation. The relativis-
tic effect must be considered when studying the high-
speed rotation question. In 1985, Carmelit?:23] set up
the theory of rotational relativistic mechanics. The
dynamical theory of the rotational relativistic con-
stant mass system has been studied in Refs.[14]-[18].
The dynamical equation and Lie symmetry theory of
the rotational relativistic variable mass system have
been studied in Refs.[19] and [20].

study the Noether symmetry and conservation laws of

In this paper we

arotational relativistic variable mass system by means
of the differential variational principle. The Noether
theorem and its inverse theorem of the rotational rela-
tivistic variable mass system are presented. An exam-

ple is given to illustrate the application of the result.

2.Jourdain’s principle of the

rotational relativistic variable

mass system

Consider a mechanical system consisting of N
variable mass particles. Suppose at time t, one par-
ticle, whose rest mass is m,;, rotates about axis oz
with angular velocity w;, its distance from the axis r;
is rigidly invariable, and its classical moment of iner-
tia I,; = r?m,; and another small particle, whose
rest mass is Am,;, rotates about axis oz with an-
gular velocity 2;, and its classical moment of inertia
Al,; = T?Amoi. They combine with each other dur-

ing the time interval At after ¢. Then the relativistic

fundamental dynamical equation of the system is/*?!
d foiwi
S (Lw;) — ——2
a

:M1+MZ+M: (i=1,2,---,N), (1)
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where I; = ———2_— is the relativistic mo-
V1-—w?/T?
E,; c
ment of inertia, I; = * = — (where E,; =
I Ti

meic?) is the limiting angular velocity,'?l A =
Ioi -
VI-22/I7  \1-w?/I7?

relativistic reacting thrust, M; is the moment of active

is the moment of

force and M/ is the moment of constraint force.
Introducing the virtual displacement 816, (where

0; are angular coordinates, 6, = w;) of the angu-
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lar velocity space, similar to the derivation of the
d’Alembert principle of the rotational relativistic vari-
able mass system in Ref.[20], we get Jourdain’s princi-
ple of the rotational relativistic variable mass system

as follows

" d aT* 8T*
T+ G+ GH614s =0, (2
Z[ qt g g T } = @

s=1

_ i]airf (1 - m) (3)

Im.Q 00,
Z N
5 r2(1- 1 -w2/r?)
> 4 |Gt (1- =) @

N
00;
i=1

o

If the generalized forces G, can be divided into G/
with potential energy and GY without potential en-
ergy, we have

ov ov

G =— G, =—
° aQS7 0qs

+ GY. (6)
Then Eq.(2) can be written in the form
where L} =T —

the rotational relativistic variable mass system.

d oL* 8L*
- dt 94, qu

+ G+ G614, =0, (7)

V is the generalized Lagrangian of

3.Jourdain’s variation

Defining the Jourdain non-simultaneous variation
A4, (A1gs) and (Aqt), it is required
A1Qs = 0, Alt =0. (8)

Using the relation between A; and §;, it is easy to
verify that[2!

AIQS = 51qs + q'sAlta (9)

(Alqs)': 5148 +(']'sA1t+q.s(Alt).v (10)

Alq.s - (AIQS) (Alt) (11)

We make the infinitesimal transformations of general-
ized coordinates, time and generalized velocities!? as

follows
q; =qs, t°=t,
dgy dgs . .
a a0 = Al (12)
dg; dgs .
i = (Aiqs).
dt*  dt (A1)

Considering the infinitesimals (A1q,) and (A1t) as the
composition unit for Jourdain infinitesimal transfor-
mations and introducing the Jourdain generators of

space and time, we have

(AIQS).: er(tvqat.I)v (Alt).:

ef(t,q,q).  (13)

Using Egs.(13), the Jourdain simultaneous variation

can be expressed, by those generators, as

(Squ = E[Fs(tv q, q) - (jsf(ta q, q)] (14)

