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In this paper we present the variational equations of constrained Birkhoffian systems and study their solution. It

is proven that, under some conditions, a particular solution of variational equations can be obtained by using a first

integral. At the end of the paper, an example is given to illustrate the application of the results.
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1. Introduction

For a holonomic conservative system, Whit-
taker[!! studied the problem involved in seeking a par-
ticular solution by using a given first integral. In 1991,
Meil?l extended the result to nonholonomic systems,
and proved that, under some conditions, a solution
of the variational equations of nonholonomic systems
can be obtained by a given first integral.

A Birkhoffian system is a generalization of a
Hamiltonian system,?® and all holonomic constrained
systems and nonholonomic constrained systems can be
attributed to Birkhoffian systems.!*] Therefore, the re-
search on dynamics of Birkhoffian systems has become
an important branch in mathematics and physics, es-
pecially in modern analytical mechanics, and many
important results have been obtained.3=12]

In this paper, we consider a constrained Birkhof-
fian system. Firstly, the variational equations of the
constrained Birkhoffian system are presented. Sec-
ondly, the solution of the variational equation is dis-
cussed, and it is proven that, under some conditions,
a solution of the variational equations of constrained
Birkhoffian systems can be obtained by a given first
integral. Finally, an example is given to illustrate the
application of the results.
2.Variational equations of the

constrained Birkhoffian sys-

tem
The Pfaff-Birkhoff-D’Alembert principle is ex-

pressed asl4

{<8RV ~ BRH>(ZV_ 9B aR“}aaﬂzo

oat da?

(pyv=1,---,2n). (1)

Suppose that the variables a* of the system are not
independent of each other, but are restricted by some
constraints, for which the system is called the con-
strained Birkhoffian system. If the restrictions can be

expressed as the following constraint equations

fg(a“,t):O (/3:15797/1':1772”) (2)

The restrictions added to virtual displacements da*

by constraints (2) are

Ofs ¢

W&L =0 (B=1,---,9). (3)
By principle (1) and Egs.(3), using the method of La-
grange’s multiplier, we can easily obtain the equations
of motion with multipliers of the constrained Birkhof-

fian system

(B=1,-,gp,v=1,--+,2n), (4)
where OR OR
P = 8a: B 8a5 (5)

is the Birkhoff covariant tensor. The motion of

the constrained Birkhoffian system is determined by
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Egs.(4) and (2). Eliminating a” from Eqs.(2) and (4),
we can obtain the algebraic equations with respect to

Ag

Oy pu 915
e 2 As
dar dat
- %QPH 8_B_|_8R“ _%
dar oat ot ot
(ﬂa’y:17"'7g;p7“:17"'52n)7 (6)
where 2P is the Birkhoff contravariant tensor, and
we have
N 4+ QVE =0, (7)
o+ onNvT oNTH
° e " —— =0. 8
daP + da” + daP (8)
Let
of 9fs
A = det X en 2 9
¢ <8aP dat ()

when ¢ is an odd number, there is A=0. Hence, we
have
Theorem 1.1

equations of a constrained Birkhoffian system is odd,

If the number of constraint

then the constraint multipliers Ag have no unique so-
lution.

When A # 0, from Eqs.(6), we can obtain

3y = 2o [%Q <8B aR#> +%]

A | Oar Oa# ot ot

(ﬂv’y:]-v

where A,5 is an algebraic complement of element
(v, B) in the determinant A.
Let

LGPy ph=1,--,2n), (10)

"a2n)a (11)

where Ag is expressed as a function of ¢, a according
to expression (10). Substituting Eqgs.(11) into Egs.(4),

we obtain

0B  OR
Qi — —— -t = p,

= on). (12)

(u)yzla"'a

The solutions of the constrained Birkhoffian systems
(4) and (2) can be found from the solutions of
Eqgs.(12), if only the restriction of constraints (2) on

the initial conditions is exerted, such as

fﬂ(agatO):O (ﬁ:]-)ag) (13)

We suppose that the system is non-singular, that is

det(2u) # 0, (14)

then from Eqs.(12) we can obtain

o QW(@B OR,

2n). (15)

PV :17"'7
oar ot T > (1

In Eqgs.(15), replacing a* with a* +éa* and expanding
the formulae with neglecting second-order and higher

order infinitesimals, we obtain

d 9°B 9°R, 0P,
Rl o7 pv v v
a0 = [aa”aa/’ 8tdar | dar
90, 9B OR, ,
"o <8a" at ”)}5“ '

(16)

Equations (16) can be called the variational equations

for constrained Birkhoffian systems.