4.Noether’s theorem of the ro-
tational relativistic variable

mass system
Substituting formula (14) into Eq.(7), we obtain

- d oL* aL*

G"+G*|(Fy—g.f) =0. (15
g{ B GO G| (Fmdif) = 0. (15)
BtTf from

Adding and subtracting a function e
Eq.(15), we obtain

" AL ALY .
GII G* Fs o .s ’I‘F ™

{2 @ e an - GER G
AL oL " 9L . AL
-(% z oo D2 e ) T4 5 S

_z”:aL* e d{ " OL*

“(Fs — qs =0.(16
e —iep)| | =000
Adding and subtracting a gauge function eP(t,q, q)

from Eq.(16), we obtain

F, — g, Lty N Wl 2
( qsf) + 94, + 24,

oL} oL} ]

Pt q,4) } —o. (17)
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Equation (17) is the condition of invariance for the
Jourdain’s principle of the rotational relativistic vari-
able mass system.

If generators f, F; of infinitesimal transforma-

tions and gauge function P(t,q,q) satisfy

Z[G"w* —y

aL* dL* . " QL* .
rF TFS L** r~s
aqs TS ]+< Zaqsq>f

(t,9,4) =0, (18)

then we can get conserved quantity from Eq.(17) as
follows

ZaL:F+< Z :

>f+P(t, g, q) = const.

(19)
Equation (18) is called Noether’s identity of the rota-

tional relativistic variable mass system.

Theorem 1. For the rotational relativistic vari-
able mass holonomic system, if generators f, F,; and
gauge function P(t,q,q) satisfy condition (18), then
the system has conservation law in the form of Eq.(19).

Suppose the system is subjected to g ideal non-

holonomic constraints

the restriction which constraints (20) impose on the

virtual displacement §;¢; is

Zaéﬁélqs—o (52172579) (21)

s=1
Substituting Egs.(14) into Eq.(21), and noting the

randomicity of parameter €, we obtain

fs
04

(Fy — duf) =0. (22)
s=1

This is the limit of nonholonomic constraints (20)
on infinitesimal generators. Then we have

Theorem 2. For the rotational relativistic vari-
able mass nonholonomic system, if generators f, F
and gauge function P(t,q,q) satisfy conditions (18)
and (22), then the system has conservation law in the
form of Eq.(19).

Theorems 1 and 2 are called the generalized
Noether’s theorem of the rotational relativistic vari-
able mass holonomic system and the rotational rel-
ativistic variable mass nonholonomic system, respec-

tively. They present the conditions and form of the

existence of conservation law for the rotational rel-
ativistic variable mass holonomic and nonholonomic

systems.

5. Noether’s inverse theorem of
the rotational relativistic vari-

able mass system

Suppose that a first integral of the rotational rel-

ativistic variable mass system has been given as
I=1(t,q,q) = const., (23)

then we have

dI 81 <ol " a1
- G, E:_"S:o. 24
dt ot +s:1 9, T 2254, 24

Equation (7) can be written in the form

where

d oL} BL:
St 04 BQS

+ G + G:)Fs =0, (25)

FS:FS_q.Sf' (26)
According to Eq.(4), G* is generally a linear function
of ¢ and can be written as

n

G: = ZW:k(taqaq)qk + Ws*(t’q’q)’ (27)
k=1

where

N ror,; 0 90;
fos [ _n

— 194k \/1— 022/T? 9qs
d%I,;
I (1—4/1—w?/I?
+3q38Qk 1( wz/ 1)

8Ioz wi 89 :|
aqs \/1 —w2/F2 an

Adding Eq.(24) to Eq.(25), and putting the coeffi-

cients of g equal to zero, we obtain

- 2Lk - I
> < 0L, —Ws*k>Fs _ 9Ly, (29)

(28)

Suppose
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then from Eq.(29) we obtain

— O
in which
- O?L* *
hskhkl = 5sl7 hsk = 3q53;k - Wsk‘ (32)

Now let the integral (23) equal conserved quantity
(19), i.e.

I= sz:; %zst + (L: - sz:; glq/:qs>f+P(t’qaq)
(33)
Thus, from Egs.(31) and (33), generators f, Fs of in-
finitesimal transformation can be found.
If the integral (23) of the rota-

tional relativistic variable mass holonomic system has

Theorem 3.

been given, then the infinitesimal transformations de-
termined by Egs.(12), (13), (31) and (33) are the
system’s transformation satisfying Noether’s identity
(18).

Theorem 4. If the integral (23) of rotational
relativistic variable mass nonholonomic system has
been given, then the infinitesimal transformations de-
termined by Egs.(12), (13), (31) and (33) are the
system’s transformation satisfying Noether’s identity
(18) as long as they satisfy condition (22).

Theorem 3 is called the generalized Noether’s in-
verse theorem of the rotational relativistic variable
mass holonomic system, and theorem 4 is called the
generalized Noether’s inverse theorem of the rota-

tional relativistic variable mass nonholonomic system.

6.Illustrative example

Suppose the Lagrangian of a rotational relativis-

tic variable mass system is

Lp = ke 12 (1 1= (62 + 92)/12) -V

(k, a are constants), (34)

the non-potential generalized forces are Gjj = 6 and
Gf:, = —¢, potential energy V is constant, {2 = 0.
Let us study the Noether’s symmetries and conserved
quantities of the system.

Firstly, let us seek the conserved quantities from

the given symmetry. By virtue of Eq.(18), the gener-

ators of the infinitesimal transformation satisfy
O(Fy — 0f) — ¢(Fy — ¢f)

ke~ ot .. -
+ - (0F1 + ¢F3)
V1- (@ +¢2)/17

— ake™t? (1 — - @+ ¢2)/F2)f

+ ket {Iﬂ (1 16+ ¢)/F2)

B 92 + @2
Vi- @+ o)
We can find solutions of Eq.(35) as follows
f=0,
f=0,
f=0,
According to theorem 1, we can get conserved

quantities of the system for Eqgs.(36), (37) and (38),

respectively, as follows

}f—Vf'—i—P:O. (35)

F1:07 F2:17 P:wv (36)
F=1, F=0,

F, =6,

P =0, (37)

Fi=—o, P=bg.  (38)

I, = ke . Ld + ¢ = const., (39)
V1@ +¢2)/r7
6
I, = ke™t - — 6 = const., (40)
Vi-@+e)r
0 — b
I3 = ke™ ! Lk 4 + 0p = const. (41)

Vi- @+ o)

Secondly, let us find the corresponding infinitesi-

mal transformations from a known integral. Suppose
there is an integral in the form
f

I = IQ = ke_o‘t -
Vi- @+

—0, (42

then we have

oI ot { 1
— :ke -
00 \/1_(92+¢2)/p2
0’2
+ - - , (43)
P21 (62 + %) T2
O _ ot b , (44)
o I2[1 — (62 4 $2)/T2]3/2
8°L* Ol
h == 0 T == 7, 45
Y TRy (45)
92L* ol
h - N r = ) 46
2= 50~ 9 (46)
92L* oI
hat L= his, (47)

T 0p06 0%
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hioo :82L: Equation (33) gives
0p? .
OF OF.
:keat|: 1 k at|: 1+(P 2
\/1_(92+¢2)/p2 \/17(92+¢2)/F2
) N .
+ 7 . (48) +F2<1*\/1*(92+<P2)/F2>f
I2[1 — (62 + ¢2)/ 23/ P
14
_ _ f]
From Eq.(31) we obtain \/1 — (02 +¢2)/17
0
—~Vf+P=ke — 6. (51)
_ . = oI - oI ;
Fi=F,—0f =hy1— 4+ hio— 1—(02+ ¢p2)/I2
1=F - 0f 1180+ 1255 \/ (0% +¢2)/
=hy1hi1 + hathia =1, (49)  Taking
P=-0, (52)
o1 o1 from Eqgs.(49), (50) and (51), we can get the following
Fo=Fy—¢f = hor — + 7122? solution
) o9 4 F=0, Fi=1, F,=0 (53)
=ha1h11 + hazha1 = 0. (50)
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