3.First integrals with solutions
of the variational equations
of constrained Birkhoffian sys-

tems

We now study the connection of a given first in-
tegral with a solution of variational equations (16).
First, we give a group of important relations about

first integrals. Assuming that the system has a first

integral in the form
¢(t,a") = const., (17)

by differentiating Eq.(17) with respect to ¢, and using
Egs.(15), we obtain
OR, —0
a Y a

99 ¢
(V,/LZI,"',2TL). (18)

ot + 8a”

Hence, we have

9 G, 0B  0R,
%[a_f aig <au ot P")]:O
(p,v,p=1,---,2n). (19)
Using Egs.(19) and (15), we can easily obtain
i%:_%i[()w<a—B OR, ﬂ
dt dar da¥ OaP oav ot
(p,pyv=1,---,2n). (20)

Formulae (20) are a group of important relations
about first integrals.

Secondly, we seek the solution of the variational
equations (16). Assuming Egs.(16) have a solution in
the form
9¢

R
a 3 dav

T eAM(t,a"), (21)
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where ¢ is a small parameter. Substituting Eqs.(21)
into Eqgs.(16), and using Eqgs.(20) and relations (7) and
(8), we can obtain

dAH _onr 0°B 0*R, 0P,
dt da¥0aP ~ OtdaP  Oa’
0y o OB | OR, o
" e <3a‘7+ ot +P“>}A
oP, OP, _0¢
pp( 2P _ i WK
4 <8a“’ 8a/’) dar’ (22)

Equations (22) are the equations to determine A*(u =
1,--+,2n). If one can find A* from Egs.(22), one can
obtain the solution of variational equations (16) in the
form of Egs.(21). Of course, generally speaking, it is
very difficult to find the general solution of Egs.(22).

Finally, we study the relation between a first inte-
gral and a particular solution of the variational equa-
tions. If P,(p = 1,---,2n) and the first integral ¢

satisfy the following conditions

orP, 0P, )
pp 2P 7@ wk__ T — =1,
£ <8a“’ 8(1”)9 dar 0 (p=1,-w,2n),
(23)
then Eqgs.(22) become
dA+ p 0*B 0*R, 0P,
dt davdaP ~ OtdaP  OaP
2y o[ OB | OR, o
= Bar <8a” o +P">}A '
(24)
Obviously, Egs.(24) have a particular solution
AF =0 (/L:]_,,Q’I'L), (25)
and Egs.(21) have the form
9¢
n— e 28 (=12 2
da € Sar ( ;o 2n) (26)

Hence, we have the following theorem.
If the first integral ¢ of the con-
strained Birkhoffian systems (4) and (2) satisfies con-

Theorem 2.

ditions (23), then the particular solutions of the vari-
ational equations (16) of the system can be given by
Eqs.(26) which are constructed through the first inte-

gral ¢.
4. An illustrative example

Consider a fourth-order Birkhof-
fian system, the Birkhoffian functions of the system

Example!”

are

B = Z[(@')* + (a*)* + ()7, (27)

R1 = (13, R2 = a4, Rg = R4 = 0, (28)

and the constraint equations are

3

fi=a'a® ¢l =0, fo=a"+a*—cy;=0. (29)

Now we study the first integral with the construction
of the particular solution of variational equations for
the system.

First, we establish the variational equations of the

system. From Egs.(5), we can easily obtain

0 0 -1 0
00 0 -1
2, = , (30)
1 0 O 0
01 0 0
and
0 0 1 0
0 0 0 1
N = (31)
-1 0 0 O
0 -1 0 O
Equations (4) give
—a®—al = Mad®+ )y, —a*=0,
at —a® = Mat, a?—at= . (32)

From constraint equations (29) and (32), we have

3 3)2
a 1, (@)
/\1:_3, AQZ—CL +T (33)
Therefore, we obtain
Plz)\la?’—i—/\z:—al, PQZO,
(a®)?
sz)\lal :*(13, P4:A2:7a1+—1.(34)
a
Equations (15) give
3)2
aI:O, a2:a4—a1+(a1),
a
=0, a*=0. (35)
The variational equations (16) of the system give
d
—da' =0
at’” ’
d 4 (a*)? 1, 2a%
&5@ :60, — <1—|— (a1)2 5a +a—15a )
d d
—6a®> =0, —da*=0. 36
at’” > a” (36)

It is easy to verify that the system has the following

first integrals(”)

¢1 = a* = const., (37)
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2 4 1 (a®)?
$a=a fat—i-athtzconst. (38)
Substituting formula (31), Eqs.(34) and integral (37)
into the condition (23), we know that the condition
(23) can be satisfied, and according to theorem 2 of
this paper, the variational equations (36) of the sys-

tem have a particular solution which corresponds with

the first integral (37), that is
6a® =0, da*=0. (39)

We can easily verify that the first integral (38) does
not satisfy the condition (23), and therefore the partic-
ular solution of the variational equations (36), which

is in the form of formula (38), does not exist.
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